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Meshless Difference Methods with Adaptation
and High Resolution
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Abstract—Partial differential equations for domains
with moving boundaries and moving interfaces are
solved numerically using meshless finite difference
schemes. The advantage of the approach is that it
is easy to add nodes where there is a requirement
of higher precision and delete nodes where the preci-
sion requirements are less stringent. TVD and ENO
schemes are considered in this context and some nu-
merical examples are computed showing applications
of the methods.
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1 Introduction

Moving interfaces and moving boundaries occur in many
physical situations. Some examples are liquid-air inter-
faces, ice melting in water, the deformation of bubbles,
oil flowing under ice and the active interface during com-
bustion in a solid fuel rocket engine.

The partial differential equations describing such prob-
lems must take the interfaces and boundaries into account
since material properties and behaviors are normally dis-
continuous there. A version of the finite element methods
is usually implemented in order to solve the problems nu-
merically with the interfaces and boundaries handled in
some fashion (see for example [6]). Other approaches in-
clude the smoothed particle hydrodynamics used in the-
oretical astrophysics computations (see [9, 8]) and radial
basis function methods (see [3, 12]).

The finite element methods commonly used for these
problems can be classified into methods

e where the grid is fixed and the interface is moving
[16],

e where level sets are used [13, 11],

e where the grid deforms keeping pace with the moving
discontinuities [15, 2, 14]
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e where the grid is refined locally to the discontinuities
[4],

e where there is no grid (gridless methods) [17].

The commonality of the first four kinds of methods is a
dependence on a grid, either fixed or deforming in some
manner. More recently gridless methods have been inves-
tigated. Examples of these are methods based on super-
position of basis functions of various kinds and smoothed
particle hydrodynamics. In this paper a meshless method
based on finite differences is considered. In [10] a previous
discussion of meshless finite difference methods was pre-
sented and some examples were given. This paper can
be viewed as a continuation of that paper to problems
involving moving interfaces.

There is a clear advantage in using gridless methods for
these problems in that a suitably chosen set of nodes
can deform and move as the boundaries and interfaces
change. This also means that more nodes can be added
at critical points where there are large discontinuities thus
improving the approximating properties of the solutions.

In this paper a meshless method is established where the
only requirement is that a coordinate system is available.
The effect of moving the nodes on the computational
stencils is considered followed by refining and coarsen-
ing of the stensils. A discussion of the construction of
meshless difference methods with high resolution proper-
ties and some examples concludes the paper.

2 Moving nodes

The problems considered here are two dimensional prob-
lems whose solution are time-dependent velocity fields.
These velocity fields are assumed to be computed at dis-
crete time-steps. Because of this we call a velocity field
at a particular time-step a time layer. A set of nodes
P = {P} on each time layer define the points where a
given problem is approximated (and it should be noted
that by node is meant both the name of the node as well
as the coordinates of the node).

We first introduce some notations:

v is the velocity field for the present layer,
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(Va,vy) is the velocity at a point (z,y),

8 = At - v, where § is an increment and

At is a time step,

¢ = P+ 3, means that a new point £ is found
by adding S to node position P.

In the following by v, 3,& is meant the velocity compo-
nent, increment and node position at a given point x, y.

The advantage of meshless methods is that the position of
a node can be changed adaptively according to the state
of the solution as time progresses.

The progression of a solution from time layer ¢ to t541
is now considered.

Two approaches are normally used:
(i): In the first approach the information from the solu-
tion on the present layer is used for the following layer.

For this case a simplified directional difference quotient
with respect to time is

u(fathrl) - ’LL(P, tk)

At
u(@ 4 Be,y + By, tr + At) —u(x, y, )
B At
ou ou ou
E"'Vx%‘f'Vya—y‘f‘O(At) (1)
where 5 5
_ Iz _ 7y
Ve = At’ Yy At (2)

ou

In order to approximate ng—g + vy 5y at a node P two

known directional quotients 2% and A%

All Alz
to space are considered. For this two nodes P;, P, are
needed that are at distances Al; = |P — P;| from P,

i =1,2 as indicated in Figure 1.

with respect

The directional quotients can then be written as

Au Axy Ou Ayp Ou
= D T L OAL), (3
A7, Al dx T Al 9y (Ah), ()
Au Azxs Ou  Ays Ou
=" T L O(AL). (4
Al Al dr T Al 9y (Al2). (4)
Setting ﬁ;f =S, ﬁy =T;, i =1,2 we obtain
A A
A_%+B_§:m&+3&€3
Al Al z
B)
(AT + BTg)a—Z +O(Al + Aly) (5)

where A, B satisfy

AS1 4+ BS; = vy,
AT1 + BTQ = Vy.

This solves to

VZ-TQ - VySQ Vy;s’l - Vle

A=e27 2 g Pyl T Patl
S1T2 — SQTl7 SlTQ — SQTl (6)

and we note that it is required that S175 # S2T; and
P+P,i=12.

Therefore we get from (1)

Ou _ u(§ thar) — u(P,ty)

ot At
A A

—A=L —BEE L O(AL+ Al + AL)  (T)
A 11 A l2

using (3), (4) and (5).

