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Abstract—This paper presents a modification of
Krylov Subspace Spectral (KSS) Methods, which
build on the work of Golub, Meurant and others per-
taining to moments and Gaussian quadrature to pro-
duce high-order accurate approximate solutions to
the variable-coefficient second-order wave equation.
Whereas KSS methods currently use Lanczos iter-
ation to compute the needed quadrature rules, the
modification uses block Lanczos iteration in order to
avoid the need to compute two quadrature rules for
each component of the solution, or use perturbations
of quadrature rules that tend to be sensitive in prob-
lems with oscillatory coefficients or data. It will be
shown that under reasonable assumptions on the co-
efficients of the problem, a 1-node KSS method is
second-order accurate and unconditionally stable, and
methods with more than one node are shown to pos-
sess favorable stability properties as well, in addition
to very high-order temporal accuracy. Numerical re-
sults demonstrate that block KSS methods are signif-
icantly more accurate than their non-block counter-
parts, especially for problems that feature oscillatory
coefficients.
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1 Introduction

Consider the following initial-boundary value problem in
one space dimension,

utt + Lu = 0 on (0, 2π) × (0,∞), (1)

u(x, 0) = f(x), ut(x, 0) = g(x), 0 < x < 2π, (2)

with periodic boundary conditions

u(0, t) = u(2π, t), t > 0. (3)

The operator L is a second-order differential operator of
the form

Lu = −(p(x)ux)x + q(x)u, (4)
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where p(x) is a positive function and q(x) is a nonnegative
(but nonzero) smooth function. It follows that L is self-
adjoint and positive definite.

In [18, 20] a class of methods, called Krylov subspace
spectral (KSS) methods, was introduced for the purpose
of solving variable-coefficient parabolic problems. These
methods are based on the application of techniques de-
veloped by Golub and Meurant in [7], originally for the
purpose of computing elements of the inverse of a matrix,
to elements of the matrix exponential of an operator. It
has been shown in these references that KSS methods, by
employing different approximations of the solution oper-
ator for each Fourier component of the solution, achieve
higher-order accuracy in time than other Krylov subspace
methods (see, for example, [14]) for stiff systems of ODE,
and, as shown in [15], they are also quite stable, consid-
ering that they are explicit methods.

In [16], we considered whether these methods can be en-
hanced, in terms of accuracy, stability or any other mea-
sure, by using a single block Gaussian quadrature rule to
compute each Fourier component of the solution, instead
of two standard Gaussian rules. KSS methods take the
solution from the previous time step into account only
through a perturbation of initial vectors used in Lanczos
iteration. While this enables KSS methods to handle stiff
systems very effectively by giving individual attention to
each Fourier component, and also yields high-order op-
erator splittings (see [17]), it is worthwhile to consider
whether it is best to use quadrature rules whose nodes
are determined primarily by each basis function used to
represent the solution, instead of the solution itself. Intu-
itively, a block quadrature rule that uses a basis function
and the solution should strike a better balance between
the competing goals of computing each component with
an approximation that is, in some sense, optimal for that
component in order to deal with stiffness, and giving the
solution a prominent role in computing the quadrature
rules that are used to evolve it forward in time.

In this paper, we apply this block approach to the second-
order wave equation (1), (2), (3). KSS methods have
previously been applied to this problem in [12, 15, 17],
and have exhibited even higher-order accuracy than for
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parabolic problems. It is our hope that the superiority
of block KSS methods for parabolic problems extends to
hyperbolic problems. Section 2 reviews the main prop-
erties of KSS methods, including algorithmic details and
results concerning local accuracy. They use perturbations
of quadratic forms to compute Fourier components of the
solution, where the perturbation is in the direction of the
solution from the previous time step. Section 3 discusses
their application to the wave equation, and reviews pre-
vious convergence analysis. In Section 4, we present the
modified KSS method that uses block Lanczos iteration
to approximate each Fourier component of the solution
by a single Gaussian quadrature rule. In Section 5, we
study the convergence behavior of the block method. Nu-
merical results are presented in Section 6. In Section 7,
various extensions and future directions are discussed.

2 Krylov Subspace Spectral Methods

We begin with a review of the main aspects of KSS meth-
ods, which are easier to describe for parabolic problems.
Let S(t) = exp[−Lt] represent the exact solution opera-
tor of the problem

ut + Lu = 0, 0 < x < 2π, t > 0, (5)

u(x, 0) = f(x), 0 < x2, π, (6)

u(0, t) = u(2π, t), t > 0, (7)

and let 〈·, ·〉 denote the standard inner product of func-
tions defined on [0, 2π],

〈f(x), g(x)〉 =

∫ 2π

0

f(x)g(x) dx. (8)

Krylov subspace spectral methods, introduced in [18, 20],
use Gaussian quadrature on the spectral domain to com-
pute the Fourier components of the solution. These meth-
ods are time-stepping algorithms that compute the solu-
tion at time t1, t2, . . ., where tn = n∆t for some choice of
∆t. Given the computed solution ũ(x, tn) at time tn, the
solution at time tn+1 is computed by approximating the
Fourier components that would be obtained by applying
the exact solution operator to ũ(x, tn),

û(ω, tn+1) =

〈

1√
2π

eiωx, S(∆t)ũ(x, tn)

〉

. (9)

Krylov subspace spectral methods approximate these
components with higher-order temporal accuracy than
traditional spectral methods and time-stepping schemes.
We briefly review how these methods work.

We discretize functions defined on [0, 2π] on an N -point
uniform grid with spacing ∆x = 2π/N . With this dis-
cretization, the operator L and the solution operator
S(∆t) can be approximated by N ×N matrices that rep-
resent linear operators on the space of grid functions, and
the quantity (9) can be approximated by a bilinear form

û(ω, tn+1) ≈
√

∆xê
H
ω SN (∆t)un, (10)

where

[êω]j =
1√
2π

eiωj∆x, [un]j = u(j∆x, tn), (11)

and
SN (t) = exp[−LN t], (12)

[LN ]jk = −p(j∆x)[D2
N ]jk + p′(j∆x)[DN ]jk + q(j∆x),

(13)
where DN is a discretization of the differentiation oper-
ator that is defined on the space of grid functions. Our
goal is to approximate (10) by computing an approxima-
tion to

[ûn+1]ω = êH
ω un+1 = êH

ω SN (∆t)un. (14)

In [7] Golub and Meurant describe a method for comput-
ing quantities of the form

uT f(A)v, (15)

where u and v are N -vectors, A is an N × N symmetric
positive definite matrix, and f is a smooth function. Our
goal is to apply this method with A = LN where LN

was defined in (12), f(λ) = exp(−λt) for some t, and the
vectors u and v are derived from êω and un.

The basic idea is as follows: since the matrix A is sym-
metric positive definite, it has real eigenvalues

b = λ1 ≥ λ2 ≥ · · · ≥ λN = a > 0, (16)

and corresponding orthogonal eigenvectors qj , j =
1, . . . , N . Therefore, the quantity (15) can be rewritten
as

uT f(A)v =

N
∑

j=1

f(λj)u
T qjq

T
j v. (17)

We let a = λN be the smallest eigenvalue, b = λ1 be the
largest eigenvalue, and define the measure α(λ) by

α(λ) =











0, if λ < a
∑N

j=i αjβj , if λi ≤ λ < λi−1
∑N

j=1 αjβj , if b ≤ λ

, (18)

where αj = uTqj and βj = qT
j v. If this measure is posi-

tive and increasing, then the quantity (15) can be viewed
as a Riemann-Stieltjes integral

uT f(A)v = I[f ] =

∫ b

a

f(λ) dα(λ). (19)

As discussed in [4, 5, 6, 7], the integral I[f ] can be
bounded using either Gauss, Gauss-Radau, or Gauss-
Lobatto quadrature rules, all of which yield an approxi-
mation of the form

I[f ] =

K
∑

j=1

wjf(tj) + R[f ], (20)

IAENG International Journal of Applied Mathematics, 38:4, IJAM_38_4_10
_______________________________________________________________________________

(Advance online publication: 20 November 2008)



where the nodes tj , j = 1, . . . , K, as well as the weights
wj , j = 1, . . . , K, can be obtained using the symmetric
Lanczos algorithm if u = v, and the unsymmetric Lanc-
zos algorithm if u 6= v (see [11]).

