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Approximate Controllability and Application to
Data Assimilation Problem for a Linear
Population Dynamics Model
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Abstract—In this paper, we consider a linear pop-
ulation dynamics model, in which the birth process
is described by a nonlocal term and the initial dis-
tribution is unknown. We want here, to use an ap-
proximate controllability result for retrieving this un-
knowm datum. The method uses an approximate con-
trollability result for the adjoint system. This result
is proved using a global Carleman inequality for the
direct problem. More precisely, we prove here that
one can expect to compute the initial distribution u-
sing observations on a small part of the boundary.
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1 Introduction

We consider in this paper an age and space structured
population living in a bounded domain @ ¢ RN, N > 1
with a regular boundary 9. In what follows, we will
denote by §(t, a,x) the distribution of individuals of age
0 < a < A at time t > 0 and location z. Let fi(a) and
B(a) denote the natural death rate and the natural fertil-
ity rate of individuals of age a. Let T be a positive real
and A > 0, the maximal life expectancy. When the diffu-
sion of individuals in the domain follows the Fick’s law,
namely V§(t,a,x)) with V the gradient with respect to
the spatial variable, then ¢ solves the following equation:

oy 0y
a—?+a—Z—Agj+ﬂ(a)y:0 i (0,T) x (0,4) x Q@ (1)
where % and % are partial derivatives with re-

spect to the wvariables ¢ and a in the sense of

D' ((o,T) x (0, A); (H (Q))’). See [10] or [8].

Equation (1) is completed by:

A ~
g)(t,O,J;):/O B(a)j(t,a,z)da in (0,T)x€Q; (2)
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79(0,a,z) = go(a,xz) in (0,A) x Q (3)

and by

%(t,a,a):o in (0,T) x (0,4) x Q. (4)

Biologically, (2) gives the birth process. Indeed, this gives
the distribution of newborn individuals at time ¢ and lo-
cation z. Equation (3) describes the initial distribution of
individuals of age a at location x and relation (4) means
that there is no flux of individuals through the boundary
of Q.

From [2] and [8], one can define the trace at ¢ = tg or
a = ag in the spaces L?(Q4) and in L?(Q7) respectively,
for any solution of (1). This makes conditions (2) and (3)
meaningfull.

In this paper, we assume that the function gy is un-
known and our goal is to establish a new technique for
its determination using some ”measurement” on a part
of the boundary. More precisely, let us denote by T’y
and T'; a partition of 9, we present a method for re-
covering go using the values of y(t,a,0) when (¢,a,0) €
(0,T) x (0,A) x I'y.

This problem has a great importance in practice, since in
the study of a population one cannot get directly the dis-
tribution of the individuals on all the domain. But, one
can always get information on a part of the boundary or
on a small open subset of the domain ). Note that, the
method works well also in the case of distributed obser-
vation.

The problem under our consideration is in fact an inverse
problem. Many papers deal with this topic. An introduc-
tion to the subject was given in [3] and in [11].The Inverse
problems are generally ill- posed and a traditional way to
solve them, is the use of the so called Tikhonov regulari-
sation and the minimization of a quadratic functional [9].
Although thousands papers has been devoted to inverse
problems and despite its great importance in practice,
a little addresses population dynamic. Let us describe
briefly what was done in the litterature on population
dynamics.

In [15], the author performed a technique of recovering
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the natural death rate in a Mc Kendrick model. The
method there, used an overdeterminated data y(T,a) =
¥(a) and the explicit form of the solution. In [7], the
goal is different from the previous. Indeed, the authors
proposed in [7] a method for determining the individual
survival and the reproduction function from data on the
population size and the cumulative number of birth in a
linear population model of a Mc Kendrick type.

These studies are quite different from the subject we con-
sider here. Though our method uses essentially an ap-
proximate controllability result for the adjoint equation
of (1-4), it is different from the method of [12]. In [12],
the authors consider a Laplace equation and a generalized
Stokes system for which the boundary value is unknown.
They tried to retrieve an approximation of the bound-
ary value from some ”"measurement” of the solutions on
a given internal surface. The idea in [12] is to take the
unknown value as a control function in a approximate
controllability problem. In [16] the method used a null
controllability result with distributed control and follows
the idea of JP Puel [13] that consists to compute the state
y at time 7" > 0 in order to compute the state at time
t > T. This idea is also different, since presently, one
want to compute the initial distribution.

As one will see, our method works well too for many evo-
lutions equations.

We recall that, the first approximate controllability re-
sult for a linear population dynamics model was proved
by B. Ainseba [1]. In [1], a linear population dynamics
model with Dirichlet boundary conditions is considered
and, an approximate controllability result with internal
control was studied. The main ingredient there, is a Car-
leman inequality for the adjoint problem. Here, we give
a Carleman inequality with homogenous Neuman bound-
ary condition. This Carleman inequality is more difficult
to prove and is in fact the main difficulty of this pa-
per. Afterwards, we study an approximate controllability
problem with boundary control.

