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Ishikawa Iteration Process for Nonself
Nonexpansive Maps in Banach Spaces
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Abstract—In this paper, we construct Ishikawa it-
erative scheme with errors for nonself nonexpansive
maps and approximate fixed points of these maps
through weak and strong convergenc of the scheme.
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1 Introduction

Let C be a nonempty subset of a real Banach space E.
The map T : C' — C is nonexpansive if

[Tz —Ty| <[l -yl forall z,y € C.

Nonexpansive selfmaps ever since their introduction, re-
mained a popular area of research in various fields. It-
erative construction of fixed points of these maps is a
fascinating field of research. In 1967, Browder [1] studied
the iterative construction of fixed points of nonexpansive
selfmaps on closed and convex subsets of a Hilbert space.
The Ishikawa iteration process in the context of self non-
expansive maps and asymptotically nonexpansive maps
on closed convex subsets of a Banach space has been con-
sidered by a number of authors (see, for example, [2-5,
8-10] and the references therein). However, if the domain
C of T is a proper subset of £ and T : C' — E, then this
iteration process may fail to be well defined (see, e.g, [7]).

A subset C' of F is said to be a retract of E if there exists
a continuous map P : £ — (C such that Px = z for all
z € C. Amap P: E — E is a retraction if P? = P. It
easily follows that if a map P is a retraction, then Py =y
for all y in the range of P. T : C' — C is demi-compact if
for a sequence {z,} in C' with lim,,_, ||z, — Tz,| = 0,
there exists a subsequence {z,,} of {x,} such that z,,, —
peC.

We construct the Ishikawa iteration scheme as follows:

Tn+1 = P(anxn + ﬂnTyn + 'Ynun)v

Yn = P(a,zn + B, Txn +7,v,) foralln>1 (1)
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where z1 € C,T : C — FE is a nonself map, P: E — C'is
a nonexpansive retraction, {ay,}, {B.}, {7a}, {0}, {6, }
and {7, } are real sequences in [0, 1] such that v, + 3, +
Yo =1 =a, + B, +7,;{u,} and {v,} are bounded
sequences in C.

If 4, = 7,, = O,then (1) becomes the iteration process
studied by Shahzad[7] and if T is a selfmap, then (1)
reduces to the following iteration scheme:

Tn+1 = Qpdyp + ﬁnTyn + YnUn,

Yn = @, + B, Tk + v, v, forallpm > 1.

In this paper, we approximate fixed points of nonself non-
expansive maps through weak and strong convergence
of the scheme(1). Our theorems improve and generalize
some previous results of selfmaps and nonself maps.

2 Preliminaries and Notations

Recall that a Banach space E is said to be uniformly
convex if for each r with 0 < r < 2 | the modulus of
convexity of F given by

. 1
5(r) =inf {1~ Gllo 3l < el < 1 1ol < Lllo =l 2 .

satisfies the inequality §(r) > 0. For sequences, the sym-
bol — (resp.—) denotes norm (resp. weak) convergence.
The space E is said to satisfy the Opial’s property (6]
if for any sequence {z,} in E, x, — z implies that
limsup,,_, ||z — 2| < limsup,_ o ||z, —y| for all
y € E with y # x.

A map T : C — FE is called demiclosed at y € F if for
each sequence {z,} in C and each z € F, z, — z and
Tz, — y imply that v € C' and Tx = y.

We need the following known lemmas.

Lemma 1 [11] Let {sn} and {t,} be two nonnegative
real sequences satisfying

Sn+1 < Sy + t, for alln > 1.

If 375t < 00, then lim, . s, exists.
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Lemma 2 [I] Let C be a nonempty closed convex subset
of a uniformly convexr Banach space and let T : C — E
be a nonexpansive map. Then I —T is demiclosed at 0.

Lemma 3 [12] Let p > 1 and r > 0 be two fized real
numbers. Then a Banach space E is uniformly conver if
and only if there is a continuous strictly increasing convex
function g : [0,00) — [0, 00) satisfying g(0) = 0 such that

)g(llz —yll)

for all z,y € B,[0], where B.[0] ={x € E: ||z|| <r} and
wp(A) = AP(1 = X) + A1 = A)P for all X € [0, 1].