(ii): In this approach, indicated in Figure 2, the solution
on the next layer is used as well. The computational
cost is larger than in the first approach, but it can adapt
more easily to the changes in fluids over time due to the
forecasting of the future velocity field. The velocity field
is extrapolated as follows:

1 3 1
W4 AL = Sui ) - b -ty @)
or
1 11 7 1
v(t+ §At’ )= El/(t, ) - Eu(t — At + gl/(t — 2At,

)
(9)
and a [* is computed iteratively by means of % =
v(P,t) ~ Z—; which leads to the recursion

1 1
ﬁm-'rl :AtV(t+§At7P+ Eﬁnl), m:O71,"' (10)

where 8™ — (*. Thus

£=P+ 5. (11)

Therefore the simplified directional quotient with respect
to time is written as

u(fathrl) - ’LL(P, tk)
At
N At

= Gu +y*@ +y;g—z + O(A¢).

ot * 0z

(12)

Similarly to the above, we can use the combination of
two known directional quotients with respect to space
to eliminate the influence of spatial directions from the
movement of a node. That is, we have

4 Azi B Ali - u;? +1/;% +O(AlL +Alz) (13)
Al Al T Y
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Figure 1: Directional difference quotients based on the present time layer
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Figure 2:

where A*, B* satisfy

A*Sy + B*S; = v,
AT + BTy = ;]

and we obtain

Ou_ u( trrr) — u(P ty)

ot At

a2 AU L O(At + AL + Al) (14)
Al Al

using (12) and (1).

In order to improve the approximation, we can construct
a directional quotient on several time-layers as indicated
in Figure 3.

For instance, to improve the approximation in the time
direction, we have

u(P+ B1, tet1) — u(P — B-1,tk—1)

2At
U(P—l- ﬁl,tk.u) - U(P, tk)
T2 At
+EU(P7 te) —u(P — B, tk—1)
2 At
~10u 1 j0u 1 ,0u 1 0%u
2815 2 w%+§ ya 47 ot
0%u 10u 1 _40u 1 _,0u
+§waa T T ae T gy
Pu 1 15— 1 0%u
_ZAtE)tQ oYz Py 8:683/

Directional difference quotient using future layer

Gu y
ox

1
2

Ou
Jy

ou

ot

1

5 +uvt '(15)

1
T T

+ (v

) (v

1 —1
y+l/y )

After eliminating the effect of moving a node we obtain
second order precision in the time direction.

We can also combine time difference quotients to elimi-
nate the effect of spatial shifts.

u(P + B1,tkt1) — u(Pty)
At
u(P,ty) —u(P — B_1,t-1)
At
w(P = B_1,tk—1) — u(P — Bi, tr_2)
At

At [AU(P + ﬁl; tk+1) (B — 14)’(1,(1:)7 tk)

+(C = B)u(P — B-1,tg—1) + (=C)u(P — e, tp—2)]
. _ ou 18u
=A-At! (Ptk)-f—AE-f—A > 5
(B —A)- At~ (P, ty)

(- B)8u

ot
ou
_1_
ay +0
@
ot

(At)

A

+B

+C

10u
A
+l/8+0

+(C = B) - At (P, ty,) —

_410u

oz
—(=C) - At~ u(P,ty) —
ou

Vygy + O

(At) +

—(C = B)yy' — — (C - B)y, (At)

Lou
- (_C)Va: %

(16)

2(—C)

%o

~(=C -

(At) =
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Figure 3: Directional difference multi-layer construction

where A, B, C satisfy

A+B+C=1,
VIA+v B+ (v —v;H)C =0,
vgA+ v !B+ (v —v, ')C = 0.

3 Node refining and coarsening

For each interior node, we have to construct a differ-
ence scheme by means of arcs connecting adjacent nodes.
Figure 4 shows two types of node stencils for star-like
schemes of nine points.

If we need to increase the precision of the approximation
then this can be done by combining directional quotients.

If a new node is inserted new arcs can be constructed to
existing nodes. Usually, the quotient approximation of
(1, 2, 3, 4) order needs a combination of (3, 6, 10, 15)
nodes and (2, 5, 9, 14) directional quotients. Finding the
combination coefficients requires the solution of a system
of linear equations of the (2, 5, 9, 14) order. If any of the
systems are singular then the singularity can be avoided
by perturbating one or more of the nodes. An example
of an order 2 approximation on 5 nodes requiring the
solution of a 5 x 5 system of equations is given in [10],
equations (12)-(14).

Except for the case of moving nodes, adaptive computa-
tion can add and delete nodes according to the state of
the local error. An error indicator for a computational
region {2, is therefore defined for each t; as follows:

I(Pty) = |u(Pty) —uf(P)|, Peint Qn,  (17)
where u(P,t) is the current solution and u”*(P) the ap-
proximation such that I(P, ;) reflects the approximating
degree of the solution around the node P on a given time-
layer. Here there are two computable constants C' > 0
and R such that a local posteriori error estimation

[u(P,t) —uH(P)| < C- RG(P)  (18)

holds.

Adding or eliminating nodes is carried through according
to the following rule:

Let I} = maxpeq, I(P,tx), and let 6,..¢, Bcoa be two
tolerances such that: 0 < fcoa < Opof < 1. Then

node P is added if I(P,ty) > 0.o¢ - Iy (19)
node P is removed if I(P,tx) < fcoa - I;. (20)

In order to balance the opposing requirements of ap-
proximation degree and computational effort we add new
nodes in Qp if I is large and we remove current nodes
from Qp if I is small. In addition to this it is neces-
sary to match the schemes for adding or removing nodes.
When a new node is added, we must establish a differ-
ence scheme based on this node. Similarly when a node is
eliminated, we should at the same time delete the differ-
ence scheme which is centered on this node. Sometimes,
we need to also keep the balance between the number of
entering arcs and that of exiting arcs for each node dur-
ing addition or removal of nodes. As an example consider
the scheme in Figure 5.

If we add a new node Fy with adjacent nodes
P, Ps, Ps, Py, assuming that Py, P>, Ps, Py are arranged
in anticlockwise order and that arc directions are
P4_P1,P3_P2, then these two arcs are removed and the
paths P, — Py — Py, P3 — Py — P, are established. If
we remove the node Py with adjacent nodes P, P, P35, Py,
assuming that original paths are P, — Py — P4, P3 —
Py — P then these two paths and the node P, are re-
moved, and we replace them by the arcs PQ_P4, P3_P1.