The remainder of this paper is as follows; in the next sec-
tion, we will state assumptions and we prove an approx-
imate controllability results. In section 3, we describe a
method for recovering the initial distribution.

2 Assumptions and approximate control-
lability results

Throughout this paper, we set: @ = (0,T) x (0, A) x Q;
Qa=(0,A)xQ Qr =(0,T)xQ; ¥ = (0,T)x (0, A) x 0N
and X9 = (0,7) x (0,A) x I’y where Iy is a nonempty
open subset of 9.

We assume that the following assumptions are fulfilled:

Ay) B e L®(0,A); and 3 > Oa.ein (0, A);

Ao) fi=p+po ;s p € L0, A); po € Lj,.(0, A);
1 >0 a.e(0,A) and lim,— 4 f; po(s)ds = +o0;

0 and belongs to
s)ds);

As) §o is unknown but, go #
L?TO((O A) x Q) with ﬂ’o(a) = exp fo to(s

Ay) Y5, (t,a,0) is known a.e on Y.

Let us consider for v € L2 () the following controlled
system :

—%———Az—i—,up Bz (t,0,z) in (0,T) x
gy(t a,0) =v(t,a,0)ls0(t,a0) on X

z2(T,a,z) =0in Qa

2(t,A,x) =01in Qr

A (5)
where 8 = m(a)™15.

The system (5) is said to be approximately
controllable at time 7T if the set RO =

{Z(O,.,.),z solves (5);
L?(Qa).

The main result of this section is :

veL*(X)} is demse in

Theorem 2.1 Assume that assumptions Ay — Ay are ful-
filled, then the system (5) is approzimately controllable.

The main ingredient of the proof is an unique continu-
ation result. So, let w be a nonempty open subset of 2
and wy an open subset of w such that Wy C w. There
exists a function ¥ € C?(Q) such that ¥(x) = 0, for all
x € 0Q; VU(z) #0, for x € Q —wy and ¥(x) > 0, for
all z € Q. See [6].

In the sequel C' will denote several positive constants.

S2API _ A% ()

We define for ))\\\P(i 0: n(t,aﬁt) = m and
QD(t, a, i) = a(Aia)t(Tft) .
Let p € C2([0,T] x [0, A] x Q) be such that:

0 0 .

St ge —Aptup=f in Q (6)
and 5

asz =0 on 3, (7)

then we have

Proposition 2.2 There exist positive constants so > 1;

Ao > 1 and C > 0 such that for s > so and A > Xy the

following inequality hold:

L(p) < C’/sg)\‘lgoge*Qs”deadxdt—i—C/ e~ 27 f2dadxdt.
q Q

(8)

where p solves (6-7); ¢ = (0,T") x (0, A) x w and

e

—2577

L(p) =

+ |Ap|2> ) dtdadz+
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/ e~ 2sm (s)«p [Vp|? + s A%p? |p\2) dadtdz. where

@ ow Ow

We adapt the proof of the Carleman inequality estab- Prw = ot + Da
lished in [6] for the heat equation .

+25ApVU.Vw + 25320 [V [* w; (18)

Pow=—-Aw+s <877 + 87}) w— 5*220? [VU? w; (19)

Proof of the Proposition 2.2 ot 9
_ AT~ AT (e) _

Let 7(t,a,z) = Sta—ayir—. and o(t,a,z) =
#‘ZET)_” We set W = e *"p and w = e *p, then
we have: gs = €1 — sApAVw + s\ [VU[*w — pw; - (20)

ow Ow dp  Op dn  On

—+—= — + = 9

ot Voa =° <8t+8a> (aﬁa ©)

— ow Ow

and P = oo 4 5 = 250pV Y. Vw + 25725 [V w; (21)

Vw = —sViuw +e~*"Vp = sApwV¥ + e *"Vp. (10) on o
Py — —Aw -+ <8t + a) w— X VW (22)

Therefore: and

_ o)2 2 2y2, 2 2 _
Aw = sN @ |V w + sApwAT — s°X°p* [VU|" w+ G, = ¢ Tf + APAVT + sA\2G VU > W — g, (23)

28XpVE.Vw + ™" Ap. (11) Now, let us take the square of (16) and integrate the
So that, we get: result over Q, we get:
ow Ow Op Op
LT A Ul e A AN P _
ot T aq SWTHw e <8t+8a P “p)

/ |PLw|? dtdadz+ / | Pyw|? dtdadz+2 / PrwPywdtdada
)\2<p|V\I/|2wfs)\<pA\I/w+s2)\2w2 |V\I/|2w72$)\<pV\I/.wa Q Q @

on 0On _ / 2

! 12 = gs|” dtdadx. 24
( 0 8a> (12) 1o (24)
This gives: Integrating the square of (17) over @ yields:

ow dw 2 — 2 — 2 [

B + B0 Aw + 2s\%p |V\I’| w + 28 \pVU.Vw— |P1w| dtdadx+ |P2w| dtdadz+2 | PiwPswdtdadz

