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Kernel Polynomial of 2-Orthogonal Sequence

BOURAS MOHAMED CHERIF *

Abstract—In this paper, the construction of the ker-
nel polynomial of 2-orthogonal polynomials is given.
Properties of this polynomial are invertigated. We
prove in particular that this polynomial conserves the
2-orthogonality, the strictly 2-quasi-orthogonality, the
2-weakly-orthogonality. On the other hand we prove
that it also preserves the classical 2-orthogonality
properties under some conditions.

Keywords: wvd- orthogonal polynomials, d- strictly-
quasi-orthogonality, semi classical d-orthogonal poly-
nomials, recurrence relations, Christoffel-Darbouz

identitie.

1 Introduction

Let {B,},>,be any orthogonal polynomial sequence
(OPS), and A a complex number such that B,(\) #

0, n > 1, its Kernel polynomial {B:A} N

’ n>0
studied by Chihara [3], [4] and Maroni [12] and has been
completed by Kwon and all [8]. It has been shown in

(8], that (z — ) B;, \(z) can be written in the form of a
linear combination of B, (x) and B,,_1(z), that is

has been

(x =) B:,A(x) = Bpy1(z) — an (A) Ba(w)
where «,, (\) = Bpy1(A)/Br(N)

From this fact, Kwon and all [8] proved that for any monic
OPS {By},~o with respect to the form o and for any
complex number A\ with B,(\) # 0, n > 1, its Kernel

polynomial {B: /\} is also an OPS with respect to the
’ n>0

form (z — \) 0.

In this work, we construct the Kernel polynomial of a 2—
OPS, that we denote by {B:;,y,z}rpo’ as we are able to
write (z —y) (v — 2) B, , .(2) in the form of linear com-
bination of B, 2(x), Bpi1(z) and B, (x), that is
(z—y)(r—=2) B:;,y,z(x) = But2(7) — anByi1(2)

+0, B, ()

where «,, and §,, are complex numbers. We also show
that this kernel polynomial keeps the 2—orthogonality,
the strictly 2—quasi-orthogonality and the 2—weakly-
orthogonality properties. Finaly, if {B,},~ is a classical
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2—O0PS, its kernel polynomial is also a classical 2—OPS
under some conditions that we will be given later.

2 Fundamental Results

Let P be the vector space of polynomials with coefficients
in C, equipped with its natural inductive limit topology;
and let P’ be its dual. We denote by (u, f) the effect of
u€Pon feP.

In particular, we denote by (u),, = (u,z™),n > 0, the
moments of u,where (.,.) is the dual brakets between the
vector space of polynomials with complex coeflicients and
its dual.

By a polynomial set (PS), we mean a sequence of monic
polynomials {B,}, -, which degB,(z) = n for all n,
where, B, (z) = 2" + ...,n > 0. Let {B,},~,be a poly-
nomial set; there exists a sequence of linear functionals
{L,},,>0, such that:

Lo (Br) = (L, Bp) = 0y, mym >0 (2.1)

The sequence {L,},~, is called the dual sequence of
{Bn},50 5 it is unique [4], [6].

Lemma 1 [5],[11]. Let f € P' and q be a positive inte-
ger. f satisfies

f(qul) 7é 0

if there exist A\, € C, for 0 <v < q—1, with A\j—1 # 0,

such that
q—1
F=Y ML,
v=0

and f(P,)=0, n>gq

Proposition 2 [11] If {£,},~, ( resp. {Zn} ) is
- n>0

(resp. {Qn}nzo)
(where Qn(x) = T%HDB,H_l(x)) then we have

the dual sequence of {Bn},

“

DLy=—-(Mm+1)Lys1, n>0 (2.2)

Let us consider d linear functionals I'1, Ty, ..., Ty (d > 1).
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Definition 1 [5],[11] Let T = (I'y,Ty,....,Tq)" be a d—
linear form defined on the vector space of polynomials on
C. A sequence {By},~ is said to be a d—dimensional
orthogonal polynomial sequence, or simply d— orthogonal
sequence (d—OPS) with respect to T', if it satisfies:

(Ta,2™Bp(z)) =0, n>md+a, m>0 (2.3)

(Tox™ Bmdta—1(z)) #0, m >0

(2.4)
for each integer a with 1 < a < d.

