
 
 

 

  
Abstract—A new Active Contour Model based on wavelet 

transform, called Wavelet Vector Flow (WVF), is proposed in 
this paper. We define wavelet transform vector, which is used to 
replace the gradient vector in GVF snake model. The WVF snake 
model improves GVF snake model, because it is robust against 
noise and inhomogeneity of medical images. Experimental results 
show image structure boundaries detected by WVF snake model 
is more accurate than GVF snake model.  
 

Index Terms—Active contours model, Gradient vector flow 
snake (GVF), Medical image processing, Image segmentation, 
Wavelet transform 
 

I. INTRODUCTION 
 In recent years, there has been a great deal of research on 

segmenting images with deformable models [1]. Active 
contours, known as “snakes”, have been widely studied and 
applied in medical image analysis. Their applications includes 
edge detection [2], segmentation of objects [3], shape 
modeling[4] and motion tracking[5]. Snakes were first 
introduced in 1987 by Kass [2]. They generally represent an 
object boundary as a parameter curve or surface. An energy 
function is associated with the curve, so the problem of finding 
an object boundary is cast as an energy minimization process. 
Typically, the curves are affected by both an internal force and 
external force. A snake can locate object contours well, once an 
appropriate initialization is done. However, since the energy 
minimization is carried out locally, the located contours can be 
trapped by a local minimum. A number of methods have been 
proposed to improve the snake’s performance [6], [7]. 

Notably, Xu and Prince have proposed a new deformable 
model called the “gradient vector flow snake” (GVF) [8], [9]. 
Instead of directly using image gradients as an external force, it 
uses a spatial diffusion of the gradient of an edge map of the 
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image. GVF snake was proposed to address the traditional 
snake’s problems of short capture range and inability to track at 
boundary concavity. But GVF still may not be able to capture 
object contours in some medical image segmentation. Efforts at 
improving the original GVF snake’s performance have been 
published recently. Yu and Bajaj proposed to compute the GVF 
using a polar coordinate representation instead of Cartesian 
coordinates [10]. In this way, the method can perform better 
than the original GVF snake in the areas of long thin boundary 
concavities and boundary gaps. But the capture range of this 
improved GVF does not seem larger than the original method. 
J.C. Fu, Chai and Wong proposed a wavelet adaptive filter 
technique to reduce the zigzag noise characteristics of 
endocardial borders automatically generated by DP [11]. They 
survey the performance of the wavelet adaptive filter, the snake, 
and the medial filter in smoothing over the zigzag borders 
generated by dynamic programming. It indicates the wavelets 
have strong ability against the image noise.  

In this paper, we present a new model of external forces of 
active contour models, which is called wavelet vector flow 
(WVF) fields. This new model improves GVF snake based on 
wavelet analysis. The WVF fields are dense vector fields 
derived from images by minimizing energy functional in a 
variation framework. The minimization is achieved by solving 
a pair of decoupled linear partial differential equations which 
diffuses the wavelet vectors of a gray-level or binary edge map 
computed from the image. We call the active contour, which 
uses the WVF field as its external force, a WVF snake. 
Particular advantages of the WVF snake over the GVF snake 
are robust against image noise and the ability to segment the 
complicated structure of medical images. 

 

II. ACTIVE CONTOUR MODELS 

A. Traditional Snake Model 
A snake introduced by Kass is an elastic curve, which from 

an initial state tries to adjust to the most significant features of 
the scene [2]. It is deformed due to external forces that attract it 
towards salient features of the image, and internal forces which 
try to preserve the condition of smoothness in the shape of the 
curve. A final solution is given by the minimum total energy of 
the snake, which is the result of the equation 
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Fig.1. An example of border detection (a) medical image slice (b) initial border  (c) 
snake external force field  (d) convergence of snake 
 

∫ +′′+′=
1

0 ext
22 ))((]|)(||)(|[

2
1 dssXEsXsXE βα      (1) 

Where α and β are weighting parameters that control the 
snake’s tension and rigidity, respectively, )(sX ′  and )(sX ′′  
denote the first and second derivatives of )(sX with respect to s. 
The external energy function extE  is derived from the image so 
that it takes on its smaller values at the features of interest, such 
as boundaries.                

Given a gray level image ),( yxI  which viewed as a 
function of continuous position variables ),( yx , typical 
external energies designed to lead an active contour toward 
step edges are [2] 
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Where ),( yxGσ  is a two-dimensional Gaussian function 

with standard deviationσ ,   and ∇  is the gradient operator. 
A snake that minimizes E must satisfy the Euler equation 

0)()( ext =∇−′′′′−′′ EsXsX βα                          (4) 

To find a solution to (4), the snake is made dynamic by 
treating X  as function of time t as well as s — i.e. ),( tsX . 

Then, the partial derivative of X  with respect to t is then set 
equal to the left hand side of (4) as follows 

ext),()(),( EtsXsXtsXt ∇−′′′′−′′= βα                 (5) 

When the solution ),( tsX  stabilizes, the term ),( tsX t  
vanishes and we achieve a solution of (4). This dynamic 
equation can also be viewed as a gradient descent algorithm [3] 
designed to solve (1). A solution to (5) can be found by 
discretizing the equation and solving the discrete system 
iteratively. 