Q Q Q
on  On
s2A2Q? VU w + s <6t + a> = = /Q 3. |? dtdadz. (25)
e f — sApATw + s\ |V\I’|2 w — paw. (13)  Let us compute first,

Note that:

B B K= / PirwPywdtdadzx.
Vw = —sV w+e *"Vp = —s \pwV¥ +e *"Vp. (14) Q
Note before this computation, that from the definition

In the same way, as for the variable w one can get: of U one has

ow ow 2
— + —— — AW+ 2s\*F |V |* W — 2s\pV .V
5+ 3a W+ 2s\*@ |VU|" W — 2sApV¥.Vw V(o) = %(U)V(U)’ Vo € 90 (26)
_NR VU Wt s (ﬁ i ﬁ) W= e f + sAGAUD and using (10); (26) and (7) we get clearly
ot 0
ow ov .
LN | VU@ — . (15) M (t,a,0) = s)\gogw (t,ao) aein X. (27)
One can rewrite respectively (13) and (15) as: Note also, that from the deﬁr;iztion p and n ;\ge have:
‘ ‘<Cgp ‘ ‘<C<p S| < O |53
s = UO) ety < o,
and and

Piw+Pyw=g (17)

S
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< C?;

3. | 9%
da?

%
A

Q
©
[SaY

Cp?
< Oy?

da?

On the other hand, from the definition of 1 and w,
we have:

w(0,a,2) =w(T,a,z) =0 in(0,4) xQ  (28)

and

w(t,0,2) =w(t, A,x) =0 in(0,T) x Q. (29)

We compute now K. This computation gives twelve
terms that we denote by I; ; for i = 1,2,3,4;7 = 1,2,3.
The notation I; ; denotes the product of the term num-
ber 4 of (18) and the term number j of (19). So that, we

have: 5
Iy =— %Awdtdadm

An integration by parts over () with respect to the spatial
variable gives:

ow Ow

Using (27) we get

ow 8‘1/ 8|Vw|
I =

Using now (28) we obtain after an integration by parts
with respect to the variable ¢:
Op 0¥
s Ot dv

dtdadx.

L= w|? dtdado. (30)

We have:

ow (dn On
I = —_— —_— R
1,2 S/Q 5 (675 + 9 )wdtdadm

s dlwl® [on on
z/Q ot (at 9a ) Mot

An integration by parts and (28) yield

%y 0%
Il 2 = —*/ | <8t2 Daot dtdadzx.

We have,

(31)

9
Liz= —SW/ %@2 (V% wdtdadz
Q

—s2\? / olwl*
= Yy ¥
2 Jo Ot

The above equality gives:

V| dtdadz.

11,3:S2A2/Q%f<p|wﬁ lw|? dtdadx (32)

Similarly one has:

Op OV

b= | G, wf didado (33)
I ——f/ wl? (201 20N pgade (30)

2272 g da? " adt

and
2,2 380
I g = s*A o |V |w|® dtdadz. (35)
Q

Now, let us compute

I3 = —25)\/ eVU.VwAwdtdadz.
Q

Standard calculations, (26) and (27) give:

0

I3 =—2s3>\3/ <3W> lwl|? dtdad:c+23>\2/ © |VU.Vw|? dtdadz
by

—|-8)\/<p
p

v
g— \Vwl|? dtdadz — s / ¢ |[Vw|® AVdtdadz+
v
Q

2y
S)\Z/ 88 0w 0w b tade— s)\2/Q<p|V\I/|2|Vw|2dtdadx.

;01 ; Ox; Ox

(36)
Let us compute now the term I3 o

I3o = 252X / OV Vw @" n g") wdtdadz
Q

on  On
= 32)\/ ©VU.V (|w] < + ) dtdadz
o ( ) ot ' da

An integration by parts and (26) give

I3 = —s2A2/ o lw* |VI|? < + g) dtdadz+
Q

—|—52)\/ wg—\f (?9:2 + gz> lw|? dtdadx

782)\/ lw|? V. <v\1/ @” g”>>dtdadx (37)

We have:

I3 = —28°\° / O VU > wV . Vwdtdada
Q

_ —53)\3/ P IR Ay (\w|2) dtdadz.
Q
Then, this gives:

ov
I3 = —83/\3/ ¢’ <8
» v

3
) |w|? dtdadx

(Advance online publication: 15 August 2007)
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+353)\4/ O VU [* |w|? dtdadx
Q

+83)\3/ S03
Q

(\v\m?\p)

v. (\V\II|QV\I/) w|? dtdadz

where V. =Y (\V\I/|2 V\I/).