In the case u 6= v, there is the possibility that the weights
may not be positive, which destabilizes the quadrature
rule (see [1] for details). Therefore, it is best to handle
this case by rewriting (15) using decompositions such as

uT f(A)v =
1

δ
[uT f(A)(u + δv) − uT f(A)u], (21)

where δ is a small constant. Guidelines for choosing an
appropriate value for δ can be found in [20, Section 2.2].

Employing these quadrature rules yields the following ba-
sic process (for details see [18, 20]) for computing the
Fourier coefficients of un+1 from un. It is assumed that
when the Lanczos algorithm (symmetric or unsymmetric)
is employed, K iterations are performed to obtain the K
quadrature nodes and weights.

for ω = −N/2 + 1, . . . , N/2
Choose a scaling constant δω

Compute u1 ≈ êH
ω SN (∆t)êω

using the symmetric Lanczos algorithm
Compute u2 ≈ êH

ω SN (∆t)(êω + δωun)
using the unsymmetric Lanczos algorithm

[ûn+1]ω = (u2 − u1)/δω

end

It should be noted that the constant δω plays the role of δ
in the decomposition (21), and the subscript ω is used to
indicate that a different value may be used for each wave
number ω = −N/2+1, . . . , N/2. Also, in the presentation
of this algorithm in [20], a polar decomposition is used
instead of (21), and is applied to sines and cosines instead
of complex exponential functions.

This algorithm has high-order temporal accuracy, as in-
dicated by the following theorem. Let BLN ([0, 2π]) =

span{ e−iωx }N/2
ω=−N/2+1 denote a space of bandlimited

functions with at most N nonzero Fourier components.

Theorem 1 Let L be a self-adjoint m-th order positive
definite differential operator on Cp([0, 2π]) with coeffi-
cients in BLN ([0, 2π]), and let f ∈ BLN ([0, 2π]). Then
the preceding algorithm, applied to the problem (1), (2),
(3), is consistent; i.e.

[û1]ω − û(ω, ∆t) = O(∆t2K),

for ω = −N/2 + 1, . . . , N/2.

Proof. See [20, Lemma 2.1, Theorem 2.4]. �

The preceding result can be compared to the accuracy
achieved by an algorithm described by Hochbruck and

Lubich in [14] for computing e−A∆tv for a given sym-
metric positive definite matrix A and vector v using the
symmetric Lanczos algorithm. As discussed in [14], this
algorithm can be used to compute the solution of some
ODEs without time-stepping, but this becomes less prac-
tical for ODEs arising from a semi-discretization of prob-
lems such as (5), (6), (7), due to their stiffness. In this
situation, it is necessary to either use a high-dimensional
Krylov subspace, in which case reorthogonalization is re-
quired, or one can resort to time-stepping, in which case
the local temporal error is only O(∆tK), assuming a K-
dimensional Krylov subspace. Regardless of which rem-
edy is used, the computational effort needed to compute
the solution at a fixed time T increases substantially.

The difference between Krylov subspace spectral methods
and the approach described in [14] is that in the former, a
different K-dimensional Krylov subspace is used for each
Fourier component, instead of the same subspace for all
components as in the latter. As can be seen from numer-
ical results comparing the two approaches in [20], using
the same subspace for all components causes a loss of ac-
curacy as the number of grid points increases, whereas
Krylov subspace spectral methods do not suffer from this
phenomenon.

Using a perturbation of the form (21) is only one ap-
proach for computing bilinear forms such as (15) in the
case where u 6= v. In [15], this approach was numeri-
cally stabilized by the use of formulas for the derivatives
of the nodes and weights with respect to the parameter
δ. However, two quadrature rules are needed to compute
each component, as well as the unsymmetric Lanczos al-
gorithm, which is much less well-behaved than its sym-
metric counterpart. A polar decomposition may be used,
but that also requires two quadrature rules, although the
symmetric Lanczos algorithm can be used for both. Even
so, as shown in [19], the performance of this approach can
be sensitive to the size of the perturbation, especially
when the solution is oscillatory.

An approach that requires only one quadrature rule per
component, and gives the solution a greater role in the
computation of these rules than merely a perturbation,
involves block Lanczos iteration. The result is a block-
tridiagonal, Hermitian matrix from which the nodes and
weights for the quadrature rule can be obtained. It is
worthwhile to examine whether a block approach might
be more effective than the original algorithm for hyper-
bolic problems as well as the parabolic problems for which
this method was successfully applied in [16].

3 Application to the Wave Equation

In this section we review the application of Krylov sub-
space spectral methods to the problem (1), (2), (3). A
spectral representation of the operator L allows us the ob-
tain a representation of the solution operator (the propa-
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gator) in terms of the sine and cosine families generated
by L by a simple functional calculus. Introduce

R1(t) = L−1/2 sin(t
√

L) =
∞
∑

n=1

sin(t
√

λn)√
λn

〈ϕ∗
n, ·〉ϕn ,(22)

R0(t) = cos(t
√

L) =

∞
∑

n=1

cos(t
√

λn)〈ϕ∗
n, ·〉ϕn , (23)

where λ1, λ2, . . . are the (positive) eigenvalues of L, and
ϕ1, ϕ2, . . . are the corresponding eigenfunctions. Then
the propagator of (1) can be written as

P (t) =

[

R0(t) R1(t)
−L R1(t) R0(t)

]

. (24)

The entries of this matrix, as functions of L, indi-
cate which functions are the integrands in the Riemann-
Stieltjes integrals used to compute the Fourier compo-
nents of the solution.

3.1 Solution Using KSS Methods

We briefly review the use of Krylov subspace spectral
methods for solving (1), first outlined in [12].

Since the exact solution u(x, t) is given by

u(x, t) = R0(t)f(x) + R1(t)g(x), (25)

where R0(t) and R1(t) are defined in (22), (23), we can
obtain [un+1]ω by approximating each of the quadratic
forms

c+
ω (t) = 〈êω, R0(∆t)[êω + δωun]〉 (26)

c−ω (t) = 〈êω, R0(∆t)êω〉 (27)

s+
ω (t) = 〈êω, R1(∆t)[êω + δωun

t ]〉 (28)

s−ω (t) = 〈êω, R1(∆t)êω〉 , (29)

where δω is a nonzero constant. It follows that

[ûn+1]ω =
c+
ω (t) − c−ω (t)

δω
+

s+
ω (t) − s−ω (t)

δω
. (30)

Similarly, we can obtain the coefficients ṽω of an approx-
imation of ut(x, t) by approximating the quadratic forms

c+
ω (t)′ = −〈êω, LR1(∆t)[êω + δωun]〉 (31)

c−ω (t)′ = −〈êω, LR1(∆t)êω〉 (32)

s+
ω (t)′ = 〈êω, R0(∆t)[êω + δωun

t ]〉 (33)

s−ω (t)′ = 〈êω, R0(∆t)êω〉 . (34)

As noted in [18], this approximation to ut(x, t) does not
introduce any error due to differentiation of our approxi-
mation of u(x, t) with respect to t–the latter approxima-
tion can be differentiated analytically.

It follows from the preceding discussion that we can com-
pute an approximate solution ũ(x, t) at a given time T
using the following algorithm.