Although the traditional snake has found many applications, 
it is intrinsically weak in two main aspects: First, the initial 
border must be fairly close to the true boundary. Second active 
contours do not necessarily converge to boundary concavities. 

An example of traditional snake applied to a medical slice 
image is shown in Fig. 1. Fig.1 (a) shows a medical slice image 
of a human leg. Fig.1 (b) shows the initial border (α =0.6, 
β =0.0). Fig.1(c) shows the potential force field where pixel. 
And Fig.1 (d) shows the border output of snake. Because the 
initial border is far from the true boundary, the active contours 
can not converge to the true boundary. Clearly, the capture 
range of traditional snake is very small. 

B. GVF (Gradient Vector Flow) Snake Model 
Xu and Prince have proposed a new GVF snake to achieve 

better object segmentation [8]. The GVF snake model remedied 
both of the shortcomings of the traditional snake. The basic 
idea of the GVF snake is to extend influence range of image 
force to a larger area by generating a GVF field. The GVF field 
is computed from the image. In detail, a GVF field is defined as 
a vector field )),(),,((),( yxvyxuyxV =  that minimizes the 
energy function 

yxfVfvvuuE yxyx dd||||)( 222222 ∇−∇++++= ∫∫ μ     (6) 

Where f  is the edge map which is derived by using an edge 
detector on the original image convoluted with a Gaussian 
kernel, and μ  is a regularization parameter. When || f∇  is 
small, the energy is dominated by the sum of the squares of the 
partial derivatives of the vector field, resulting a slowly varying 
yet large coverage field. On the other hand, when || f∇  is 
large, the second term dominates the integral. 

Using the calculus of variations, the GVF field can be 
obtained by solving the following Euler-Lagrange equations  

                   0))(( 222 =+−−∇ yxx fffuuμ                      (7a) 

0))(( 222 =+−−∇ yxy fffvvμ                                  (7b) 

Where 2∇  is the Laplacian operator. 
Fig.2 shows the result of GVF snake applied to Fig. 1(a). 

Fig.2 (a) shows the computed GVF field. And Fig.2 (b) shows 
the border output of GVF snake. In our experiments, we 
used α =0.6, β =0.0, and μ =0.2 for all GVF. The snakes 
were dynamically reparameterized to maintain contour point 
separation to within 0.5–1.5 pixels. In this example of GVF 
snake, the initial border is same as Fig.1 (b). Comparing the 
result in Fig.2 (b) to the traditional snake result in Fig.1 (d), we  
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Fig.2. An example of border detection for GVF snake (a) GVF external force 
field (b) convergence of GVF Snake  

 
can see that most of  the active contours converge  to  the true 
boundary. The GVF snake has a much larger capture range 
than traditional snake. But the GVF snake can not capture right 
object contours in some medical image. As shown in the top 
right corner of Fig.2 (b), because of the influence of the image 
noise, this snake also fails to converge to the true boundary. To 
deal with these problems, we have developed an improved GVF 
snake. This new method is presented in detail in the following 
section. 

 

III. WVF (WAVELETS VECTOR FLOW) SNAKE MODEL 

A. Wavelet Analysis 
The multi-scale edge detection method based on wavelet 

transform has been proposed by Mallat [12], [13]. For tow 
dimensional images, the wavelet transform at scale a  contains 
tow components, 1W

a
 and 2W

a
, obtained by convolving the 

image ),( yxf  with the wavelets ),(1 yx
a

ψ  and ),(2 yx
a

ψ , 

respectively 
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ψ∗=                   (8b) 

The wavelets ),(1 yxaψ  and ),(2 yxaψ  are dilations of a 

mother wavelet which approximates the first derivative of the 
Gaussian smoothing function ),( yxθ  at scale a . 

The two components of the wavelet transform, 1W
a

 and 2W
a

, 

represent the gradient vector of the image ),( yxf  at scale a . 
The modulus of the gradient vector is defined as  

22
),(),(),( 21 yxfWyxfWyxfM

aaa +=               (9) 

  And the orientation of the gradient vector, ),( yxfAa  is 
given by 

),(),( yxyxfAa α=        0),(1 ≥yxfW
a

          (10a) 

),(),( yxyxfAa απ −=    0),(1 <yxfW
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       (10b) 

Where 
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B. WVF Snake model 
Our overall approach is to define a new external force field, 

called wavelet vector flow (WVF) field. The main advantage of 
the WVF field is robust against image noise and ability to 
segment the complicated medical images. 

In the GVF snake model, the vector flow is computed from 
the gradient vectors of the image. Because gradient operator is 
sensitive to image noise, the GVF snake performance is not 
perfect to an image with noise. Wavelet operator has nice 
anti-noise character. Using multi-scale wavelet transformation, 
we get the edge image and the wavelet vector. Let the edge 
image and the vector based on wavelet transform replace the 
corresponding edge image and the vector in GVF field. Then 
we define a new snake, which we call the WVF snake. 