We want now to compute the three last terms I ;:

Ijg = —25)\2/ pw \V\Il|2 Awdtdadz
Q

= —23>\2/ @w\V\II|28—wdtdada
b 87/

2572 / v (<p|V\I/|2w) Vwdtdadz.
Q

Therefore, one gets:
ow\*®
Iy = —232)\3/ > () \w|2 dtdadx
Q 81/
+25)\3/ © VU |> wV V. Vwdtdadz+
Q
2522 / pwV (|vqf|2) Vwdtdads
Q

+23)\2/ o VU V| dtdada.
Q

We get directly
Iy = 252A2/ @ |VE|? < + ) \w|? dtdadz.
Iz = *253)\4/ o |[VU|* |w|? dtdadz.
Q

Finally we obtain:

9K = )\/ <a@ &”)‘g\flwﬁdtdada

v\ °
7653)\3/ ©* <6> lw|? dtdado+
» 14
25)\/
)

+232>\/ g—q] (g:j] + ) lw|? dtdado

—452)\3 <8> lw|? dtdado
2

0
0
—s/ lwl|? (875127

dp Oy

U
goa— |Vw|? dtdado
v

2
n 8”) dtdadz

88 Oa?

+2$2)\2 <+> VU |w|* dtdadz+

43/\2/ © |VU.Vw|* dtdads — 25)\/ ¢ |Vw|?* AVdtdada
Q

2
(38) +45AZ / aa V0w oW b ady

x;0x; Ox; Ox;

—232/\2/ o w)? Ve <377+g77) dtdadx
Q

—232>\/ lw|? V. (v\p (a” + 8”)) dtdadz+
o at o

233>\4/ o |V [* \w|? dtdadx
Q
+233)\3/ <p3
Q
v
_2$2>‘3/@2 (86
» 14

+4s)\2/ pwV (|V\Il|2) Vwdtdadz
Q

v. <|v\11|2 W) w|? dtdadz

3
) |w|2dtdadac+4s/\3/ © VU > wV . Vwdtdads
Q

+23)\2/ o |V V| dtdadz
Q

+452)\2/ V)2 <"+g’7) lw|? dtdadz.  (42)

In the same way, recalling that

w v
0w _ fs)\a—ﬁ (0) aein X,

e ov

we can compute

(39)
(43)

(40)
K = / PwPywdtdadx
Q

(41)

to get also twelve terms I; ;. Finally, one obtains:

_ o 0\ OV _,
9K = —sA =) = |w|? dtdad
g /<8t+8t>6uw| ado
v
oo [ (2
» 1%
725)\/
b
oV (o7
9252\ | == [ =X
s /Espau <8t +
3
+452)\3 / 7 (8\1’> [w|? dtdado
ov

% 0%
28@875 + ) dtdadx

3
> [w|? dtdado
v
@3— \Vw|? dtdado
ov

aﬁ) [w|? dtdado
da

82

+282/\2/ <E§;:+§0> V| |w|? dtdada
Q

+4s)\2 / 7 |VU.Vw|? dtdadx
Q
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N PV 0w ow
+25A / vuw|® AVdtdadz —4s\ / ——dtdad
@l | s ; ('0896,896] Ox; Ox; adr
RV 0w ow
_48)‘2/ P or.0n. :0x; Ox; Oz 7, dtdadz —25)\/ PAY |Vw|? dtdadz
7252)\2/ 7w |V |? j+@ dtdadx =—s/ |w| 82 +i dtdadx
0" ot " da at2 dadt " Da?
7 do 0
+232>\/ [w|* pV. (v\yg’t’ + ZZ) dtdadxz+ +232>\2/ ((;f + ;) @ VU |w|® dtdadzx
Q
34 _3 4,2 2 877 a77
25° A o |VI|" |[w|” dtdadx —25°A \w| eV. | VT % 5, dtdadz
Q
—253)\3/ V. (|v\11|2v\11) w|? dtdadz— +233>\3/ &Y. (IV9 V) |wf? didade
Q Q
3 2 0% | %7
4s\ /Qg0|V\I/| wVV.Vwdtdadz —s/ |w| <8t2 Sadt +82> dtdadz
op 0
4522 / R TAY (|V\I/|2) Vwdtdada 2522 / ((9‘5 + a“’) 3|V [w)? dtdadz
Q
2 _ 2 12 25v 677 a77
+2sA 7 |VU|° |[Vw|* dtdadx —252\ |w| VU — ot 8 dtdadz
Q
242 87 — 313 —3 2 —12
452X / Vo[ (+> @) dtdadz.  (44) —253) /go V. (|V\I/| v\p) w]? dtdadz
Q Q
Note that and
o(t,a,0) =9(t,a,0) on X D= 43)\3/ ¢ VU2 wV . Vwdtdada
Q
and
(t,a,0) =n(t,a,0) on X. +4S)\2/ pwV (|V\I/|2) Vwdtdada
So that, N
w(t,a,0) =w(t,a,0) on X. —4s)\3 / 2|V wVV.Vwdtdad
Using these last identities and adding (42) and (44) one N
gets: - F4s)? / Y <|v\11|2) Vwdtdadz
2K +2K = A+ B+D Q

9 90 9 Classical algebra show that:
+2sA ¢ |Vw.VU|" + 3 |Vw. V| ) dtdadx
Q
4] SC(S)\+)\2)/ (¢ IVl + 5[Vl didadz:
+25)\2/ © |V |* |Vw|® dtdadz Q
Q
|B] < C (A3 + 521 / o lwl* +7° [w|*) dtdadx
+2$)\2/ 7 |VY|? |Vw|? dtdadz+ ( ) Q( )
@ and