In order to simplify the programming we first mark all
nodes which might possibly be used in the computation
as well as the difference schemes on these nodes. At the
same time we associate two flags to each node to indicate
whether the scheme on that node will enter the compu-
tational process at that moment. If that node is added
at a given moment, then the corresponding scheme is ac-
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Figure 4: Nine point star-like scheme

(a) adding a node

(b) removing a node

Figure 5: Adding and removing nodes
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tivated and the computation is performed. If the node
is removed, then the corresponding scheme is said to be
dormant.

It must be pointed out that a weakness of Lagrangian
methods is that the distance between two nodes may be
changed significantly as a node moves. If there is a link
between two nodes and they are moved so that they are
far apart then the link can be removed if the nodes are
in the interior of a region. If, however, the nodes are at
the edge of a region, for example near a discontinuous in-
terface, then we cannot modify the linking line between
the nodes since we want to avoid destroying the inter-
face which the scheme represents, see Figure 6. In this
case, we should add new nodes on the linking line be-
tween the two nodes along the approximating interface.
If necessary, we should also consider interface indicators
such as Level Sets. When we establish the corresponding
schemes, it is still noted that the adjacent nodes must
be established on one side of a moving interface so as to
enhance the resolution for the interface.

In Figure 7 two examples of node progressions are indi-
cated. In Figure 7(A) the nodes follow the flow of the
fluids and the movements of the nodes are calculated as
part of the process of approximating the equations result-
ing in the node structure in the lower figure. The local
a posteriori estimate (18) is used to estimate the accu-
racy of the solution on that layer and, as shown in the
figure nodes are added when condition (19)) requires it
and deleted when condition (20) holds.

The sequence Figure 7(B) indicates that if there is an
interface indicated by the dotted line then points on the
interface should only be added not deleted even though
condition (20) is satisfied.

4 Meshless TVD schemes

We now consider Total Variation Diminishing (T'VD)
schemes [7, 5].

The 2D scalar conservation law is stated as

ug + f(u)e +g(u)y =0, (21)
or
u+ V- F =0, FZ(f,g)T, V=<%,§y> (22)
and of 9
oo =a(w), 5 =bu) (23)
that is
up + a(uw)ug + b(u)u, = 0. (24)

It is noted that, given any two independent directions
1,12 we have
af af af

—= = cos a1 —— + cos 31 =
[

, 25
1 ox oy (25)

of of of
— = 3 —_— 3 Do — 2
P CoSs Qvg B + cos (3> 9y (26)

where cos a;, cos 3; are the directional cosines of [;, i =
1,2. Thus,

or _ 401 | g9 27)
Oz ol ly
where
Acosay + Beosas =1,
Acos 31 + Bcos By =0.
Similarly
@ = Ca—g + Da—_g. (28)
oy ol ly
where

Ccosay + Dcosag =0,
Ccos31 + Dcos 3, = 1.

Therefore, on a given node, we can construct a ”one-
dimensional” scheme along a path passing through that
node, and then establish a full scheme combining several
different paths. Also, it will be shown in Section 7 that
we can employ the splitting technique on different compu-
tational paths. In this section, we consider the difference
scheme

WP = uM(P) = (fEip = fEp-)  (29)

where 7* = 2At/(|PTP|+ |PP~|) and
f}ngrP = er(uk(PJr)vuk(P);T*)v (30)
fop- = f-(u*(P),u"(P7);17) (31)

are the numerical fluxes of this scheme, see Figure 8§,
which satisfies the following consistency condition

S u;r™) = fo(u,usr™) = f(w). (32)

The scheme (29) will approximate the following equation

w42l g9 (33)
ol ol

From now on we do not consider moving the node. Doing
this would just add a modification term written as

A A
o2 | oA
Alq Als

to the spatial direction in the scheme.

Let L = max{l} where [ is the length of an arc. We
suppose that

PP

— 1l (L)
o ¢ B0

(34)

(Advance online publication: 20 May 2008)



TAENG International Journal of Applied Mathematics, 38:2, [JAM 38 2 01
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Figure 6: Close edge nodes
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Figure 7: Moving, adding and deleting nodes
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Figure 8: Path through a node

For scheme (29), we have practice. Let
(i): When conditions (32) and (34) hold, the scheme is r* J(W"(P)) + f(u*(P1)) — 2f
. .. k(pt+y _ .,k
consistent. This is because u”(P7) —u*(P)
) Qb p = when u*(P*+) # u*(P),
H(u(PF),u(P);r*) = folu,uir®) { r[(fR(P) + (f1)5(P)]
() ) [u(PF) —u( )| +0(L%). (35) when uf(P) = u*(P).
—( (PT),u(P);r™) = f-(u,u;7") (39)
+(f N (u,us ) [u(P™) —u(P)] + O(L?). (36) Here
Thus Fhep = SUWAP) + A (PH))
u(Pt+ At) — u(P,1) 5@ p - [ (P) — uk(P) (40)
At
+f+(u(P+), w(P);r*) — f_(u(P),u(P);r*) and scheme (29) can be written as
P+P|+|PP~|)/2
o <|P+> —D{L(P) WP =k (P) = 2 [ (P) — S (P))
= up+ (f+)(uur)w I by ot X
AP+ +5[Q@p+p - (W(PT) —u(P)) (41)
PP+ | PP + = Qpp- - (uF(P) —u*(P7))]. (42)
()l u,r*)U(P_) —u(P) This is called the viscosity form for scheme (29) and
|PP—| Q’jD+ p is called numerical coefficient of viscosity.
% +O(L) Moreover, scheme (29) can still be written as the follow-
ing increment form
=U2+20*'(f+)/1(u7w7“*)8—3 R PHY ok (PY — C% (R (P) — k(P
oly u k( )—kui) kPP* (u*(P) —u"(P7))
. D}ip- PT)—u®(P 43
- where
/ LOf Of-
= +2C 81{ +21- 0=+ 0. @) Chp = 5(Qbp +7abp ), (44)
Dpip = %(Qlpr —r*apip) (45)
(ii): If u*(P) — 0 as node P tends to infinity, then and
scheme (29) implies that
S S { fu ( )) ng(P))
uTH(P) = ) u"(P), (38) ut(PF) —u®(P )
all P all Whenu (P4) £ uH(P),
Ap+p i (46)
that is, scheme (29) is conserving and we note that (29) { ( (P),
is the flux form. We also employ another two forms in When k(PT) = uF(P).
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In the following several examples are given.
Ezxample 1. Meshless explicit upwind scheme:
uk+1 (P+)
1, _
= u(P) = o [f(uh(P1)) = f"(P7))] (47)