The gradient of image is a vector contains magnitude || f∇  

and direction )/arctan( xy ff . The vector’s magnitude || f∇  

reflects the step change of the image gray scale, and the 
vector’s direction )/arctan( xy ff  reflects the direction of the 

image edge line [12], [13]. Based on the principle，we define 
the wavelet transform vector )),(W),,(W( 21 yxfyxfWf

aa
= , 

and let it replace the gradient vector in GVF snake model. 
From the wavelet transform theory, we can know that besides 
magnitude and direction, the wavelet transform vector contains 
two characteristic which wavelet transform is multi-scale and 
the select of wavelet basis is flexible. When the scale is small, 
we can get abundant edge detail，but the edge is easily disturbed 
by the noise. On the other hand, when the scale is large, the 
edge is steady and the noise reduces, but the precision is fall. 
Using the multi-scale characteristic of the wavelet analysis, we 
can get accurate edge and insure nice anti-noise character. 
Through choosing different wavelet basis，we can receive the 
best edge-detection effect. 

We define the wavelet vector flow (WVF) field to minimize 
the energy functional 

yxfVfVE ww dd|W||W||| 222 −+∇= ∫∫μ           (12) 

Where fW  is the vector of wavelet transform with the 
scale a  

)),(W),,(W(),,(W 21 yxfyxfyxaf
aa

=            (13) 

The following section is an improved algorithm we 
designed. 
1) Through multi-scale edge detection based on wavelet 

transform to original image, we get the edge image. The 
choice of the wavelet basis and the largest scale is based 
on the characters of the target image. For example, to the 
Fig.1 (a) we can chose the largest scale 3, and chose the  
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Fig.3. An example of border detection for WVF snake (a) WVF external force field 
(b) Convergence of WVF snake 

 
Mexican hat function as the wavelet basis. The filter 
coefficient is: h(0) = 0.4317， h(1) = 0.2864，h(2) 
=0.0450，h(3) = -0.0393，h(4) = -0.0132，h(5) = 0.0032; 
g(0) =0.7118，g(1) = -0.2309，g(2) = -0.1120，g(3) 
=-0.0226，g(4) = 0.0062，g(5) = 0.0039. 

2) Perform wavelet transform to the edge image in 
horizontal direction and vertical orientation, then we get 

),(W 1 yxf
a

and ),(W 2 yxf
a

. Make ),(W 1 yxfu
a

= , 

),(W 2 yxfv
a

= , and perform iteration management to 

the edge image with the following formula. 

        ))(( 222
yxx WfWfWfuuuu +−−∇+= μ                (14a) 

        ))(( 222
yxy WfWfWfvvvv +−−∇+= μ          (14b)  

After operating it n times, we get the WVF fields. Here, 
parameter n can be the bigger one in the length and width 
of the image. 

3) Put an initial snake ),,( 21 nvvvs L=  in the WVF fields, 

and then let every reference point ),( yxv  approach the 
aim edge by the following formula.  

             )( wxxinvx ×+××= κγ                    (15a) 

)( wyyinvy ×+××= κγ                        (15b) 

            Where wx , wy  are vector components of Wf at the 
reference point. And inv、γ、κ are parameters controlling 
the approach speed.        

 
Fig.3 shows the result of WVF snake applied to Fig. 1(a). 

Fig.3 (a) shows the computed WVF field. And Fig.3 (b) shows 
the border output of WVF snake. Clearly, the WVF snake 
converges to the boundary more perfectly. 

 

IV. EXPERIMENTS 
Fig.4 shows a few examples that GVF snake and WVF detect 

the border of medical slice image. Fig.4 (a1)-(a4) show four 
slices of medical images. Fig.4 (b1)-(b4) show the detection 
results of GVF snake. Fig.4 (c1)-(c4) show the detection results 

of WVF snake. To the four slices of images, the detection of the 
GVF snake departs from the true boundary by the influence of 
noise. But the WVF snake converges to the true boundary 
mostly. As shown from the examples, the WVF snake improves 
the GVF snake model, because it is robust against image noise 
and segments structure of medical images clearly, which is not 
easily distinguished due to a small intensity variation. 

 

V. CONCLUSION 
In this paper, we have presented a new method combining 

Gradient Vector Flow with Wavelet analysis. We define 
wavelet transform vector, which is used to replace the gradient 
vector in GVF snake model. We call this improved snake 
model wavelet vector flow (WVF) snake. Based on experiments 
on a few slices of medical images, it has shown that the main 
advantage of the WVF field is its insensitivity to image noise 
and ability to segment the complicated structure of medical 
images. 
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(a2)                                                        (b2)                                                        (c2) 
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Fig.4. Examples of edge detection for GVF snake and WVF snake (a1), (a2), (a3) and (a4) slice of medical image  (b1), (b2), (b3) and (b4) detection boundary of 
GVF snake (c1), (c2), (c3) and (c4) detection boundary of WVF snake.  

 
 