253)\4/ 3\ | jw|? dtdadz
QSO V[ Jw] D gC(sA—i-)\Q)/ (<p|Vw|2+¢|V@|2) dtdadz+
Q

+25A2 / ?° |V | [w]? dtdadz (45)
Q C (s°A* + s°A%) / (<p3 lw|? + 7° |@\2) dtdadz.
where Q
20 dw dw Note also that W 6 C?(Q) and |V¥| # ().in Q — wy.
A= 45)\2/ ——dtdadz Therefore, there exists 0 such that |[V¥| > § in Q — wp.
ij 7@ 83618:6] Oz Ox; Next, (45) gives:

+25) / AV |Vw|? dtdadz 9K + 2K + 25\ / (@ Va)? + ¢ |Vw|2) dtdadz
Q

q0
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+253)\464/ (<p lw|® + 7° W] )dtdadm
q0

2A+B+D+%Vﬁ/

(4,0 Vw|? +¢|vm2) dtdada
Q

253\t / (go?’ wf? + 7 |m|2) dtdadz  (46)
Q

where ¢o = (0, 4) x (0,T) X wo.
Furthermore,

/ (92 +92) dtdadx < / (€72 + 72 f2dtdadx
Q Q
+C (sA + A?) / (¢ Vwl® + 5 |VE|2) dtdadz+
Q

C(SS/\3+82/\4)/ (<p lw|* +7° [w)| )dtdadm. (47)

Adding (24) and (25) we get, taking account of (47) and
(46) that

/ (|P1w\2 + |Pyw]® + |?1w|2 + |Ew|2> dtdadx
Q
+25)242 / (mvmz + cp\Vw|2> dtdadz
Q
+283)\454/ ((p lw|* +7° o] ) dtdadzx
§/ (67287’ + 67255) f2dtdadac
Q
+C (sA+ \?) / ((p |Vw|® +¢|V@\2) dtdadz
Q
+O (82N + 32)\4)/ (sp w|? +7° @] ) dtdadz
23)\262/ (mvmz +o |Vw|2) dtdadz
g0

+233)\454/ (@3 lw|® +7° |w|2) dtdadz. (48)

q0

Let us choose s and A large enough such that:
s)\252/ (¢|Vm|2 + ¢|Vw\2) dtdadz
Q
—|—s3)\454/ (go?’ lw|? + 7 \@|2) dtdadx
Q
2 2 | o2
> C (sA+\?) / (ga |Vw|” + @ |Vl )dtdad:c
Q

+C (53A3+52A4)/ (w lw|? + 7 [w] )dtdadx.

Therefore, there exist s; > 1 and Ay > 1 such that for
s> s and A\ > \q, (48) gives

/Q (1Pl + 1wl + [Prw] + [Pyw|”) dtdada
+s)\262/Q (¢ IVa[? + ¢ \vw|2) dtdada
—1—33)\454/ (gp lw|® +7° o] )dtdadx

< /Q (6_2577 —|—e_2sﬁ) f2dtdadz

1250252 / (@\V@F +<p|Vw|2) dtdadz
q0

+253/\454/ ((,p lwl® +7° || )dtdadaz. (49)

g0

eliminate the term

) dtdadz.

We want now to

— — 12 2
250207 [, (¢|Vw| + |V
For this aim, we introduce a cut-off function a such that:
a€CPw);0<a<1;and o =1 on wy.

Multiplying P,w by pa?w and integrating the result over
Q give:

/ palwPywdtdads = fs/ (?;Z + gn) w?paldtdadz
Q

—/ wAwpa’dtdads — 52)\2/ w?pa? || didadz.
Q Q

(50)
Note that:

/ wAwpa’dtdadr = —/ \Vw|? pa?dtdadz
Q Q

—)\/ wVw.V\I’gaazdtdadx—2/ wVw.Vapadtdadz.
Q Q

(51)
Therefore,

/ o’ wPywdtdads = —s/ (87} + 817) w?pa’dtdadzx
0 ot 0
+/ \Vw|? pa’dtdads — 32)\2/ w>o*a? |U|? dtdadx
Q Q

+)\/ wVw.V\I/goazdtdadac+2/ wVw.Vapadtdadz.
Q Q
(52)

This gives:

/|Vw|2 gpantdadxz/ po*wPywdtdadz
Q Q

+82)\2/ w>o*a? |U|? dtdadx
Q
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S/Q (?Z + EZZ) w?podtdadz

—)\/ wVw.V\Il<pa2dtdadx—2/ wVw.Vapadtdadz.
Q Q
(53)

Note that:

-\ / wVw.VUpadtdade < C\2 / lw|? pa’dtdadz
Q Q

1
+f/ |Vw|2 pa’dtdadz
2 Jq
where C is a positive constant. As ¢ < C¢® with C a

positive constant, using now the properties of o and ¥
we deduce:

|Vw|? pa?dtdadz < C’/ wa’wPywdtdadx
Q

q0

+Cs%\? / wpda’dtdadx
Q

+C/ we'/? |Vw| p 2adtdadz. (54)
Q

From (54) we deduce that:

1
23/\252/ \Vw|? pdtdada < 5/ | Pyw|? dtdadx
q0 Q

+Cs3\ / w?pidtdadz (55)
q

where C' is a positive constant.
Analogous calculations yield

252252

q0

1
\Vw|? pdtdadas < 3 / | Pyw|? dtdadx
Q
+Cs3\ / w @t dtdadz. (56)
q

Combining (49),(55) and (56) one gets:

/ (1Pl + |Powl + [Prw]” + [Pyw|”) dtdada
Q
+s>\262/ (¢|vm2 + @\Vw|2> dtdadz
Q
+s3)\454/ (@3 lw|? + 7 \E|2) dtdadzx
Q

</ (€725 4 €77 f2dtdadz+
Q

083)\454/ (%03 |’LU|2 +¢3 |w|2) dtdade.
90
This gives, as @ < ¢ and 7257 < ¢7257;

/ (|le|2 + |P2w|2) dtdadz + 3A252/ o |Vw|? dtdadz
Q Q
+s3)\464/ ©* |w|? dtdadz
Q

< C/ e 2" f2dtdadx + Cs3\*6* / ©® |w|? dtdadz.
Q q

(57)
Note that w = e~*"p, so, we get from (57)

s7A? / gPe 2 |p|? dtdadz < C / =257 £2dtdada+
Q Q
(58)
053)\4/@36_25" p|? dtdadz.
q

Recalling (10) and inequality ¢ < Cp? one derives:
sAZe= 2 |VplP < C (s/\2 [Vw]? + s2A2p° |w\2) .
Therefore, (57) and the inequality above yield:

s)\z/ e~ 2" |Vp|? dtdada
Q

§C/ e~ 2 f2dtdadx
Q

+Cs3)\4/<p3e_2s’7 p|? dtdadz.
q

Using the definition of Pjw we see that:

1 6w  Owl|? 1 2 4 2 2 2
— =4+ =] <C|—|Piw|"+sX*plw|”+ s ¢ |Vw|” |.
sp |0t = Oa sp
(60)
Moreover, we have from (9):
_.. (Op Op ow Ow on On
sn [ YV et It hed = =
¢ <8t+8a) 8t+8a+8<6t+8a v
This gives
e e Y AT 2wl | . (61)
“ ot Taal =7\ T da A

Now, (57); (60) and (61) gives:
—2sn

[ o

o sy |0t  Oa

2
dtdadx < C/ e~ 2" f2dtdadx
Q
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+CSS)\4/<,036*23” p|? dtdadz. (62)
q

We use now the definition of Pow and the fact that

2
‘% + % < C<p4 to find that on the one hand

1 1
—|Awf* <C ( | Pyw| + s3X\*p? |w|2) .
sp sp
On the other hand we have from (11):
—S”A2<C’A2 2322 2 334t 2
e Ap]” < O (|Aw|” + s" A" [Vw|™ + " X" [w]” ) .

The two last inequalities together with (57) give:

—2sn
/ ¢ |Apfdtdadz < C / e 2 f2dtdad
Q 5S¢ Q

+C’s3/\4/<p36725’7 p|? dtdadz. (63)
q

Finally adding (58), (59) (62) (63) one gets (8).

Our goal now, is to derive from the Proposition 2.2 the
following result.

Corollary 2.3 Suppose that f = 0. Let p be a function
that verifies (6-7) and

p(tya,0) =0 for (t,a,0)€ Xy (64)

then

p(tya,z) =0 a.e in Q. (65)

Proof of Corollary 2.3

We suppose that f = 0. Let o9 € I'g and r > 0 such that
the ball B(oyg, 2r) verifies

B(0o,2r) N9 C Ty Set O = QU B(op,2r) and
. p(tya,z) (t,a,z) € (0,T) x (0,A) x Q
plt,a,2) = { 0 (ta,z) € (0,T) x (0, A) x B, 2r)
Then standard device gives that p verifies:

o o .. -
and
op A
5 =0 on (O,T) X (O,A) x Of). (67)

Let o1 € Q — Q. There exists 7 such that B(o1,m9) C
B(oy, 2r).

As p(t,a,z) = 0 a.e in (0,7) x (0, A) x B(o1,r0) then,
the Proposition 2.1 with w = B(o1,79) implies that
p(t,a,z) =0 in (0,7) x (0, A) x Q. Therefore, p = 0.