Remark 1 (1) When d = 1, we meet again the ordi-
nary reqular orthogonality. In this case {By}, <, is an
orthogonal polynomial sequence (OPS). B

(2) The inequality (2.4) is the reqularity condition. In this
case, the d—dimensional functional T' is called reqular. It
is not unique. Indeed, according to lemma 1, we have

o—1
=3 ALy, A #£0, 1<0<d
v=0

or equivalently
v+1
L,=) T, M #0, 0<v<d-1

o=1

Consequently, any sequence {By}, ~, d—orthogonal with
respect to I' = (Fl,Fz, ...7Fd)T 18 also d-orthogonal with

respect to L = (Lo, L1, ...,ﬁd_l)T

Definition 2 [5],[11]. The fonctional T is regular if
there exists a sequence {Bp}, > satisfing (2.3) and (2.4) .

Let D be the derivative operator

Ly

and also we define the left product form by a polynomial

(fL,p) = (L, fp)

(DL,p) = — VpeP

, Vp, feP

Definition 3 [11] A sequence {B,},~, is said strictly
d—quasi-orthogonal of order s with respect to I' =
(01,12, .., T9) " if it satisfies:

(T*,2™Bp(z)) =0, n>(m+ss)d+a, m>0
(2.5)
<Fa7 xmB(m+sm)d+a71<x)> 7é 0, m=>0
(2.6)

or every 1 < a <d with s = max s,.
J yl<a< nax sa

Theorem 3 [5], [11].For each sequence { By}, ~ the fol-
lowing propositions are equivalent: -

(a)- The sequence { By}, is d—orthogonal with respect
toT = (T,T2,...,74)"

(b)- The sequence { By}, verifies a recurrence relation
of order d+1(d>1):

Bptati(z) = (2 = Bpga) Bm+a(@)

i - 2.7
- Zﬁ:(l) V:ln-i-ld—uBm"rd—l—V(x)v m2>0 ( )
with the initial conditions
Bo(z) =1, Bi(z)=z-p, (2.8)
and if d > 2
Bu(2) = (&~ B 4 - sz B (@)
- (2.9)
2<n<d

Corollary 4 Let {By},-, be a d—OPS with respect to
I'= (Fl,FQ, ...,Fd)T, then

Bryir1(x) = (m+d+2) Qmidr1 ()
(m +d+1) (2= Bnyar1) Qmid (z)

+Z (m+d—

(2.10)
7m+d+1 ,,Q7rz+d— 1-v ($)

Now we give a definition of the d—weakly-orthogonality.

Definition 4 A sequence {B,},~, is said d—weakly-
orthogonal of index (p,q) with respect to ' =

(FI,F2, ...7Fd)T if satisfies for every 1 < 8 <d
{ él‘ B<)> 0,n > 5d+ﬁ (2.11)
re s Bpgarp-1( >7é
where p = 1r§nﬁa%<d pg, and
I'? 2By,(z)) =0 n>(qg+l)d+ﬁ
e 2.12
{ él“ »Blgg1ars-1(x)) # 0 (212)

h —
where ¢ = mﬁai(dqﬁ,

Remark 2 A strictly d—quasi-orthogonal sequences of
order p with respect to I' is d-weakly orthogonal of index
(p,p + 1) with respect to T.

Remark 3 Ifd = 1, we have the definition of the weakly
orthogonal sequence of indez (p,q) [10].
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Definition 5 ([5],[6],[7]) A d-orthogonal monic se-
quence {Bp},~(d > 1) is said to be classical, or sim-
ply d-classical, if it satisfies the Hahn’s property, that
is to say, the polynomial sequence {Qn},~, is also d-
orthogonal .

Proposition 5 [9] Let {B,},-,be a d—OPS, then it
satisfie the generalised Christoffel-Darbouz identities

Byya(zy) B (x1)

(fs) | -

Brya(way1) Bp(za41)

n v -1
n—v)(d— d
=y (T104)
v=0 pn=0

B, _ita(z1)

(2.13)

xlBufler(xl)

By _14a(xds1) Tay1Bu—14a(®ay1)

with x; # x;
0(vg=1).

if i # j and when 7% # 0,¥Yn >

3 Kernel Polynomial of 2-Orthogonal
Polynomial

Let {By},5 be a 2—OPS with respect to the form I' =

(T1,T2)", then the Christoffel-Darboux identity (d = 2)
[9] can be written as

n gy Byyi(z) Br(z) Bryi(z)
Z - ngrlEy; gkgyi ygkﬂgy;
k=0 0 k+1(2 kl2)  2Dk+1(2
1
1 Bpi2(z) Bpii(r) Bu(w)
=— Bni2(y) Bnt1(y) Ba(y)
HV% Bri2(2) Bnyi(z) Ba(z)

and that we can put it under the following form

79
l!;[o Zn: (71)167” |: Mk($,y,z)Bk+1(ﬂf) :|
0, (v, 2) k +Ni(2,y, 2) By (z)

k=0

— 1 [ Byia(x) — o (y, 2) Brya (@) ]
+0n (Y, 2) Bn(x)

where
(z—y) ngrl(y) gk(y) ‘

Mi(op,2) = LR
Nl = %BkJrl(y)BkJrl(z)

’ gn+2(y) gn(y)
o (y’ Z) n+2iz()y z)n(Z) , > 07
)= Gtz
On (y,2) = ‘ BZﬁEZ; giﬁi’; n>0.