Algorithm 1 Given functions c(x), f(x), and g(x) de-
fined on the interval (0, 2π), and a final time T , the fol-
lowing algorithm from [12] computes a function ũ(x, t)
that approximately solves the problem (1), (2) from t = 0
to t = T .

t = 0
while t < T do

Select a time step ∆t
f(x) = ũ(x, t)
g(x) = ũt(x, t)
for ω = −N/2 + 1 to N/2 do

Choose a nonzero constant δω

Compute the quantities c+
ω (∆t), c−ω (∆t),

s+
ω (∆t), s−ω (∆t), c+

ω (∆t)′, c−ω (∆t)′,
s+

ω (∆t)′, and s−ω (∆t)′

ũω(∆t) = 1
δω

(c+
ω (∆t) − c−ω (∆t))+

1
δω

(s+
ω (∆t) − s−ω (∆t))

ṽω(∆t) = 1
δω

(c+
ω (∆t)′ − c−ω (∆t)′)+

1
δω

(s+
ω (∆t)′ − s−ω (∆t)′)

end

ũ(x, t + ∆t) =
∑N

ω=1 êω(x)ũω(∆t)

ũt(x, t + ∆t) =
∑N

ω=1 êω(x)ṽω(∆t)
t = t + ∆t

end

In this algorithm, each of the quantities inside the for

loop are computed using K quadrature nodes. The nodes
and weights are obtained in exactly the same way as for
the parabolic problem (5), (6), (7). It should be noted
that although 8 bilinear forms are required for each wave
number ω, only three sets of nodes and weights need to
be computed, and then they are used with different inte-
grands.

3.2 Convergence Analysis

We now study the convergence behavior of the preced-
ing algorithm, which we denote by KSS-W(K), where
K is the number of Gaussian quadrature nodes used to
approximate each Riemann-Stieltjes integral. Following
the reformulation of Krylov subspace spectral methods
presented in Section 4, we let δω → 0 to obtain
[

ûn+1

ûn+1
t

]

ω

=

(

K
∑

k=1

wkAk

)

[

ûn

ûn
t

]

+

K
∑

k=1

Ak

[

w′
k

w̃′
k

]

−

K
∑

k=1

wk
t

2
√

λk

Bk

[

λ′
k

λ̃′
k

]

− wkCk

[

λ′
k

λ̃′
k

]

,

where λ′
k and w′

k are the derivatives of the nodes and

weights, respectively, in the direction of un, and λ̃′
k and

w̃′
k are the derivatives in the direction of un

t . The matri-
ces Ak, Bk and Ck are defined by

Ak =

[

ck
1√
λk

sk

−
√

λksk ck

]

IAENG International Journal of Applied Mathematics, 38:4, IJAM_38_4_10
_______________________________________________________________________________

(Advance online publication: 20 November 2008)



Bk =

[

sk − 1√
λk

ck√
λkck sk

]

Ck =

[

0 1
2(λk)3/2

sk
1

2
√

λk
sk 0

]

where ck = cos(
√

λkt), sk = sin(
√

λkt).

We first recall a result concerning the accuracy of each
component of the approximate solution.

Theorem 2 Assume that f(x) and g(x) satisfy (3), and
let u(x, ∆t) be the exact solution of (1), (2) at (x, ∆t),
and let ũ(x, ∆t) be the approximate solution computed by
Algorithm 1. Then

|〈êω, u(·, ∆t) − ũ(·, ∆t)〉| = O(∆t4K ), (35)

|〈êω, ut(·, ∆t) − ũt(·, ∆t)〉| = O(∆t4K−1) (36)

where K is the number of quadrature nodes used in Algo-
rithm 1.

Proof. See [12]. �

To prove stability, we use the following norm,

‖(u, v)‖L = (〈u, Lu〉 + 〈v, v〉)1/2
, (37)

where L is a differential operator, used in [12] to show
conservation for the wave equation. Specifically, if u(x, t)
is the solution to (1), (2), (3), then

‖(u(·, t), ut(·, t)‖L = ‖(f(·), g(·))‖, t > 0. (38)

We also use the corresponding discrete norm,

‖(u,v)‖LN =
(

uHLNu + vHv
)1/2

. (39)

Let L be a constant-coefficient, self-adjoint, positive def-
inite second-order differential operator with correspond-
ing spectral discretization LN , and let un be the dis-
cretization of the solution of (1) at time tn. Then it is
easily shown, in a manner analogous to [12, Lemma 2.8],
that

‖(un,un
t )‖LN = ‖(f ,g)‖LN , (40)

where f and g are the discretizations of the initial data
f(x) and g(x) from (2).

Theorem 3 Let p(x) be a positive constant function and
q(x) in (4) belong to BLM ([0, 2π]) for some integer M .
Then, for the problem (1), (2), (3), KSS-W(1) is uncon-
ditionally stable.

Proof. We write L = C + V , where C is the constant-
coefficient operator obtained by averaging the coefficients
of L. That is,

Cu = puxx + qu, V = q̃u,

where we use the notation

f = Avg f =
1

2π

∫ 2π

0

f(x) dx, f̃ = f − f.

As shown in [15, Theorem 6.3], the computed solution
has the form

[

un+1

un+1
t

]

= S̃N (∆t)

[

un

un
t

]

.

The approximate solution operator S̃N (∆t) has the form

S̃N (∆t) =

{

PN (∆t)

[

IN +
∆t

2
BN

]

+
1

2
GN (∆t)BN

}

,

(41)
where PN (∆t) is the discrete solution operator on an N -
point uniform grid for the problem utt +Cu = 0, and the
operators BN (∆t) and GN (∆t) are defined by

BN

[

un

un
t

]

=

[

C−1
N VNun

t

VNun

]

,

GN (∆t) = C
−1/2
N sin(C

1/2
N ∆t).

Using the induced operator CN -norm, we obtain

‖BN‖CN ≤ Qq−1 Q = max
0≤x≤2π

|q̃(x)|,

‖GN (∆t)‖CN ≤ ∆t,

which, in combination with (40), yields

‖S̃N(∆t)‖CN ≤ 1 + ∆tQq−1,

from which the result follows. �

Theorem 4 Let p(x) be a positive constant function and
q(x) in (4) belong to BLM ([0, 2π]) for some integer M .
Then, for the problem (1), (2), (3), KSS-W(1) is con-
vergent of order (3, p), where the exact solution u(x, t)
belongs to Cp([0, 2π]) for each t in [0, T ].

Proof. See [15, Theorem 6.4]. �

4 Block Formulation

In this section, we describe how we can compute elements
of functions of matrices using block Gaussian quadrature.
We then present a modification of KSS methods that em-
ploys this block approach.

4.1 Block Gaussian Quadrature

If we compute (15) using the formula (21) or the polar
decomposition

1

4
[(u + v)T f(A)(u + v) − (v − u)T f(A)(v − u)], (42)
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then we would have to run the process for approximating
an expression of the form (15) with two starting vectors.
Instead we consider

[

u v
]T

f(A)
[

u v
]

which results in the 2 × 2 matrix

∫ b

a

f(λ) dµ(λ) =

[

uT f(A)u uT f(A)v
vT f(A)u vT f(A)v

]

, (43)

where µ(λ) is a 2 × 2 matrix function of λ, each entry of
which is a measure of the form α(λ) from (18).

In [7] Golub and Meurant show how a block method
can be used to generate quadrature formulas. We will
describe this process here in more detail. The integral
∫ b

a f(λ) dµ(λ) is now a 2 × 2 symmetric matrix and the
most general K-node quadrature formula is of the form

∫ b

a

f(λ) dµ(λ) =

K
∑

j=1

Wjf(Tj)Wj + error (44)

with Tj and Wj being symmetric 2×2 matrices. Equation
(44) can be simplified using

Tj = QjΛjQ
T
j

where Qj is the eigenvector matrix and Λj the 2 × 2 di-
agonal matrix containing the eigenvalues. Hence,

K
∑

j=1

Wjf(Tj)Wj =

K
∑

j=1

WjQjf(Λj)Q
T
j Wj

and if we write WjQjf(Λj)Q
T
j Wj as

f(λ1)z1z
T
1 + f(λ2)z2z

T
2 ,

where zk = WjQjek for k = 1, 2, we get for the quadra-
ture rule

∫ b

a

f(λ) dµ(λ) =
K
∑

j=1

f(tj)vjv
T
j + error,

where tj is a scalar and vj is a vector with two compo-
nents.