Remark 2.4 One can prove easily theorem 2.1 us-
ing a version of the Hahn Banach theorem like in [1].
More precisely, let g° be a vector of the orthogonal set of

RY = {2(0,.,.),z solves (5); ve L*(X)}. Let us mul-
tiply (5) by p(g°) solution of (68) below with p° = ¢°.
Integrating the result over Q gives

/ go(aaﬂﬂ)Z(O,a,x)dadx:/

A 2o

v(t, a,0)p(t, a,o)dtdadz.
Therefore, as
/ ¢%(a,2)2(0,a, x)dadx = 0,
a
one obtains:
/2 u(t, a,0)p(t, a,o)dtdadx = 0,
0

for allv e L?((0,T) x (0, A) x 99).

This gives via the Corollary 2.3 that p = 0. So, it
follows that g° = 0. Therefore, the Hahn Banach theorem
yields that R is dense in L? ((0,T) x (0, A) x ).

We prefer the proof below, since it is very usefull in prac-
tice.

Proof of theorem 2.1 Let g € L?((0, A) x Q) and € >
0. We have to prove that there exists a control © such that
the associated solution Z of (5) verifies ||2(0, .,.) — g|| <e.
If ||g|| < € one can take o = 0 to get that Z = 0.
Therefore, it follows that

[20,.,) = gll = llgll <e.

Suppose now that |lg| > e  For a given p’ €
L2 ((0, A) x ), we consider the following system

%—1—% —Ap+pup=0in (0,T) x (0,A4) x
9 (t,a,0) =0o0n (0,T) x (0, A4) x I
p(0,a,7) = p°(a,x) in (0,4) x Q
p(t,0,z) = foA Bpda in (0,T) x Q
(68)
we take v = p|z and consider the new controlled system:

0z 0z

—5 — 3 — Az + pop = Bz (t,0,z) in (0,T) x (0,4) x Q

= (170, 0) = plt, 4, 0)1o(0) on (0,T) x (0, A) x 40
z(T,a,z) =0in (0,A) x Q
z(t,A,z) =01in (0,T) x Q
(69)
We recall that the solution of (69) is taken in the following
sense: z € L?((0,T)x(0,A); H'(2)) and V0 € L*((0,T)x
(0, A); HY(Q)) we have

A T
_ / / <8z L9 9> dtda+ / (V2.V0 + p20) dtdadz
0 0 at aa (Hl)/,Hl Q

—/ pﬁdtdada:/ Bz(t,0,x)0dtdadx
o Q
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and
z(T,a,2) =0in (0,4) x
z(t,A,z) =01in (0,7) x Q °

{

One can use the method of [14] to prove that (69) admits
a unique solution.

Let us denote by p(po) and z(p) respectively, the solutions
of (68) and (69). We consider now the functional

Jq (po )

1
2 /Zo deadtd‘T te HPOHL2(QA) - /QA gpodadx.

(70)
Note that, the function p° +— p is continuous from
L?(Q4) into L? ((0,T) x (0,A); H'(R2)). So that, the
function p — ppy, is continuous from L?(Q.) into
L?(X). Therefore, J, is continuous. In addition, the
functional J, is trivially convex. Moreover, J, is coer-
cive. More precisely, we have:

0
lim inf OJ(# > (71)

1701l 2 4 —+oe 1P ||L2(QA)

The proof of (71) follows what was proposed in [5] for

the heat equation. Let us consider the sequence p! in

L2 ((0, A) x ) such that ||p§ HL?(QA) — 00 as n — o0.

We note p2 = 5= and p the associated solution of
n HPnHLZ(QA)
(68).
Then:
0
J, (p° 2
Og(p") = H HL2(QA) / j)idadtda+67/ gp° dadz.
Hpn||L2(QA) 2 o A
(72)
Using the fact that
/ p2dtdado > 0, (73)
o

we obtain
lim inf / p2dtdado > 0 or liminf / p2dtdado = 0.
n—oo ZO n—oo 20
(74)
In the first case, we get obviously
J 0
lim inf () = +4o0. (75)

o ||p2||L2(QA)

This gives obviously (71).
In the secund case, we extract a subsequence still denoted
2 such that

/ pidtdads — 0 as n — +oo,
3o

p% — p% weakly in L? (0, 4) x Q)

and

P — p = p(p°) weakly in  L? ((0,T) x (0,4) x Q).
Therefore, we get that p = p(p°) verifies
Pz, =0 a.e Y.
Using now Corollary 2.3 we obtain that
p=0 aein Q.

This gives p° =0 a.e in Q4. Then, equality (72) yields
(71).

Recalling that J; is continuous, convex and coercive, it
follows that it admits a minimizer denoted $°. More
precisely, there exists p° € L2((0,A4) x ) such that
Ty (P°)) = mingoer2(qu) Jg (1°)

Using the fact that J,(0) = 0 and ||g|| < €, we infer that
there exists p° € L2 ((0, A) x Q) such that J,(p°) < 0.
This implies that p° # 0.