Al [ (PT) = (P

— gl | [ (P) — uk (P)] (48)
The numerical flux of the scheme is
Fhep = SUFWH(P) — F(P)]
~labepl [P WP (49)

From this it follows that the numerical coefficient of vis-
cosity is Qb4 p = r*lak pl-

Here we note that the scheme becomes

WHH(P) = b (P) — P [F(H(P)) — F(ub(P7)] (50)
when a%. , > 0 and it becomes
WEH(PT) = (P) — P [FH (PY) — fH(P))] (1)
when a%, , < 0.
Ezxample 2. Meshless Lax-Friedrichs scheme:
W (P) = L (P) - (P)]
P W) Ft (P (52)
The numerical flux is
Fiop = L LFEHEY + FH (P o [u’“(P*)—uk(wiy
53

From this it follows that the numerical coefficient of vis-
cosity is Q’;ﬂD =1.

Example 3. Meshless Lax-Wendroff scheme:
1

W) = uH(P) — L[ (PF) — F(a(PT)
4377 @i p)? [P — ()]
57 a7 W (P) A (P)) (54)

The numerical flux of this scheme is

Fhep = SUFGAP)) + W (PH))
o (abep)? W (PT) —uR(P). (55)

2

From this it follows that the numerical coefficient of vis-
cosity is Q% , = (r*ak,, )%

In the following we will discuss so-called TVD property
which is of special significance in the computation of
sharply discontinuous interfaces.

The difference solution {u*(P)},u*(P) = 0 when P is far
away from the computational region is given. We call

=L ) |[uf(PF) —u"(P)

all P

(56)

the total variation of the difference solution. If the in-
equality

V() < TV(F), VE (57)

holds, then the corresponding scheme is called a TVD
scheme.

For a meshless TVD scheme, we will generalize the fol-
lowing two familiar properties:

PROPERTY 1 (Harten lemma [7]) For the increment
form (43) of scheme (29), if

Chip>0, Db, >0, Chip+ DL, <1, VP (58)

then this scheme is a TVD scheme.

This is because

(a) u* T (PF) = uF(PT)

—Chip - [WF(PT) —u"(P)]

+D% - [u(P) —u*(PY)], (59)
(b) " (P) = u"(P) + D p - [u* (P) — u*(P)]
—Chp- Wk (P) —uF(P7)] (60)

(see also Figure 8). Subtracting equation (b) from equa-
tion (a) we get
[+ (Pt —
=(1- CI;>+P DP+P) [u "(PY) - uk(P)]
+Chp- - [u"(P) —u*(P7)]

+DE - [uF(P) —u(PF)].

k+1(P)]

(61)

Taking the absolute values on both sides and summing
for all P, we obtain

> [P —u ()

all P

= Z (1= Cpsp = Dpip) - [u(PT) —u*(P)|
all p

+ ) Chp [uf(P) —ut(P7))
all p

(Advance online publication: 20 May 2008)
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P+

Figure 9: Harten lemma configuration

+ Y DEL - b (P) —uF (P
all p
= > {(1=Cpip — Diyp)lu"(PT)
all p
—u"(P)| + Cps plu® (P) —u*(P)]
+Dpsp - [ut(PY) —u*(P)[}
= [WH(PT) —uH(P).

all P

(62)

Hence TV (uf*t1) < TV(u*) that is the scheme (42) is a
TVD scheme.

PROPERTY 2 For the viscosity form (42) of scheme
(29), if

7"*|a11€3+p| < QIJCM—P <1,

then this scheme is a TVD scheme.

(63)

This is because the viscosity form (42) can be rewritten
as

W) = i (P) — L (Qbp +rap )
Ju*(P) — u(P)]

#5(Qbip = rabp) [P —u(P)] (64)

From condition (63) and the Harten lemma it follows that

Qp+pEriapip 20, (65)
1 *
§(Q]1€3+P +1"app)
1 *
+§(Q];’+P —rrapip) <1 (66)

for all P, that is, this scheme is a TVD scheme.

Under the condition r*|a¥,, ,| < 1 and according to (63)
it follows that the meshless explicit upwind scheme is a
TVD scheme since Q% , = r*[a%, .| < 1. The mesh-
less Lax-Friedrichs scheme is also a TVD scheme since

’12+ p = 1. But the meshless Lax-Wendroff scheme is
not a TVD scheme since Q% , = (r*a%, ,)? does not
satisfy the condition (63). The above schemes usually
are of order one because of the precision limitation of the
node stencils.

5 Meshless ENO schemes

In order to improve the precision of TVD schemes, we
must extend the node stencils using a meshless essential
nonoscillatory (ENO) scheme. Previous work in this area
can be found in [1, 3].

5.1 Successive extensions of a node stencil

Let Pf}Q be the middle point of the arc P+ P and Pl_/2

the middle point of the arc PP—, see Figure 10. The
equation which we have to approximate is written as

(67)

where [ =PP+, [, =P~ P.
First the construction of an integral averaging scheme is
considered. The above equation will be integrated along
the path T =P1_/2P1";2 and noting that |T'| = (| 1 |+
| E |) we have

@ds = —/ (Aa—f +Ba—_f.> ds

r ot T 8l1 812

= —Alf(u(P,)) = f(u(P))]
—B[f (u(P)) = f(u(Py),))]-

Defining the path average of u(z,t) as

1
P = m/ru(s,t)ds (69)

we get

d Fu(Py. 1) = fu(P.t))

a’tr IT]

f(u(P)at) - f(U(PDQ,t))
T

+B =0.