We now describe how to obtain the scalar nodes tj and
the associated vectors vj . In [7] it is shown that there
exist orthogonal matrix polynomials such that

λpj−1(λ) = pj(λ)Bj + pj−1(λ)Mj + pj−2(λ)BT
j−1

with p0(λ) = I2 and p−1(λ) = 0. We can write the last
equation as

λ











p0(λ)
p1(λ)

...
pK−1(λ)











= TK











p0(λ)
p1(λ)

...
pK−1(λ)











+











0
...
0

pK(λ)BT
K











with

TK =















M1 BT
1

B1 M2 BT
2

. . .
. . .

. . .

BK−2 MK−1 BT
K−1

BK−1 MK















(45)

which is a block-triangular matrix. Therefore, we can
define the quadrature rule as

∫ b

a

f(λ) dµ(λ) =

2K
∑

j=1

f(λj)vjv
T
j + error (46)

where 2K is the order of the matrix TK , λj an eigenvalue
of TK and uj is the vector consisting of the first two
elements of the corresponding normalized eigenvector.

To compute the matrices Mj and Bj , we use the block
Lanczos algorithm, which was proposed by Golub and
Underwood in [10]. Let X0 be an N × 2 given matrix,
such that XT

1 X1 = I2. Let X0 = 0 be an N × 2 matrix.
Then, for j = 1, . . ., we compute

Mj = XT
j AXj ,

Rj = AXj − XjMj − Xj−1B
T
j−1, (47)

Xj+1Bj = Rj .

The last step of the algorithm is the QR decomposition
of Rj (see [9]) such that Xj is n × 2 with XT

j Xj = I2.
The matrix Bj is 2 × 2 upper triangular. The other co-
efficient matrix Mj is 2 × 2 and symmetric. The matrix
Rj can eventually be rank deficient and in that case Bj

is singular. The solution of this problem is given in [10].

4.2 Block KSS Methods

We are now ready to describe block KSS methods. For
each wave number ω = −N/2 + 1, . . . , N/2, we define

R0 =
[

êω un
]

, R̃0 =
[

êω un
t

]

,

and then compute the QR factorizations

R0 = X1B0, R̃0 = X̃1B̃0,

which yields

X1 =
[

êω un
ω/‖un

ω‖2

]

, B0 =

[

1 êH
ω un

0 ‖un
ω‖2

]

,

X̃1 =
[

êω un
t,ω/‖un

t,ω‖2

]

, B̃0 =

[

1 êH
ω un

t

0 ‖un
t,ω‖2

]

,

where

un
ω = un − êωêH

ω un,

un
t,ω = un

t − êωêH
ω un

t .
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We then carry out the block Lanczos iteration described
in (47) to obtain block tridiagonal matrices TK and T̃K ,
where

TK =















M1 BH
1

B1 M2 BH
2

. . .
. . .

. . .

BK−2 MK−1 BH
K−1

BK−1 MK















(48)

and T̃K is defined similarly. Then, we can express each
Fourier component of the approximate solution at the
next time step as

[ûn+1]ω =
[

BH
0 EH

12 cos[T 1/2
K ∆t]E12B0

]

12
+

[

B̃H
0 EH

12T
−1/2

K sin[T̃ 1/2
K ∆t]E12B̃0

]

12
,

and each Fourier component of its time derivative is ap-
proximated by

[ûn+1
t ]ω = −

[

BH
0 EH

12T
1/2

K sin[T 1/2
K ∆t]E12B0

]

12
+

[

B̃H
0 EH

12 cos[T̃ 1/2
K ∆t]E12B̃0

]

12
,

where

E12 =
[

e1 e2

]

=















1 0
0 1
0 0
...

...
0 0















.

We denote this method by KSS-WB(K).

The computation of EH
12 cos[T 1/2

K ∆t]E12, and similar ex-
pressions above, consists of computing the eigenvalues
and eigenvectors of TK in order to obtain the nodes and
weights for Gaussian quadrature, as described earlier in
this section.

4.3 Implementation

In [21], it was demonstrated that recursion coefficients for
all wave numbers ω = −N/2 + 1, . . . , N/2 can be com-
puted simultaneously, by regarding them as functions of
ω and using symbolic calculus to apply differential op-
erators analytically, as much as possible. As a result,
KSS methods require O(N log N) floating-point opera-
tions per time step, which is comparable to other time-
stepping methods. The same approach can be applied to
block KSS methods. For both types of methods, it can be
shown that for a K-node Gaussian rule or block Gaussian
rule, K applications of the operator LN to the previous
solution un are needed.

5 Convergence Analysis

We now examine the convergence of block KSS methods
by first investigating their consistency and stability. As

shown in [15, 20], the original KSS methods are high-
order accurate in time, but are also explicit methods
that possess stability properties characteristic of implicit
methods, so it is desired that block KSS methods share
both of these traits with their predecessors.

5.1 Consistency

The error in a K-node block Gaussian quadrature rule of
the form (46) is

R(f) =
f (2K)(η)

(2K)!

∫ b

a

2K
∏

j=1

(λ − λj) dµ(λ). (49)

It follows that the rule is exact for polynomials of degree
up to 2K − 1, which is proven in [2]. The above form
of the remainder can be obtained using results from [24].
We now use this remainder to prove the consistency of
block KSS methods for the wave equation.

Theorem 5 Let L be a self-adjoint 2nd-order positive
definite differential operator on Cp([0, 2π]) with coeffi-
cients in BLM ([0, 2π]) for a fixed integer M , and let
f, g ∈ Cn([0, 2π]) for n ≥ 4K for a positive integer K.
Let N ≥ M , and that for each ω = −N/2 + 1, . . . , N/2,
the recursion coefficients in (45) are computed on a 2KN -
point uniform grid. Then a block KSS method that uses
a K-node block Gaussian rule to compute each Fourier
component [û1]ω, for ω = −N/2 + 1, . . . , N/2, of the so-
lution to (1), (2), (3), and each Fourier component [û1

t ]ω
of its time derivative, satisfies

∣

∣[û1]ω − û(ω, ∆t)
∣

∣ = O(∆t4K),
∣

∣[û1
t ]ω − ût(ω, ∆t)

∣

∣ = O(∆t4K−1),

where û(ω, ∆t) is the corresponding Fourier component
of the exact solution at time ∆t, and ût(ω, ∆t) is the
corresponding Fourier component of its time derivative
at time ∆t.

Proof. The result follows from the substitution of
cos(

√
λ∆t), λ−1/2 sin(

√
λ∆t), and −λ1/2 sin(

√
λ∆t) for

the integrand f(λ) in the quadrature error (49), and the
elimination of spatial error from the computation of the
recursion coefficients by refining the grid to the extent
necessary to resolve all Fourier components of pointwise
products of functions.

It is important to note that the error term for each Fourier
component of u1 and u1

t is actually a Fourier component
of the application of a fixed pseudodifferential operator
to fN (x), the N -point Fourier interpolant of f(x). This
pseudodifferential operator is of order at most 4K.

Specifically, we have the following error terms for each
Fourier component of u1 and u1

t :

Eω,N (∆t) = ∆x
∆t4K

(2K)!
êH

ω

2K
∏

j=1

(LN − λjI)f +
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∆x
∆t4K+1

(2K)!
êH

ω

2K
∏

j=1

(LN − λ̃jI)g,

Ẽω,N(∆t) = ∆x
∆t4K−1

(2K)!
êH

ω

2K
∏

j=1

(LN − λjI)f +

∆x
∆t4K

(2K)!
êH

ω

2K
∏

j=1

(LN − λ̃jI)g.

The factor of ∆x is needed to normalize êω so that each
Fourier component of the approximate solution is an ap-
proximation of the corresponding Fourier component of
the exact solution.

The nodes, being the eigenvalues of TK and T̃K , grow
like O(ω2), as they can be expressed as quadratic forms
wHLNw where w is a unit vector, and LN is a discretiza-
tion of a second-order differential operator. Therefore, for
j = 1, . . . , K, each node λj or λ̃j , as a function of ω ∈ Z,
defines the spectrum of a second-order pseudodifferential
operator, with corresponding eigenfunctions eiωx.