Next, for p° € L2 ((0, 4) x Q) setting p = p(p°) and p =
p(p°) one has:

Ty (0° + %) = Jy (7°)

Tim - / ppdtdado+—— | °p°dadz
70 T N 12° Jqa
7/ gp’dadz = 0.
A
This gives,
/ ppdtdado = —;0 P°p°dadz + / gp’dadz.
DN 12°l Jq.a A

(76)

Let us multiply now equation (69) with p instead of p by
p = p(p®). An integration by parts of the result over @Q
yields:

/ 2(0,a,2)p° (a, z) dadz f/
A Yo

This equality and (76) yield for all p°

ppdtdac = 0.  (77)

2(0,a,x) — g (a,x LNoax Vdadx =
fy, (000 (001 i 0.0 ) e =0
(78)

Therefore, we get:

:ﬁp‘o ae in (0,4) x Q. (79)

2(07 a, x) -9 (a’7 I’)
Consequently:

120,.,.) —gl < e (80)

(Advance online publication: 15 August 2007)



TAENG International Journal of Applied Mathematics, 37:1, [JAM 37 1 1

3 The method for recovering the initial
distribution

Let us consider the function ¢ solution of system (1-4).
In order to work with bounded coefficients we make the
following change of variables : y = 7(a)y; 0 = W_l(a)ﬁ;
Yo = m(a)do.

As g is unknown, 3o is also unknown, but y solves the
system:

1% Ay+pp=0in (0,T) x (0,4) x
%(t,a,a) =0on (0,7) x (0,A4) x 9Q
y(0,a,z) = yo(a,z) in (0,A) x Q
y(t,0,z) = fOA Byda in (0,T) x
(81)

Let € > 0 be small enough and consider N > 1, an inte-
ger. Let (gx) be a orthonormal basis of L? ((0, A) x Q).
We Yo,N = Zjvzl Orgr with 0 =
IQA yo(a, z)gx(a, x)dadz. Clearly yo,n
strongly to yo.
For all k > 0, there exists a function p} € L*(Q4) and
consequently vi such that the associated solution zj of
(5) verifies:

set
converges

€ ~
21(0,a,7) = gi(a,2) + —=pp(a, )
Ve

Let

N
0, = / Y5, Vkdtdado and go N, = Zﬁkgk.
Yo j=1

As one can compute §;, then we may consider o v, as a
known datum . Then the main result is:

Theorem 3.1 Assume that assumptions A1 — A4 are ful-
filled. Then we have:
(1) the following estimate:

190,5,e — vo.n |l < €llyoll (82)

(ii) Jo.n.e converges strongly to yon in L?((0,A) x Q)
as € tends to 0.

(iii) Let y* be the solution of (81) associated to the
initial distribution yi, i = 1,2. Then, y|120 < 9\220 a.e on
Yo = yp <vyd aeinQ

Remark 3.2 Proposition iii) seems to be natural. It
means that the greater the value on Yo, the higher the
wmitial distribution. We note that one cannot derive the
above property by the use of the traditional Tykonov reg-
ularisation method. In fact, our method can give some
properties of the unknown datum.

Proof of Theorem 3.1 (i) For all k£, multiplying (5) by
21, associated solution of (69) to vy, integrating the result
by parts over Q and using the definition of 6 lead to

ékz/ yo(a, )21 (0, a, x)dadz.
Qa

Therefore,
ék = / gk(av x)yo(av ;L‘)dadl‘
Qa
bt [ R adads (83)
N st e
Consequently
0, — 0), = %/ pe(a, x)yo(a, r)dadz. (84)
N k] Jos
This implies that:
- €
)ek - ek‘ < lyoll N (85)
On the other hand we have:
N
Jo,N,e — Yo,N = Z (9k - 9k> Jk-
k=1
Owing to (85) we get:
ll90,3v.e = yo,n || < €llyoll- (86)

Let us prove ii).
As e is independent of ||yo|| the second proposition follows
easily.

We now perform the proof of (iii).
Using the fact that yly < yf, a.e on o, setting 6 =
I, y|jzo vidtdado it follows that:

4] < |6
Therefore, we derive that

(86)

Jo.v,ell < 195wl -
Using (ii) we get now that:
.|l < ll6.wl-

As yéy N converges strongly to yg in L? (Q) the last in-
equality implies
lvol| < [lus ]l -

Now, since yé is non negative we infer that: yi < y% a.e
in Q4. This achieves the proof.
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4 Concluding Remark

In this paper, we have studied first, an approximate con-
trollability problem by means a new Carleman inequality.
Afterwards, our goal was to show, how one can use this
approximate controllability result in the study of an in-
verse problem. The method outlined in this paper, gives
in fact an approximation of the unknown datum, y9. This
approximation is somewhat incomplete in order, it be-
comes more precise when ||yo|| is known.

The traditional way, that consists to minimize the func-
tional

J(z) = %on Y2 — Yobs|” dtdado + a [, #(a,)dadx
where, y, is the solution of (1-4) with z instead of yq
and y.ps the observed value, gives in fact the function
that is close to yy and moreover, minimizes the cost:
a [, #*(a,x)dadz. Therefore, this traditional method
is not better than ours in term of precision.
Nevertheless, in practice, our method is not trivial, since
it requires the minimization of many functionals. We
are planning to check numerically our method and to do
a comparative study with the traditional method else-
where.
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