(70)

In the following we will discuss the approximations of
higher order to u(Pf}Q) and u(Py ). In order to avoid dis-
continuities when extending the stencils we employ direc-
tional divided difference quotients to judge the smooth-
ness degree of u within the stencils.
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pt

Figure 10: Extending the node stencil

Figure 11: Path through P

Choose a path passing through P. The number of
nodes in a local disc with center P is 2k — 1

{P_k+1,-.-,P-1,Py,P1,...,Pys_1 (see Figure 11). The
center of P;_; P, is denoted by Pj/s. Let
alPy] = TR, (71)
The directional quotient of first order is
_ ulPy] —ulPo]
Py, P|=—F—— 2
U’[ 05 1] |P1P0| (7 )
and the directional quotient of order k — 1 is
_ H[Pk_l,...,Pl]—E[Pk_g,...,Po]
Py, ..., Py1] =
U[ 0, s Lk 1] |P]€71P0|
(73)

and we note the close connection with divided differ-
ences in this development. The arc lengths |P;Py|(j =
2,...,k —1) can be calculated recursively from the arcs

|PyPol,|PoPyl, ..., |PjPj_1], that is
PP =
V|PLPy|? + |PoP1|? — 2| PLPy|| Py Py - cos by,
|PsPo| =

\/|P2P0|2 + |P3P2|2 - 2|P2P0||P3P2| + COS 92

(see Figure 12).

A stencil will be adaptively extended by comparing the
absolute values of the directional quotients. At first, the
initial stencil S7 = {Fy} is determined. To add a node,
we have two choices

S1U{P_1},
52 = or,
Sy u{p}

(74)

that is, it will be decided whether to add a node to the
left or to the right. We make our choice depending on
the absolute values of directional quotients. If

|H[PO)P—1] S |H[PO7P1]|

then we add the node P_;, that is, So = S7 U {P_1}.
Otherwise we add the node Py, that is, So = Sy U {P;}.
The remainder follows by analogy. We prescribe that the
nodes passing through from P to P; have all been used if
a node P; is picked up on this path except for P. Thus,
a stencil can finally be determined on the path P_j1; —
— P;_1. Based on this stencil, we can
establish a Newton type interpolation formula with up to
degree k — 1 on the path Pl_/2 — P — Pf}Z:

) =utry)+ (MR 2y

=u(R) +ulZ, R) - |Z Rl

c s Py — e

=l
N

=1u(P)
alZ, Po) —u|Py, P
+ <E[P1,Po]+ w2, Bl —TulPy, B ~|ZP1|> | ZPy|
|ZP|
=u(Py) +a[Pr, R - |ZP|
+a[Z, Py, Py - |ZPy| - | Z Ry
T |
=Y alp;,...,R) - |ZP
=0
+a[Z, Py1, ..., Ro] - I | Z P
2 3p(2)+O(LF) (75)

where 2 means that the quantity on the right is de-
fined by the quantities on the left. Further we get the
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Figure 12: Recursive calculation of difference quotient

approximating values on the both sides of the path as

P1+/2 =Pp( 1/2) and E;;fm = ®p(P;,,) and we have

T = 0p(Pf,) = TP, 0) = O, (76
ﬂj)l,/z = @p(Py,) =U(Pyy,t) = O(L*). (77)
Hence we obtain a semi-discrete scheme
dup f( Upt s Jlg+ )—f(ﬂ(P,t))
Il ) 1/2 1/2
dt 7|
f@pt) - f@, ul)
1/2 1/2
+B T =0 (78)

where f(u*, u™T) is the numerical flux of ENO methods,
which satisfy the following properties:

f(u)

(i) (monotonicity) f(1,|) which is not increasing for the
first component and not decreasing for the second com-
ponent

(i) (consistency) f(u,u) =

We can still construct the immediate difference-like
scheme on each node.

The value of a node is noted as up = u(P,t), and fp+
1/2

is the numerical flux. In order to construct a k’th order
scheme, that is

AfP1+/2_f(u) Bf(UJ)_fme
+
T T
= < —f +B—f> +O0(L") (79)
0 11 0l

we require an interpolating function ¥(Z) such that

1

— AV(Z2)dZ + — B\If Z)dZ

] fome AV @024 57 [ v(2)

— J(u(P,1)) + O(L) (50)

where ¥ (Z) satisfies the following integral averaging in-
terpolation condition

! AU(Z )dZ+—

- T o BY(2)iZ = [(up).

(81)

Taking fP1+/2 = \I/(P;;Q) we have
+
( R +Bﬁ> _ Prp) — W(P)
ol 0l T
Y(P) — V(P ,)
+B T V2L O(LF). (82)

Hence we get a semi-discrete scheme

du_p \I/(Pl—;Q) U(P) —|—B\Il(P) - \I'(P1_/2)

dt T T

=0. (83)

5.2 Linear combination ENO methods

The precision of the approximation in a smooth region
can be increased by forming linear combinations of sten-
cils. Suppose that there are k stencils

ST(P):{P—r;--wPO;---aPk,—l—r}; T:O,...k—l

for a given difference.

From the above Newton interpolation, we can find & dis-
. . —(7r) _ -
tinct reconstructions w_; ,r = 0,...,k
1/2
each stencil. The LCENO (Linear Combination of ENO)
scheme approximates H(PIJ;Q, t) using linear combinations
(T) .