Az + (1= Nyl < Al]"+1=A) [yl"—wp (X

3 Convergence Analysis

We establish a pair of lemmas to prove our convergence
results.

The set of fixed points of T' is denoted by

FT)={zeC:Tx =z}

Lemma 4 Let C be a nonempty conver subset of a
normed space E and let T : C — FE be a nonexpan-
sive map with F(T) # ¢. If {x,} is defined as in (1)
where {on }, {Bn}, {n}, {0, }, {8,,} and {~,,} are real se-
quences in [0,1] such that oy, + By + 7 = 1 = a,, +
B+ s Sy Y < 00, Ty Yy < 003 {un} and {v,}

are bounded sequences in C, then lim, o ||z, — q|| exists
for all g € F(T).
Proof. Let ¢ € F(T). Then M =

max {sup,, > [[un — gl ,sup, > [[vn — ¢} < co. Consider

[znt1 —all = [[P(anzn + BuTyn + ynun) — 4l
< enxn 4 BrTYn + ynun — qf|
< lan(zn —q) + Br(Tyn — q) + n(un — )|l
< anllzn — gl + B I Tyn — gl + 70 |lun — 4|
< anlze =gl + Ballyn — gll + v M
= Bul|Panzn + By Ton + 7,) — 4|
+an |lzn — gll + v M
< (@B + BaB + an) 7 — g
+(9n + Buvn) M
< [ =B2)Bn+ BB+ (1= Ba)] 2 — gl
+(n + Buvn)M
= lzn — gl + (n + Bay) M.
Hence by Lemma 1, lim, .|z, —q| ex
ists.

Lemma 5 Let E be a uniformly convexr Banach space
and let C be a nonempty closed convexr subset of E
which is also a nonexrpansive retract of E. Let T

C — E be a nonexpansive map with F(T) # ¢. Let
{an},{ﬁn} { b, }, {B,} and {~,} be real sequences
in [0,1] such that ap + B + 7 = 1 = a, + (5, +
%0 < Bu B < L300 Buy= 0 hmsupn_)ooﬂ <
LY > v < 00,300 19, < 00 {un} and {v,} are
bounded sequences in C. Then for the sequence {x,} given
by (1), we have liminf, . ||z, — Tz,| = 0.

Proof. For any g € F(T), we have

lyn —all = || P(eyzn + B,Tn + v,va) — qf
< Ha;Lacn + B, T + 7,00 — qH
< ayllzn = all + By 1T — gl + 7, lvn — gl
< (a4 Ba) 1z = all + 7 lon =l

which shows that {y,} is bounded. Consequently,
{zn, — q,Tyn — q} € B.[0]NC for some r > 0. Denote by
H, the max of

. 2

(i) sup,,>1 [|lzn — g
(ii)suanI (an —zn?+2 |
and

(iii) sup,s1 (lun = @l + 21180 (Tyn = @) + (1 = Ba) (@0 — D)l lun — 20 ?)

Bu(Tyn — ) + (1= B)(@n = )| lvn = @a?)

From Lemma 3 and the scheme (1), we have

| P(an@n + BaTyn + yntn) — gl

loan®n 4+ BnTyn + ynun — ‘1“2

1Bn(Tyn — @) + (1 = Bn)(zn — @) + Yn(un — xn)HZ
180 (Tyn — @) + (1 = Bn)(@n — Q)I* + mH

BulITyn — all” + (1 = Bn) 2 — ql?

—w2(Bn)g(l|lzn — Tynll) + mH

B | Tyn — QHQ + (1 =Bn)llzn - CIHQ

—Bn(1 = Br)g(llzn — Tynl) + mH

B llyn = all* + (1 = Bn) llzn — ql?

—Bn(1 = B)g(llzn — Tynll) + 'YnHﬁnﬂ;l |Tzn — ‘IH2
+8n(1 = B,) llzn — ql + (1 = Bn) l&n — qll”

—Bn(1 = Br)g(lzn — Tynl) + (1 +'Y;1)H

len = all* = Bn(1 = Ba)g(llzn — Tynll) + (vn +7)H
l2n — all* = Br(1 = B)g(llzn — Tynll) + (vn + v H

lzn+1 — qll?