Definition 6 We define a sequence {B;:,y,z}nm by

[ Bpyo(z) — anBnyi(z) :|
+6,Bn(z)
B, (z) = 3.1
(%) EEmeE (81)
with
Bnia(y)  Ba(y)
B, B,
o — +2(Zz () om0,
5 = 9n+1, n>0, (3.2)
0n
Bni1(y)  Bn(y)
0, = " >0
Bua(2) Ba(e) | "7
Remark 4 B} () is a monic polynomial of degree n

because y and z are zeros of

Bio(x) — apBpyi(x) 4+ 0, B ().

Definition 7 A sequence {B*

n,Y,z

}n>0 will be called Ker-
nel polynomial of {Bn}, s - N

For every real numbers y and z, we consider the new
functional I'* of which the moments of order n are defined
by

I* (") =T, =Tnia — (¥ + 2)Tnga +y2ln
where T';, =T (z™) is the moment of order n of T.

It is obvious that for any polynomial IT (z) of degree n
we have

I (2)] = (z — y)(z — 2)T [l (z)]

We now state the main result of our paper.

(Advance online publication: 22 May 2009)
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Theorem 6 Let {By},~ be a 2-OPS with respect to the
functional T' = (Fl,Fg)T. Then for any real numbers y

and z, the functional T* = (z—y)(x —2)T is quasi-
defined if and only if

Bri1(y)
Bn+1(z)

Bn(y)

bn = Bu(2)

£0, n>0. (3.3)

In this case, the 2—orthogonal polynomial sequence relat-
ing to the functional T* = (I3, T3)" is

B N (@)= Bio(z) — ajBnH(iE) + 6,B(x) (3.4)
(z—y)(z—2)
with
Buii1(y) Bnl(y)
071 = + ’ > 07
‘ Bua(2) Ba(2) |7
B7z+2(y) Bn(y)
Bua(2) Bul2) (3.5)
Qp = yn =0,
5, — 9;:1 >0
Proof. As {B,},~, is a 2-OPS with respect to the

functional T' , then it satisfies (2.3) and (2.4) . For every
a = 1,2 we have

—an (Pa, 2™ By (2))

(I, @ (T, 2™ Bpia(x))

—0pn (T, 2™Bp(z)) =0

forn>2m+a« , m >0, because

n>2m+oa—2
, n>2m+a—1
n>2m-+ «

In the same way we have

<Fz7xmB;m+a71,y,z($)> =
<Faaxm32m+a+1<x)>

—02m+ta—1 <Fa;xm82m+a( )>
—02m+a—1{La, 2™ Bamta-1(2)) # 0

for 6, #0 Vm > 0 because

<Fom €T B2m+(x+1(z)>
<Pa7x B2m+a( )> =
X

3
<Pa7x Bomya— 1( ) 7é

| \/
o

That is

ema
Somia 1= —2X2 £ m>0

02m+o¢—1

which gives
02m+oz 7& 0 and 02m+0¢—1 7é 0 )
and finally we get

m >0

0 70 , m>0

We conclude from

{ (T, amBy, (2)) =0, n>2m+a, m>0
<F:;7 mBQm+a71,y,z(‘r)> 7é 07 m 2 0

that {Bn v, .} >0 18 a 2-OPS with respect to the func-
tional T* = (z —y) (x —2)T if 0,(y,2) Z0 , n >0
|

Proposition 7 For an monic 2-OPS {Qy},,~, , the fol-
lowing properties are equivalent: a

(i)- {Qn},>o is a monic Kernel polynomial sequence
(MKPS) for some other OPS.