1/z

1 of wor on
P1/2

of all w

—(T)
Ty, = Z“’r &9

where it is required that Er o Wr = 1 in order to satisfy
the consistency condition.

Moreover, if u is smooth on all the stencils then we can
find d, such that

Z d, —““1 =T (Pyot) +O(L?F ) (85)

and we still have ZT _o dr = 1 because of consistency.

In the smooth case, d, +

O(L*1Y,r=0,...

Zwr

1/z

we require that w, =
,k —1 and we get

_(r
Z T 1/2
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- Z — (P, 1)

1/2
T 0Lk 1) (L)
r=0

The method therefore has order 2k — 1 precision, that is

-3 )
1/2 1/2

= O(L*1). (86)

=a(P;,,t) + O(L*1).

e (87)

UP+

If there is a discontinuity in a LCENO scheme for a given
stencil, then w, should be taken as zero. In practical
computations, {w,} may be chosen as follows

(678 dr
— " r=0,..k—1, ap=—"—
Z{:;é Qg (6"_57’)2

where 8, = O(L*~1) and € > 0 is introduced to avoid a
vanishing denominator. Hence we have

(83)

Wy =

Wy = dr .
S d (55)
_ d g
= —— (1 Bape )2 1-0(8s — Bs)

=d, + O(ﬁe - 67‘) = ﬁs - ﬁr = O(Lk_l)' (89)

6 Runge-Kutta like time discretization

In the above discussion, we obtained a semi-discrete

scheme uy = L(u), where L(u) is an approximation for
9 _ g9l
ol Ols

In the following we will further consider the time dis-
cretization so as to obtain a full-discrete scheme.

If the total variation norm is defined as || - || = TV (-) then
the Euler forward difference method

uFtt = uk 4 At - L(ub) (90)
is TVD stable if the time step satisfies 6t < Aty and we
have

[I(T + AtL)(uk

< Jlu®]l. (91)

The general TVD Runge-Kutta time discretization
scheme is

Wl —

i—1
S (aisu® + At By L)) i =1,...,m,(92)
s=0
w© =k, um) =kt (93)

Assume that the coeflicients «;s and ;5 satisfy «a;s > 0,
Bis > 0, Es _o 04s = 1. If the time step is chosen as

«
At < cAty and ¢ = min s

2,8 is

(94)

then the scheme is a TVD scheme.

There is no TVD Runge-Kutta scheme of fourth order
such that a;s > 0, B;s > 0. Therefore the conjugate
operator L of L is defined in order to introduce the Euler
backward difference method:

uF = uF — At D). (95)
For instance, for the equation
ut—i—A—f—i—Bﬂ—O (96)
ol Ols
we can define
_ fw(@®) = fu(P7))
M= =PI PP
P — P ) — flu(P))
o= Tgppeiery) s O7

Thus
1. The computations of quantities needed for L and L
are the same.
2. L is stable for the Euler forward difference.
3. L is stable for the Euler backward difference.
If a;s > 0, Bis is negative and the operator L is used

instead of L, then the scheme (99) is a TVD scheme under
the following restriction of the time step

At < cAty and ¢ = min Qis

98
i,8 |5zs| ( )

6.1 Linear multistep TVD schemes

The general linear m step scheme is

m—1
uF Tt =3 " (auF T+ AL B L(uFTY).

=0

(99)

Let the coeflicients a5 and ;5 satisfy a; > 0, B; > 0 and
Z;’;_Ol a; = 1. If the time step is chosen as

.
At < cAtg and ¢ = min —

? 4

(100)

then the scheme is a TVD scheme.

There is still no TVD linear multistep scheme of fourth
order such tha’g a; > 0 and B; > 0. Therefore the conju-
gate operator L is used.
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If ; > 0 and B; < 0 and the conjugate operator L is
used instead of operator L, then the scheme (98) is a
TVD scheme under the following restriction of time step

At < cAty where ¢ = min a

in o (101)

7 Splitting, compounding and coupling
break

The above only considers the construction of a scheme on
a single path, for approximating the equation

wt A2 B0y (102)
ol dly

In order to obtain an approximation to the original equa-

tion o7 o7

we must employ a two path construction as shown in
Figure 13. This results in

0 0 0 0
a <A1—Ji +B1—£> +b <A2—'£ +Bz—£>
dly dly dls 0ly

0 0 0 0
“+c <A3—g + Bg—i> +d <A4—€, + B4—i>
0l 0 ly 0ls 0 ly

=a [Al <cosalg—£ + cosﬂfé—i)
of

+Bi <cos ag—=— + cos O3 ﬁ) ]
dy

ox
+b |:A2 (cos o3 ﬁ + cos A3 g—z)

(103)

ox
+Bs | cos a48—f + cos B4g
Ox dy

+c | Az cosoq@—i—cosﬁl@
i Ox Oy

0 0
+Bs <cos aga—i + cos (o 8_§>]

+d | Ay <cos Qs @ + cos (3 39)
i Ox

dy

+By (cos m% + cos 54%)]
= [(A1 cosag + By cosaz)a
+ (Ag cos ag + By cos ay)b] %
+[(A1 cos B1 + By cos B2)a
T (A2 cos 35 + Bs cos 64)612—5
+[(As cosaq + Bs cos az)c
+ (A4 cosag + By cosay)d] %

+[(As cos B1 + Bscos 32)c

0
+ (A4 cos B3 + By cos (4)d]

99
3y (104)

Solving the equations

—~

Ascosaz + Bacosay)b =1,
Asg cos B3 + B cos 34)b = 0,
Agcosas + Bycosay)d = 0,
Agcos 3+ Bycosfy)d =1

Ay cosag + By cosaz)a +
Ajq cos By + By cos Ba)a +
+
+

—_

As cos g + Bs cosas)c

(
(
(
(A3 cos 51 + Bz cos B2)c

—~

(105)
we get
0 0 9] 9]
ur +a (Al—Ji +B1—Ji> +b <A2—£ +B2—Ji>
811 612 813 8l4
3] ) 0 )
te (Ag—i +Bg—a) ta (A4—a +B4—a)
dl 0 ls dls3 0l
L0 0
—u+ 2 20 (106)

Finally we will discuss the case of the system of convec-
tion equations, that is, the system of 2D conservation
laws

U+ f(U)s+9U)y =0 (107)
where with u = (uy, -, Up)T
Fulur, - )
Foy=| ,
Sm(ua, - um)
g1, um)
o) = | (108)
gm(UI; .. ';Um)

In the following we consider two approaches to such equa-
tions.