INIA I IAN

IN

IN

That is,

Bu(1=B)g(len = Tyal) <l —dl* = leats —al®

+(n + o) H (2)

Let m be a positive integer such that m > 1. Summing
up the terms from 1 to m on both sides of (2), we have

2 2
21 = qlI” = [&ms1 — gl

m
Z Yo+ V)

(1 - B) Zﬁng(nxn - TynH) <
3)

Let m — oo in (3). Then we have

(1=8) D Bug(llzn — Tynll) < o1 —al*+H D (m+7,)

n=1 n=1
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which implies on the basis of Y, 3, = 0 that
liminf (||, — Ty,||) = 0.
n—oo
By vitue of the properties of the function g, we conclude

that

liminf ||, — Ty,| = 0.
n—oo

Since P is a nonexpansive retraction, so we have

lzn —Tznll < llon = Tynll + | T2n — Tyxl|
< llon = Tyall + 20 — all
= |lon — Tynll
+ ||Pzn — Pay,n + B,Txn + ’ynvn)”
< lzn — Tynl|
+ ||33n - (a,na:n + IB:ILTZ” + 'Yn”n)H
= |lzn — Tynll + /Bn lzn — Tan|l + ’Y/n lzn — vnll
< lon = Tynll + By lzn — Tanll + 7, H
That is,

(1- ﬁn) |20 — Txp|| < |20 — Tynll + 'Y;LH

By taking liminf on both sides of the above inequality,
we have

liminf ||z,, — Tz,| = 0. 4)

Theorem 1 Let E be a uniformly convexr Banach space
satisfying the Opial property and let C,T and {x,} be as
in Lemma 5. If F(T) # ¢ , then {x,} converges weakly
to a fixed point of T.

Proof. By Lemma 5, liminf,,_, |2, — Tz, | = 0. There-
fore, there exists a subsequence {z,,} of {z,} such that
limyy,— oo || Zm—TTm|| = 0. For g € F(T),lim,— s ||2n—q|]
exists as proved in Lemma 3. Since E is refexive, there
exists a subsequence {z,,} of {x,,} converging weakly
to some z; € C. Now lim,, oo [|&m — Txpm|| = 0,1 =T
is demiclosed at 0 by Lemma 2 and hence we obtain
Tz = z. That is, 21 € F(T). In order to show that
{xm} converges weakly to 21, take a subsequence {z,,,}
of {z,,} converging weakly to some zo € C. Again, as
before, we can prove that zo € F(T). Next, we prove
that z; = 2. Suppose that z; # z9. Then by the Opial
property

im ||z —21]] = lim |zm, — 2]
m— o0 m;— 00
< lim |z, — 22|
m; — 00
= lim |z, — 22
m—00
= lm ||z, — 2]
< lim o, — 2|
m;—00

= lim |@m — 21,
m—00

a contradiction. This proves that {z,,} con-
verges weakly to a fixed point of T. As
lim, oo ||2n — ¢l| exists for all ¢ € F(T), there-
fore {x,} converges weakly to a fixed point of T.

Theorem 2 Let E be a uniformly convex Banach space
and let C,T and {x,} be as in Lemma 5. If T is demi-
compact and F(T) # ¢, then {x,} converges strongly to
a fixed point of T.

Proof. As in the proof of Lemma 5, lim,, oo ||Tm —
Tz,,| = 0 for a subsequence {z,,} of {z,}. Suppose
that T is demi-compact. Since {z,,} is bounded and
limy,— 00 || Zm — T || = 0, therefore there exists a subse-
quence {z;} of {x,,} such that {x;} converges strongly
to z € C. In view of (4), z is a fixed point of T.As
limy, o0 ||n — || exists for all ¢ € F(T), so z, —
z.

Remark 1 (i) Lemma 5 improves Lemma 5 due to Khan
and Fukhar-ud-din [5] in the case of one map and Theo-
rem 3.3 of Shahzad [7].

(i) Theorem 1 improves Theorem 3.2 of Takahashi and
Tamura [9] and also Theorem 1 of Khan and Fukhar-ud-
din [5] in the case of one map.

(iii) Theorem 2 improves Theorem 8.7 [7] and Theorem
4.2 of Takahashi and Tamura [9] in the setting of a uni-
formly convex Banach space.
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