It follows that the constant in the error term for each
coefficient is bounded independently of N , and due to
the smoothness of the coefficients and initial data, the
overall local errors, ‖u(·, ∆t)−ũ(·, ∆t)‖L2 and ‖ut(·, ∆t)−
ũt(·, ∆t)‖L2 , are also bounded independently of N . �

5.2 Stability for the One-Node Case

When K = 1, we simply have T1 = M1, where

M1 =

[

êH
ω LN êω êH

ω LNun
ω

[un
ω]

H
LN êω [un

ω]
H

LNun
ω

]

. (50)

We now examine the stability of the 1-node method in
the case where p(x) ≡ p = constant. We then have

T1 =

[

pω2 + q̄ êH
ω q̃un

ω

[un
ω]

H
q̃êω [un

ω]HLNun
ω

]

. (51)

We use the notation f to denote the mean of a function
f(x) defined on [0, 2π], and define q̃(x) = q(x) − q. We
denote by q̃ the vector with components [q̃]j = q̃(xj).
For convenience, multiplication of vectors, as in the off-
diagonal elements of T1, denotes component-wise multi-
plication.

Because M1 is Hermitian, we can write

M1 = U1Λ1U
H
1 .

The Fourier component [ûn+1]ω is then obtained as fol-
lows:

[ûn+1]ω =
[

BH
0 cos[T 1/2

1 ∆t]B0

]

12
+

[

B̃H
0 T −1/2

1 sin[T̃ 1/2
1 ∆t]B̃0

]

12

=
[

BH
0 U1 cos[−Λ

1/2
1 ∆t]UH

1 B0

]

12
+

[

B̃H
0 Ũ1Λ̃

−1/2
1 sin[Λ̃

1/2
1 ∆t]ŨH

1 B̃0

]

12

=
[

u11c1 u12c2

]

×
[

u11 u21

u12 u22

] [

êH
ω un

‖un
ω‖2

]

+

[

ũ11λ̃
−1/2
1 s̃1 ũ12λ̃

−1/2
2 s̃2

]

×
[

ũ11 ũ21

ũ12 ũ22

] [

êH
ω un

t

‖un
t,ω‖2

]

= [|u11|2c1 + |u12|2c2]ê
H
ω un +

[u11u21c1 + u12u22c2]‖un
ω‖2 +

[|ũ11|2λ̃−1/2
1 s̃1 + |ũ12|2λ̃−1/2

2 s̃2]ê
H
ω un

t +

[ũ11ũ21λ̃
−1/2
1 s̃1 + ũ12ũ22λ̃

−1/2
2 s̃2]‖un

t,ω‖2.

where, for i = 1, 2,

ci = cos(
√

λi∆t),

si = sin(
√

λi∆t),

c̃i = cos(

√

λ̃i∆t),

s̃i = sin(

√

λ̃i∆t).

Similarly,

[ûn+1
t ]ω = [|u11|2(−λ

1/2
1 )s1 + |u12|2(−λ

1/2
2 )s2]û

n
ω +

[u11u21(−λ
1/2
1 )s1 + u12u22(−λ

1/2
2 )]‖un

ω‖2 +

[|ũ11|2c̃1 + |ũ12|2c̃2]û
n
t,ω +

[ũ11ũ21c̃1 + ũ12ũ22c̃2]‖un
t,ω‖2.

This simple form of the approximate solution operator
yields the following result. As before, we denote by
S̃N (∆t) the matrix such that

[

un+1

un+1
t

]

= S̃N (∆t)

[

un

un
t

]

,

for given N and ∆t. For simplicity, we use the notation

S̃N (∆t)n in place of
[

S̃N (∆t)
]n

.

Theorem 6 Let p(x) be a positive constant function and
let q(x) in (4) belong to BLM ([0, 2π]) for a fixed integer
M . Then, for the problem (1), (2), (3), the block KSS
method with K = 1, KSS-WB(1), is unconditionally sta-
ble. That is, given T > 0, there exists a constant CT ,
independent of N and ∆t, such that

‖S̃N (∆t)n‖C ≤ CT , (52)

for 0 ≤ n∆t ≤ T , where C is the differential operator
defined by Cu = −puxx + qu.

Proof. As in the proof of Theorem 3, we write L = C+V .
We also write

un+1 = vn+1 + wn+1, un+1
t = vn+1

t + wn+1
t ,
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where vn+1 is the approximate solution at time ∆t to the
constant-coefficient problem

vtt + Cv = 0,

with initial conditions

v(x, 0) = ũ(x, tn), vt(x, 0) = ũt(x, tn),

and periodic boundary conditions, and wn+1 is the ap-
proximate solution at time ∆t to the problem

wtt + V w = 0,

with initial conditions

w(x, 0) = ũ(x, tn), wt(x, 0) = ũ(x, tn).

Then, using notation from the proof of Theorem 3,
[

vn+1

vn+1
t

]

= PN (∆t)

[

un

un
t

]

,

and therefore

‖(vn+1,vn+1
t )‖CN = ‖(un,un

t )‖CN .

We now need to bound the CN -norm of the operator
QN (∆t) such that

[

wn+1

wn+1
t

]

= QN(∆t)

[

un

un
t

]

,

by ∆t times a constant that is independent of N . From
the previously described expressions for the Fourier com-
ponents of un+1 and un+1

t , and the fact that for each ω,
the matrix U1 is orthogonal, we obtain

[ŵn+1]ω = (c1 − c2)[u11u21‖un
ω‖2 − |u12|2êH

ω un] +

(λ̃
−1/2
1 s̃1 − λ̃

−1/2
2 s̃2) ×

[ũ11ũ21‖un
t,ω‖2 − |ũ12|2êH

ω un
t ],

[ŵn+1
t ]ω = [λ

1/2
1 s1 − λ

1/2
2 s2][|u12|2ûn

ω − u11u21‖un
ω‖2] +

(c̃1 − c̃2)[ũ11ũ21‖un
t,ω‖2 − |ũ12|2ûn

t,ω].

If the nodes λ1 and λ2 are equal, then the contributions
to these Fourier components due to un are zero, and if
λ̃1 and λ̃2 are equal, then the contributions due to un

t

are zero. From this point on, we assume these nodes are
distinct. Let λ̃1 and λ̃2. Let

α1 = êH
ω LN êω = pω2 + q, α2 = [un

ω]
H

LNun
ω,

α̃1 = êH
ω LN êω = α1, α̃2 = [un

t,ω]
H

LNun
t,ω.

By direct computation of the elements of U1, whose
columns are the eigenvectors of T1, we obtain

|u12|2 =
ǫ

λ1 − λ2
, u11u21 =

êH
ω q̃un

ω

‖un
ω‖2(λ1 − λ2)

,

where

ǫ = λ1 − α1 =
|êH

ω q̃un
ω|2

‖un
ω‖2

2(λ1 + α2)
.

Similarly,

|ũ12|2 =
ǫ̃

λ̃1 − λ̃2

, ũ11ũ21 =
êH

ω q̃un
t,ω

‖un
t,ω‖2(λ̃1 − λ̃2)

,

ǫ̃ = λ̃1 − α̃1 =
|êH

ω q̃un
t,ω|2

‖un
t,ω‖2

2(λ̃1 + α̃2)
.

Since α1 is a quadratic function of ω and

lim
N→∞

α2 =
〈ũ(·, tn), Lũ(·, tn)〉
〈ũ(·, tn), ũ(·, tn)〉 ,

it follows that ǫ and ǫ̃ are eigenvalues of a constant-
coefficient pseudodifferential operator of order −2.

We now have

[ŵn+1]ω =
c1 − c2

λ1 − λ2
[êH

ω q̃un
ω − ǫêH

ω un] +

λ̃
−1/2
1 s̃1 − λ̃

−1/2
2 s̃2

λ̃1 − λ̃2

[êH
ω q̃un

t,ω − ǫ̃êH
ω un

t ],

[ŵn+1
t ]ω =

λ
1/2
1 s1 − λ

1/2
2 s2

λ1 − λ2
[ǫûn

ω − êH
ω q̃un

ω] +

c̃1 − c̃2

λ̃1 − λ̃2

[êH
ω q̃un

t,ω − ǫ̃ûn
t,ω].