(ii)- There exists two complex numbers y and z, and
O,y 0 £ 0 and an monic 2-OPS {Bn}nzo such that

(z—y)(x—2)Qn(z) = Bny2(z) — anBny1(2f)5.6)
+8,Bn () (1)

under the condition 0,(y,z) #0 , n>0

Proof. (i) = (i1). Assume that {Qn},>
{Bz,y’z}nzo' Then we have (3.6) with
Bni1(y)  Bn(y)
0. = +1 >
=Bl iy o
' Buy2(y) Bul(y)
B, B,
- +2(2) (2) >0
61’1 = 62:1 ,n Z 0

(73) = (i).Assume that (ii) holds. Then
((z—y) (@ = 2)Ta, 2" Qn(x)) =
<F(x; xmBn-&-Q (SC)) — Qp <Fom :CmBn+1(1’)>

+6n (Lo, 2™Bp(z)) =0
for n > 2m + «. Furthermore

(z=y) (@ —2)Ta, 2" Qamta-1(2)) =
<Fou " Bomtat1 ($)>
—2m+ta—1 <Fa’xmB2m+a($)>

+62m+o¢71 <Fa; xmB2m+a71($)> 7é 0
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for

92m+a

_mta 0 Wm >0
92m+a—1(yaz) ;A

domta—-1(y,2) =
which gives
Oomta #0 and Oopyq—1 #0 form >0
Finally we get
Om(y,2) #0 , m >0

relative  to
{Briy.z b nso

So that {Q@n},5o is an MOPS

(z—y)(x—2)T. Hence {Qn},>q
by theorem 2. W

The Kernel polynomial { B, v, .} of the 2-orthogonal

n>0
sequence {B,,},~verifies the following properties

Proposition 8 If {B,},., is a strictly 2—quasi-
orthogonal sequence of order s with respect to the linear
form I', then its Kernel polynomial {Bn " .} ns0 18 also a
strictly 2—quasi-orthogonal of order s with respect to the
linear form T* = (z — y) (x — 2) T, under the condition

02(5a+m +a (yv ) 7é 0

where s = max Sq
1<a<2

and 02(sa+m)+o¢—1 (yv Z) 7é 0

Proof. As {B,}, -, is strictly 2—quasi-orthogonal of
order s with respect to the linear form T, then it satisfy
(2.4) and (2.5). For every « = 1,2 we have

<F mB;kLy z( )> = <Fa,$mBn+2(:L')
—an (To, 2™ By (z))
+8n (Lo, 2™ By (x))
=0
for n > 2(sq + m) +a and m > 0, because

0, n>2(m+s4)+a—2,
0, n>2(m+sq)+a—1,
n>2(m+ s, + a.

Furthermore (let v, = 2(sq + m) + @ — 1)

<F* & B )> = (Ta,2™B,_1a(x))

—ay, (¥,2) (Ta, 2™ By, 41(2))

(Taa™ B, () £0

v 70, m >0, because

+dy
for §

That is

92(sa+m)+a (y,2)
2(sa+m)+a—1 (y,2)

62(sa+m)+a71 (Z/; Z) = 0 7é 0.

Then
On (y,2) #0

for

n=2(8q+m)+a,2(sq +m)+a—1
It follows that {Bny Z}n>0 is also a strictly 2—quasi-
orthogonal of order s with respect to the linear form
' = (x—y)(z—2)T, if 02(8a+m)+a (y,z) # 0 and
92(sm+m)+a 1 ( ) 7& 0.

Proposition 9 If {B,}, -, is a 2—weakly-orthogonal of
index (p,q) with respect to the linear form T, then its
associated sequence {B .z }n>0 is also a 2—weakly-
orthogonal of index(p, q) with respect to the linear form

I'* = (x —y) (x — 2) T, under the condition
0n (y,2) #0
for
n=2p, +a, 2(qa+1)+a
or

n=2ps+a—-1,2(qg+1)+a-1

where p = maxp, and ¢ = maxq,
« «@

Proof. As {B,}, -, is a 2—weakly-orthogonal of index
(p, q) with respect to the linear form T, then it satisfies
(2.13), and throughout

(Te: Bry.-(2))

<Fav Bt (x))

—Qp <Fou Bn+1 ($)>
+6n (Lo, Bn())

= 0

for n > 2p, + a, because

<Fa7 Bn+2(x)> =0,
<Faan+1(x)> =0,
(T, Bn(x)) =0,

n > 2py, +a — 2,
n > 2p, +a—1,
n > 2ps + a.