(1): Splitting-coupling break

According to the above analysis, we have to solve the
system of equations

af(U of(U of(U
Uon 420 |4 050) | 0F(U)
8[1 312 613
of(U dg(U dg(U
o 20D | e 90U) | D0(U)
814 811 alQ
w290 | g 99U) (109)
0l 0l

at P.

We may employ a quarter time step At to obtain

1 of(Uu of(U
ZUt + Aﬁﬂ@ + Aipo fL) =0,
0 lis1 0 lita

(Advance online publication: 20 May 2008)



TAENG International Journal of Applied Mathematics, 38:2, [JAM 38 2 01

>
Ly

Figure 13: Combination of two paths

dg(U )+B 289(U)_0
1+ -

liv1 0 lita

_Ut + Berl

(110)

i=0,2. (111)

This can be solved using the method for scalar equations.
Additionally, since

_of of (U
A —— ( ) + Az+2¥ =
it1 0lita

" 0 o)
Ay (Cob Qi1 8f ~+ cos Bit1 85)
of of
+Al+2 <C05 0{7.‘,_2 a + COS ﬁ7+2 8y)
0
= (A7, cosaj1 + Aj,,cos aHQ)E)_:J;

d
+(Af 1 cos Biy1 + Af o cos ﬁ¢+2)—f

dy
_ 4 210) (112)
o114
where
A7 = (Afp cosaipr + Afyy cosaiya)?
(A7} cos Big1 + Afyy cos Biya)?
and
Ar =/ A%,
1= (A} cos iy + Afyp cosairs) /AT,
+(A7 cos Bip1 + Af o cos Big2) [AT).  (113)
and hence we can write (111) as
1 d
L 4200
0 lA
ZUt+B*8g( ) (114)
o118
or
_Ut+A*8f( ). U _y,
oU 914

—Ut +B*a 9(l) | —81 =0 (115)
o s

where A} 6’;(UU), By 698([5]) are computed by a local freez-
ing approach For instance, the value of f’ at P can be
chosen as the arithmetic average of two points on the

arc P~Pt as A f'(3 (UP;,) + U( 1/2))), or the Roe
average A7 f/(3(UROC(P,) + U(P},))).

In the following we consider a particular system of equa-

tions. Let the matrix A} 6Q(UU) have m real eigenvalues
MU) <XU) < -+ <A (U)

and a system of complete eigenvectors
ri(U),re(U), - ,rm(U).

Then A7 % can be diagonalized by a similarity trans-
formation, that is,

0)4: 2 gy = awy

11
i (116)
where
AU) = diag(A (U), ..., A\ (D)),
RWU) = (r1(U),...,rm(U)). (117)
Setting V = R™'U, we obtain
lRflUt_’_RflA*af( )R R laU :O7
8 oU ) l'
th-FAa—U =0. (118)
8 9 1A

Therefore the coupled equations can be broken into m
independent equations

()t + M1 (8_13) =0,
0l;

%(an)t + )\Tn (%) =0
al;

ool—

(119)
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which can also be solved using the method for scalar equa-
tion. After getting V' we find U from U = RV.

(2): Compounding-Roe like coupling break

For Uy + f(U), + g(U), = 0, if both sides are integrated
on the convex hull N(P) of the node stencil involving in
the difference scheme at P we get

4
dt Jnp)

:i/ UdQ+/ (F-i)ds =0 (120)
dt Jn(p) ON(P)

Udo +/ (f(U)x +g(U)y)d2
N(P)

unit normal at a boundary line of N(P) and F = (f, g).
This is indicated in Figure 14.

The semi-discrete form for this is

dUu

Ao [ner) = - > (ﬁ.ﬁ)7~Al

IEN(P)

(121)

where Ag is the area of N(P), which can be expressed as
the linear combination of nodal values on N(P). nj is the

outer unit normal of boundary line ['and Al is the length
of [.

The numerical flux can be written as

(F )= = S {(F-m)(U=) + (F - )(U7)
l l

: (U7+ - U2) (122)

oUu l

—

_‘8(13-71)
l

where (U~,U™) are the U values of at the sides of 7. As

1o
n (32), the simple arithmetic average or Roe average of
A(F i)
U

_. is diagonalized by a similarity transformation:
!

_ O(F - i)
RN (U) R(U) = A(U). (123)
oU ~
Noting that VF = R~1U% we have
l l

(F ) = UF - U=) + (F-m(U?)
~ROAOIR OV - U7) (124)
= SUF DRV + (F iRV

_(l/\1|7alv K |)\m|'rm) : (Vj — V:) (125)

Computational Example 1. Forward facing step prob-
lem.

In Example 2, almost 8000 nodes are assigned for com-
puting, and in Example 3, also 8000 nodes are assigned,
and 2D shallow water equation is used.

This is a standard test example for high resolution meth-
ods. The problem is as follows: In a windtunnel, 3 long
and 1 wide a step is 0.2 high is located 0.6 from the left-
hand end of the tunnel (see Figure 15).

We use an Euler system of equations of conservative type
to describe the flow of fluids. Almost 12000 nodes are as-
signed on one time-layer for computing, and a improved
Wendroff scheme with a splitting flux and adaptive strat-
egy was implemented as discussed in previous sections.