From Taylor expansions of sin and cos, we obtain

|c1 − c2| ≤
∆t2

2
max{λ1, λ2}, (53)

|c̃1 − c̃2| ≤
∆t2

2
max{λ̃1, λ̃2}, (54)

|λ̃−1/2
1 s̃1 − λ̃

−1/2
2 s̃2| ≤ 2∆t, (55)

|λ1/2
1 s1 − λ

1/2
2 s2| ≤ ∆t(λ1 + λ2). (56)

It follows that
[

wn+1

wn+1
t

]

=

[

Q11,N (∆t) Q12,N(∆t)
Q21,N (∆t) Q22,N(∆t)

]

×
[

VN − EN 0

0 VN − ẼN

] [

un

un
t

]

,

where VN is the discretization of the operator V defined
by V u = q̃u, and EN is defined by

EN = F−1
N ÊNFN ,

where FN denotes the discrete Fourier transform and ÊN

is the diagonal matrix of eigenvalues, which, for each ω,
are equal to ǫ. The matrix ẼN is defined similarly, with
eigenvalues given by ǫ̃. It follows from earlier discussion
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that EN and ẼN are discretizations of pseudodifferential
operators whose symbols are of order −2, which implies
that

∥

∥

∥

∥

[

VN − EN 0

0 VN − ẼN

]
∥

∥

∥

∥

CN

≤ Q,

where Q is a constant that is independent of N . Note
that the smoothness of the coefficient q(x) allows us to
bound VN independently of N .

The pseudodifferential operators Qii(∆t), for i = 1, 2,
with discretizations Qii,N (∆t), are of order ∆t2, and
bounded independently of N , as their eigenvalues,

λω(Q11(∆t)) =
c1 − c2

λ1 − λ2
,

λω(Q22(∆t)) =
c̃1 − c̃2

λ̃1 − λ̃2

,

converge to ∆t2/2 as |ω| → ∞, as can be seen from (53)
and (54), and the fact that λ2 and λ̃2, being equal to α2−ǫ
and α̃2− ǫ̃, respectively, are bounded independently of ω.
This yields

∥

∥

∥

∥

[

Q11,N (∆t) 0
0 Q22,N (∆t)

]∥

∥

∥

∥

CN

≤ ∆t2D,

where D is a constant independent of N and ∆t.

The operator Q12(∆t) is equal to ∆t times an operator
whose symbol is of order −2, while Q21(∆t) is equal to
∆t times a bounded operator. We then have

‖(wn+1,wn+1
t )‖CN ≤ ∆t2QD‖(un,un

t )‖CN + R1/2,

where

R = [Q12(∆t)(ṼN − Ẽ)un
t ]HCN [Q12(∆t)(ṼN − Ẽ)un

t ] +

‖Q21(∆t)(ṼN − Ẽ)un‖2
2.

The first term in R can be written as

[(ṼN − Ẽ)un
t ]HRN (∆t)[(ṼN − Ẽ)un

t ],

where RN (∆t) = F−1R̂N (∆t)F and has eigenvalues
that, for each ω, satisfy

|λω(RN (∆t))| ≤ 4∆t2λ1

|λ1 − λ2|2
.

It follows that

R1/2 ≤ 2∆tQ̃−1Q‖(un,un
t )‖CN ,

where

Q̃ = min

{

q, min
ω∈Z

(λ1 − λ2)
2

λ1

}

.

We conclude that

‖QN(∆t)‖CN ≤ 2∆tQ̃−1Q + ∆t2QD,

and therefore

‖S̃N(∆t)‖CN ≤ 1 + 2∆tQ̃−1Q + ∆t2QD,

from which the result follows. �

Theorems 5 and 6 immediately imply the following result.

Theorem 7 Let the exact solution u(x, t) of the problem
(1), (2), (3) belong to Cp([0, 2π]) for each t in [0, T ].
Let q(x) in (4) belong to BLM ([0, 2π]) for some integer
M . Then, the 1-node block KSS method, applied to this
problem, is convergent of order (2, p). That is, there exist
constants Ct and Cx, independent of the time step ∆t and
grid spacing ∆x = 2π/N , such that

‖u(·, t)−u(·, t)‖L2 ≤ Ct∆t2+Cx∆xp, 0 ≤ t ≤ T. (57)

Proof. The proof proceeds in a manner analogous to [15,
Theorem 6.4]. �

It is important to note that although stability and con-
vergence were only shown for the case where the lead-
ing coefficient p(x) is constant, it has been demonstrated
that KSS methods exhibit similar stability on more gen-
eral problems, such as in [15] where it was applied to a
second-order wave equation with time steps that greatly
exceeded the CFL limit, even though the leading coeffi-
cient was not constant. Furthermore, [15] also introduced
homogenizing similarity transformations that can be used
to extend the applicability of theoretical results concern-
ing stability that were presented in that paper, as well as
the one given here.

6 Numerical Results

In this section, we will present numerical results for com-
parisons between the original KSS method (as described
in [15]) and the new block KSS method, applied to the
second-order wave equation. The comparisons will fo-
cus on the accuracy of the temporal approximations em-
ployed by each method. A thorough analysis of the spa-
tial discretization error, along with modifications needed
to achieve high accuracy in the case of oscillatory or dis-
continuous initial data, will be deferred for future work.

In [17] it was shown that the original KSS method KSS-
W(K) for the wave equation compared favorably to the
standard ODE solvers provided in Matlab (described
in [23]), as was demonstrated for parabolic problems in
[21]. We now compare that method to our new block
approach. In [17], we computed solutions at T = 1 and
compared all methods at time steps ∆t = 2−j , where j
is a small nonnegative integer. Here, we use T = 10,
with all time steps increased by a factor of 10 as well.
For time steps this large, we found that Matlab’s ODE
solvers performed so poorly that they did not exhibit any
sign of convergence, so we do not include comparisons to
those time-stepping methods here.
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6.1 Construction of Test Cases

We introduce some differential operators and functions
that will be used in the experiments described in this
section. As most of these functions and operators are
randomly generated, we will denote by R1, R2, . . . the se-
quence of random numbers obtained using MATLAB’s
random number generator rand after setting the gener-
ator to its initial state. These numbers are uniformly
distributed on the interval (0, 1).

• We will make frequent use of a two-parameter family
of functions defined on the interval [0, 2π]. First, we
define

f0
j,k(x) = Re







∑

|ω|<N/2

f̂j(1 + |ω|)−(k+1)eiωx







,

(58)
for j, k = 0, 1, . . . , where

f̂j(ω) = RjN+2(ω+N/2)−1 + iRjN+2(ω+N/2). (59)

The parameter j indicates how many functions have
been generated in this fashion since setting MAT-
LAB’s random number generator to its initial state,
and the parameter k indicates how smooth the func-
tion is. Figure 1 shows selected functions from this
collection.
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Figure 1: Functions from the collection fj,k(x), for se-
lected values of j and k.

In many cases, it is necessary to ensure that a func-
tion is positive or negative, so we define the transla-
tion operators E+ and E− by

E+f(x) = f(x) − min
x∈[0,2π]

f(x) + 1, (60)

E−f(x) = f(x) − max
x∈[0,2π]

f(x) − 1. (61)

• We define a similar two-parameter family of func-
tions defined on the rectangle [0, 2π] × [0, 2π]:

gj,k(x, y) = Re







∑

|ω|,|ξ|<N/2

ĝj(ω, ξ)ei(ωx+ξy)







,

(62)
where j and k are nonnegative integers, and

ĝj(ω, ξ) = (1 + |ω|)−(k+1)(1 + |ξ|)−(k+1) ×
{

RjN2+2[N(ω+N/2−1)+(ξ+N/2)]−1+

iRjN2+2[N(ω+N/2−1)+(ξ+N/2)]

}

. (63)

Figure 2 shows selected functions from this collec-
tion.
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Figure 2: Functions from the collection gj,k(x, y), for se-
lected values of j and k.