Furthermore (let n, =2p, +a—1)

(@) = (Ta By (@)
—Q,, <Faana+l(37)>
+0n,, <Fav By, ($)>

# 0

<r* B

NasYs2

for §, # 0, because

éra,Bnm+2 x i
Fa, B"'la+1 =
(Cas By, (2) )

(Advance online publication: 22 May 2009)
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Then
921711 +a

£0

621701*‘1’04*1 = 0
2pata—1

hence
021741"'0‘ 7& O and 9217a+0t—1 7é O

{Bn},>satisfies also (2.14), throughout
(T4.2B5,.(2) = (Ta,2Bni2(2))
—ap (Lo, 2Bpy1(2))

+6p (Ta, zBp(x))
= 0

for n > 2(go + 1) + «, because

(T, ¢Bya(a) =
(T, 2By () =
(T B2~ 0,

n>2(qa+1)+a-2,
n>2(qa+1)d+a-—1,
n>2(ga+1)+a.

Furthermore (let 6, =2(go +1)+a—1)

(T2 B, (@) = (DasaBa,i2())
—g,+1 (Lo, 2By, 41(2))

+00,, (T'a, 2By, (2))

# 0
for gy, # 0, because
(I, 2Bag, +2(z)) =
(I'* 2By, +1(2)) =
(I'*, 2By, (7)) #0
That is 0
59 _ 2(qa+1)+a 7&0
92(qa+1)+o¢—1
Then

02(Qc1+1)+a (ya Z) #0 02(qa+1)+0¢—1 (y, Z) #0

It follows that {Bnyz} >0

of index (p,q) with respect to the linear form I'* =
(x —y) (x — 2) T, under the condition

is a 2—weakly-orthogonal

0, #0
for
n=2s+a,2ps+a—1 2(g.+1)+«
or
n=2(+1)+a—-1
|

Denoting by {L,},~, the dual sequence of {B,}, -,
then the sequence {B,}, . is said d-orthogonal if and
only if -

{ (Lo, x™Bp(x)) =0, n>md+a+1, m>0

<£a7$mBmd+a($)> # 0, m > 0

Proposition 10 Let {B,}, be a 2—classical OPS with

respect to the form A = (£0,£1)T, then the sequence
{B:L,yyz}nx) is also a 2—classical OPS with respect to the

form A* = (z —5) (x — 2) A under the condition

62m+a71 7& 0
and

(2m + a) <Z‘:, me2m+a($)>

0
V2mta—2 7 -
mra=2 7 (om 4o — 1) <2 ey 2(33)>

[ “

form > 0. Here we take A = (x —y) (xz — 2) A.

Proof. Let {By},, be a 2-OPS with respect to the
form A, then {B } >p 1s also 2-OPS with respect to

the form I'* (according to the proposition ...) . it remains
to be shown that {Q* } >0 is a 2—O0PS with respect

ok

to A .

n,Y,z

n,y,z

Indeed

*
m )k
<‘C Ty,

@)
1

:n+1<£ x DBn+1yz(x)>

:nil<z0@ aﬁw,@»>

m ok
_ L.z
n—|—1< «

1 ok
= — <D£a "B yz

me 1B:;+1 Y, 2 (CL’)>

@)

_nTl <£ T _1Bn+1,yz (ac)>
While using (2.2) we have

<£* Q-

a+1, .
_n+1<£

n+1

@)

';kLJrl,y,z (.’E)>

m

according to the definition of the 2-orthogonality, we have

(Lh,a™By . (2) =0, 2m+a, m>0

(Advance online publication: 22 May 2009)
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and and

<£a T 1B7*L+1,y, (J:)> — <£a;$m_1Bn+3($)>
—Qp41 <‘2 7xman+2(~T)>

+6n+1 <2 .’E‘m_an+1(.’E)>

By using the result (2.12), i.e

Bp(z) = (n+1) Qn(z) + 18, Qn-1(x)
—(n =) 7Qn-2(x) = (n —2) 7, _1Qn-3(x)
—nxQn—1(x)

we obtain for m >0

=S

(xaxmian+3(‘T) :07 n22m+ozf1,

S

a0, T 1B ia(z) ) =0, n>2m-+a,

Za,xm’anH(:lc) =0, n>2m+a+1

=g, +1

<’Ca xm 1BZ +1,y,z (Z’)>
- <<z ) (5~ 2) Loyt By <x>>
- Bgm+3(x)
=( Lo,z | —ap, 418y, +2(2)
+0o, 118, +1(2)

~ (0= D %mra (£nva™ s, 2(0))
(e + ) (Lo, ()

£0

Thus we have the regularity if for m > 0

0o, -1#0

) and .

Finally we have <£a7 2"Q,. (x)>
" Yo i -
<£ " szz()>:0’ n>2m+a+l, m=>0 ¢o? o1 -1
Qo,—2(2)
Let us study the regularity now, let g, =2m + o =
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