The initialization is a Mach 3 flow from the right. Re-
flective bounds are set up along the walls of the tunnel,
The in-flow and out-flow bounds are set up at the en-
trance (right-hand end) and the exit (left-hand end). In
the Figures 15-17 we present the result of the improved
meshless splitting Wendroff like method of the computa-
tion at times t, < tp < t..

Computational Example 2. Double Mach reflection.

The computational domain for this problem is taken to
be [0,4] x [0,1]. The reflecting wall lies on the bottom
of the computational domain starting at 1/6 from the
left-hand end (see also Figure 18). Approximately 8000
nodes are provided initially.

The initialization is a Mach 10 shock from the left posi-
tioned on the bottom starting at 1/6 from the left-hand
end and has a 60° angle with the axis. For the bottom
bound, the post-shock condition is imposed for the part
from left-hand end to 1/6 and a reflective condition is for
the remaining distance. For the top bound of the com-
putational domain, the flow values are set up to describe
the motion of the Mach 10 shock. In Figures 18 and
19 several results of our meshless difference method are
presented.

Computational Example 3. Problem of dam failure
with the 2D shallow water equation.

A 200 x 200 computational domain is considered where
there is dam which divides water storage into two equal
parts. The upper part is 80 depth, and lower part is
20 deep. A segment on the dam body suddenly breaks.
This segment is 75 long and 95 away from one side of
the water storage. The flow of water obey 2D shallow
water equation. Approximately 8000 nodes are provided
initially.

In Figures 20 and 21 several results of our meshless dif-
ference method are presented.
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I~

Figure 14: Convex hull of node stencil at P

Figure 15: Forward facing step problem, a

Figure 16: Forward facing step problem, b
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Figure 17: Forward facing step problem, ¢

Figure 18: Double Mach reflection, a
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Figure 19: Double Mach reflection, b

Figure 20: Dam failure, a

Figure 21: Dam failure, b

(Advance online publication: 20 May 2008)



TAENG International Journal of Applied Mathematics, 38:2, [JAM 38 2 01

References

1]

[13]

Abgrall, R., “On essentially non-oscillatory schemes
on unstructured meshes: analysis and implementa-
tion,” J. Computational Physics, V114, pp. 45-58,
1994.

Azarenok, B. N., Ivanenko, S. A., Tang, T., “Adap-
tive mesh redistribution method based on Godunov’s
scheme,” Comm. Math. Sci., V1, pp. 152-179, 2003.

Cecil, T., Quian, J.. Osher, O., “Numerical meth-
ods for high dimensional Hamilton-Jacobi equa-
tions using radial basis functions,” J. Computational
Physics, V196, pp. 327-347, 2003.

Devals, C. Heniche, M. Bertrand, F., Hayes, R. E.,
Tanguy, P. A., “A finite element strategy for the so-
lution of interface tracking problems,” International
Journal for Numerical Methods in Fluids, V49, pp.
1305-1327, 2005.

Gottlieb, S., Shu. C. W., “Total variation diminish-
ing Runge-Kutta schemes,” Mat. Comp., V67, pp.
73-85, 1998.

Emmrich, E., Hyperbolische Erhaltungsgleichungen.
Ph. D. thesis, Magdeburg, 1993.

Harten, A., “High resolution schemes for hyper-
bolic conservation laws,” Journal of Computational
Physics, V49, pp. 357-393, 1983.

Liu, G. R., Liu, M. B., Smoothed Particle Hydrody-
namics. A Meshfree Particle Method. World Scien-
tific, Singapore, 2003.

Monaghan, J. J.; “Smoothed particle hydrodynam-
ics,” Ann. Rev. Astron, Astrophys., V30, pp. 543-
574, 1992.

Lin, Q., Rokne, J., “Construction and analysis of
meshless finite difference methods,” Computational
Mechanics, V37, pp. 232-248, 2006.

Ransau, S. R., Haegland, B., Holmen, J., “A fi-
nite element implementation of the level set equa-
tion,” Preprint Numerics, 4/2004, Norges Teknisk-
Naturvitenskaplige Universitet. Downloaded from:
http://www.math.ntnu.no/preprint

/numerics/2004 /N4-2004.pdf, October 12, 2006.

Sarra, S. A., “Adaptive radial basis function meth-
ods for time dependent partial differential equa-
tions,” Applied Numerical Mathematics, V54, pp.
79-94, 2005.

Sethian, J. A., Level Sets and Fast Marching Meth-
ods. Cambridge University Press, 1999.

[14]

[15]

[16]

Tang, T., “Moving mesh methods for computational
fluid dynamics,” In: Recent Advances in Adap-
tive Computation Eds.: Z. Shi, Z. Chen, T. Tang,
and D. Yu, eds. Contemporary Mathematics, V383,
American Mathematical Society, 2005, Proceedings
of the International Conference on Recent Advances
in Adaptive Computation, May 2004, Hangzhou,
China, pp. 141-173, 2005.

Tucker, P. G., “Transport equation based wall
distance computations aimed at flows with time-
dependent geometry,” NASA/TM-2003-212680,
NASA Center for AeroSpace Information, Down-
loaded from:
http://library-dspace.larc.nasa.gov/dspace/jsp/
bitstream/2002/13787/1/NASA-2003-
tm212680.pdf, October 12, 2006.

Udaykumar, H. S., Mittal, R. Rampunggoon, P.,
Khanna, Q.: “A Sharp interface cartesian grid
method for simulating flows with complex moving
boundaries,” J. Computational Physics, V174, pp.
345-380, 2001.

Wu, N. J., Tsay, T. K., Young, D. L., “Meshless nu-
merical simulation for fully nonlinear water waves,”
International Journal for Numerical Methods in Flu-
ids, V50, pp. 219-234, 2006.

(Advance online publication: 20 May 2008)