In all experiments, unless otherwise noted, solutions
u(j)(x, t) are computed using time steps ∆t = 10 · 2−j,
for j = 0, . . . , 6. The error estimates are obtained by
computing ‖ũ(j)(·, 10) − ũ(6)(·, 10)‖L2/‖ũ(6)(·, 1)‖L2 for
j = 0, . . . , 5. This method of estimating error assumes
that u(6)(x, t) is a sufficiently accurate approximation to
the exact solution, but this has proven in practice to be a
valid assumption by comparing u(6) against approximate
solutions computed using established methods, and by
comparing u(6) against solutions obtained using various
methods with smaller time steps.

In [21], and in Section 6.3 of this paper, errors mea-
sured by comparison to exact solutions of problems with
source terms further validate the convergence behavior.
It should be noted that we are not seeking a sharp esti-
mate of the error, but rather an indication of the rate of
convergence, and for this goal, using u(6) as an approxi-
mation to the exact solution is sufficient.
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6.2 Smooth Coefficients

We now show the accuracy of our approach in one and
two space dimensions. We solve the wave equation in
which the spatial operator has a constant leading coef-
ficient but a variable zero-order coefficient, constructed
from randomly generated Fourier coefficients as discussed
in Section 6.1. Specifically, we solve the following prob-
lems:

•
∂2u

∂t2
(x, t) − ∂2u

∂x2
(x, t) − E−f0,3(x)u(x, t) = 0, (64)

u(x, 0) = E+f1,3(x), ut(x, 0) = E+f2,3(x), (65)

u(x, t) = u(x + 2π, t). (66)

•
∂u2

∂t2
(x, y, t) − ∆u(x, y, t) − E−g0,3(x, y)u(x, t) = 0,

(67)
u(x, y, 0) = E+g1,3(x, y), ut(x, y, 0) = E+g2,3,

(68)
u(x, y, t) = u(x + 2π, t) = u(x, y + 2π, t). (69)

In [21], it is shown that the methods for effi-
ciently computing recursion coefficients generalizes
in a straightforward manner to higher spatial dimen-
sions.

The results are shown in Figures 3 and 4, and Tables 1
and 2, and compared to those obtained using the original
KSS method. In the 2-D case, the variable coefficient of
the PDE is smoothed to a greater extent than in the 1-
D case, because the prescribed decay rate of the Fourier
coefficients is imposed in both the x- and y-directions.
This results in greater accuracy in the 2-D case, which
is consistent with the result proved in [20] that the lo-
cal truncation error varies linearly with the variation in
the coefficients. We see that significantly greater accu-
racy is obtained with block KSS methods, especially in
two space dimensions. Both methods exhibit sixth-order
accuracy in time, consistent with the theoretical results
proved earlier concerning local error.

In an attempt to understand why the block KSS method
is significantly more accurate, we examine the approx-
imate solution operator for the simple case of K = 1.
As shown in (41), the original 1-node KSS method is
equivalent to the simple splitting involving the averaged-
coefficient operator. On the other hand, the 1-node block
KSS method is not equivalent to such a splitting, because
every node and weight of the quadrature rule used to com-
pute each Fourier component is influenced by the solution
from the previous time step.

Furthermore, an examination of the nodes for both meth-
ods reveals that for the original KSS method, all of the
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Figure 3: (a) Top plot: Estimates of relative error in
the approximate solution of (64), (65), (66) at T = 10.
Solutions are computed using the original 2-node KSS
method (solid curve), and a 2-node block KSS method
(dashed curve), both with N = 128 grid points. (b) Bot-
tom plot: Estimates of relative error in the approximate
solution of the same problem, using the same methods,
with N = 256 grid points. In both cases, both methods
use time steps ∆t = 2−j, j = 0, . . . , 5.

nodes used to compute [ûn+1]ω tend to be clustered
around êH

ω LN êω, whereas with the block KSS method,
half of the nodes are clustered near this value, and the
other half are clustered near [un

ω]HLNun
ω, so the previous

solution plays a much greater role in the construction of
the quadrature rules.

A similar effect was achieved with the original KSS
method by using a Gauss-Radau rule in which the pre-
scribed node was an approximation of the smallest eigen-
value of LN , and while this significantly improved ac-
curacy for parabolic problems, as shown in [20], the
solution-dependent approach used by the block method
makes more sense, especially if the initial data happens
to be oscillatory.

6.3 Oscillatory Coefficients

We now apply a 2-node block Krylov subspace spectral
method to the problem

∂2u

∂t2
(x, t) − ∂2u

∂x2
(x, t) − E−f0,0(x)u(x, t) = 0, (70)

u(x, 0) = E+f1,3(x), ut(x, 0) = E+f2,3(x), (71)

u(x, t) = u(x + 2π, t). (72)

In this problem, the zero-order coefficient exhibits high-
frequency oscillations, as shown in the top left plot of
Figure 1.
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Table 1: Estimates of relative error and temporal order
of convergence in the approximate solution of (64), (65),
(66) at T = 10, using 2-node original and block Krylov
subspace spectral methods. Error is the relative differ-
ence, in the 2-norm sense, between approximate solutions
and a solution computed using a smaller time step, since
no exact solution is available. N denotes the number of
grid points and ∆t denotes the time step used.

N ∆t KSS-W(2) KSS-WB(2)
10 0.623 0.0844
5 0.0942 0.0466

64 2.5 0.00912 0.00142
1.25 0.000208 7.96e-005

0.625 3.41e-006 1.27e-006
0.3125 1.02e-007 1.81e-008

10 0.23 0.0404
5 0.0267 0.0169

128 2.5 0.0063 0.00127
1.25 0.000102 4.9e-005

0.625 2.37e-006 7.04e-007
0.3125 5.29e-008 8.29e-009

Table 3 lists the relative errors for various time steps and
grid sizes. The errors are obtained by comparing the
approximate solution to the known exact solution in the
2-norm sense. While the performance of both methods
are at least comparable in the case of smooth coefficients,
KSS-W(2) exhibits severe instability for larger time steps,
eventually recovering to achieve fourth-order convergence
for smaller time steps. KSS-WB(2), on the other hand,
while not as accurate as with smooth coefficients, still
demonstrates fifth-order accuracy in time, and is stable
even for ∆t = 10. Unfortunately, some accuracy is lost as
the number of grid points increases. The error estimates
are also plotted in Figure 5.

6.4 Variable Leading Coefficient and Source
Term

We will not prove stability for the 2-node case in this
paper. Instead, we will provide numerical evidence of
stability and a contrast with another high-order explicit
method. In particular, we use the method KSS-W(2) to
solve a second-order wave equation featuring a variable
leading coefficient and a source term. First, we note that
if p(x, t) and u(x, t) are solutions of the system of first-
order wave equations

[

p
u

]

t

=

[

0 a(x)
b(x) 0

] [

p
u

]

x

+

[

F
G

]

, t ≥ 0 (73)

with source terms F (x, t) and G(x, t), then u(x, t) also
satisfies the second-order wave equation

∂2u

∂t2
= a(x)b(x)

∂2u

∂x2
+ a′(x)b(x)

∂u

∂x
+ bFx + G (74)
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Figure 4: (a) Top plot: Estimates of relative error in
the approximate solution of (67), (68), (69) at T = 10.
Solutions are computed using the original 2-node KSS
method (solid curve), and a 2-node block KSS method
(dashed curve), both with N = 16 grid points per di-
mension. (b) Bottom plot: Estimates of relative error in
the approximate solution of the same problem, using the
same methods, with N = 32 grid points per dimension.
In both cases, both methods use time steps ∆t = 2−j,
j = 0, . . . , 5.

with the source term b(x)Fx(x, t) + G(x, t). In [13], a
time-compact fourth-order finite-difference scheme is ap-
plied to a problem of the form (73), with

F (x, t) = (a(x) − α2) sin(x − αt),

G(x, t) = α(1 − b(x)) sin(x − αt),

a(x) = 1 + 0.1 sinx,

b(x) = 1,

which has the exact solutions

p(x, t) = −α cos(x − αt),

u(x, t) = cos(x − αt).

We convert this problem to the form (74) and solve it
with initial data

u(x, 0) = cosx, (75)

ut(x, 0) = sinx. (76)

The results of applying both methods to this problem
are shown in Figure 6, for the case α = 1. Due to the
smoothness of the coefficients, the spatial discretization
error in the KSS methods is dominated by the temporal
error, resulting in sixth-order accuracy in time for KSS-
W(2), and seventh-order accuracy for KSS-WB(2).
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Table 2: Estimates of relative error and temporal order
of convergence in the approximate solution of (67), (68),
(69) at T = 10, using 2-node original and block Krylov
subspace spectral methods. Error is the relative differ-
ence, in the 2-norm sense, between approximate solutions
and a solution computed using a smaller time step. N de-
notes the number of grid points per dimension, and ∆t
denotes the time step used.

N ∆t KSS-W(2) KSS-WB(2)
10 0.207 0.00283
5 0.0479 0.000778

16 2.5 0.00207 7.12e-005
1.25 3.6e-005 1e-006

0.625 7.54e-007 2.99e-008
0.3125 1.35e-008 4.37e-010

10 0.168 0.0018
5 0.0357 0.000311

32 2.5 0.000993 2.08e-005
1.25 1.51e-005 3.34e-007

0.625 4.32e-007 6.76e-009
0.3125 5.49e-009 2.58e-010

The source term is handled by applying Duhamel’s prin-
ciple, with a 4-node Gaussian rule over each time step,
as first described in [21]. This has the effect of reducing
the average time step to ∆t/5 (in general, ∆5/(M + 1)
for an M -node Gaussian rule over each time step). For
a more informative comparison, we therefore use this re-
duced average time step in reporting the results for KSS
methods.

Table 4 illustrates the differences in stability between
the two methods. For the fourth-order finite-difference
scheme from [13], the greatest accuracy is achieved for
cmax∆t/∆x close to the CFL limit of 1, where cmax =
maxx

√

a(x)b(x). However, for KSS-W(2) and KSS-
WB(2), this limit can be greatly exceeded and reasonable
accuracy can still be achieved. In fact, while the results
reported here were obtained using N = 64 grid points,
nearly identical results are also obtained from substantial
increase in the number of grid points, such as N = 256,
with the same time steps.

7 Discussion

In this concluding section, we consider various general-
izations of the problems and methods considered in this
paper.

7.1 Higher Space Dimension

In [21], it is demonstrated how to compute the recur-
sion coefficients αj and βj for operators of the form
Lu = −p∆u + q(x, y)u, and the expressions are straight-
forward generalizations of the expressions for the one-
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Figure 5: (a) Top plot: Estimates of relative error in the
approximate solution of (70), (71), (72) at T = 10. Solu-
tions are computed using the original 2-node KSS method
(solid curve), and a 2-node block KSS method (dashed
curve). Both methods use N = 128 grid points. (b)
Bottom plot: Estimates of relative error in the approxi-
mate solution of the same problem at T = 10. Solutions
are computed using the same methods, with N = 256
grid points. In both cases, both methods use time steps
∆t = 2−j, j = 0, . . . , 5.

dimensional case. It is therefore reasonable to suggest
that for operators of this form, the consistency and sta-
bility results given here for the one-dimensional case gen-
eralize to higher dimensions. This will be investigated in
the near future.

7.2 Discontinuous Coefficients and Data

As shown in [21] and again in the previous section of
this paper, rough or discontinuous coefficients reduce the
accuracy of KSS methods, because they introduce signif-
icant spatial discretization error into the computation of
recursion coefficients.

Furthermore, for the stability result reported in this pa-
per, the assumption that the coefficients are bandlimited
is crucial. It can be weakened to some extent and replaced
by an appropriate assumption about the regularity of the
coefficients, but for simplicity that was not pursued here.

Regardless, this result does not apply to problems in
which the coefficients are discontinuous, because Gibbs’
phenomenon prevents their discrete Fourier transforms
from being uniformly bounded for all N . Similar difficul-
ties arise for hyperbolic problems when the initial data
is not smooth, whereas this was not a concern in the
parabolic case.
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Table 3: Estimates of relative error and temporal or-
der of convergence in the approximate solution of (70),
(71), (72) using 2-node original and block Krylov sub-
space spectral methods. Error is the relative differ-
ence, in the 2-norm sense, between the exact solution
u(x, t) = cos(x− t) and the computed solution at T = 10.
N denotes the number of grid points and ∆t denotes the
time step used.

N ∆t KSS-W(2) KSS-WB(2)
10 4.64 0.0334
5 490 0.031

64 2.5 7.39 0.0144
1.25 0.517 0.00187

0.625 0.0129 8.44e-005
0.3125 0.00181 2.32e-006

10 17.7 0.14
5 4.04e+058 0.0622

128 2.5 4.56e+009 0.0259
1.25 12.7 0.00557

0.625 0.192 0.000558
0.3125 0.00662 1.58e-005

Table 4: Relative error in the solution of (74) with the
time-compact fourth-order finite difference scheme from
[13], for various values of N , and the KSS methods KSS-
W(2) and KSS-WB(2).

T ∆t FD KSS-W(2) KSS-WB(2)
0.62832 0.0024 0.00377 0.00318

8π 0.31416 0.00014 6.26e-005 2.67e-005
0.15708 8.8e-006 2.09e-007 6.52e-010
0.62832 0.014 0.0195 0.0211

56π 0.31416 0.0009 0.000423 0.00018
0.15708 5.6e-005 1.46e-006 4.5e-009

Ongoing work, described in [19], involves the use of the
polar decomposition (42), to alleviate difficulties caused
by such coefficients and initial data; future work will ex-
plore possible combinations of this approach with block
KSS methods in order to generalize the superior accuracy
of the block approach to these more difficult problems.

7.3 Other Boundary Conditions and
Maxwell’s Equations

While we only considered periodic boundary conditions
in this paper, KSS methods for the wave equation can be
used with other boundary conditions. Dirichlet bound-
ary conditions were used in [12]. Inhomogeneous Dirich-
let or Neumann boundary conditions can be handled by
the standard technique of subtracting from the solution a
function that satisfies the boundary conditions, and solv-
ing a modified problem with an appropriate source term.
Future work will explore the adaptation of KSS methods
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Figure 6: Estimates of relative error in the approxi-
mate solution of problem (74), (75), (76) with periodic
boundary conditions, at t = 8π (top plot) and t = 56π
(bottom plot), computed with the time-compact fourth-
order finite-difference scheme from [13] (solid curve), a
non-block KSS method (dashed curve), and a block KSS
method (dotted-dashed curve). In the finite-difference
scheme, λ = ∆t/∆x = 0.99, and in both KSS methods,
2-point Gaussian quadrature rules are used, and N = 64
grid points.

for Maxwell’s equations, including the use of boundary
conditions such as perfectly matched layers (PML), in-
troduced by Berenger in [3], which can be implemented
by modifying the symbol of L during the computation of
the recursion coefficients, although they must be imple-
mented carefully in view of the recent analysis of PML
for variable-coefficient problems in [22].

7.4 Summary

We have demonstrated that for hyperbolic variable-
coefficient PDE, block KSS methods are capable of com-
puting Fourier components of the solution with greater
accuracy than the original KSS methods, and they pos-
sess similar stability properties in the case of smooth co-
efficients, but are much more stable for problems with
oscillatory coefficients. By pairing the solution from the
previous time step with each trial function in a block
and applying the Lanczos algorithm to them together, we
obtain a block Gaussian quadrature rule that is better
suited to approximating a bilinear form involving both
functions than the approach of perturbing Krylov sub-
spaces in the direction of the solution.
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