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Abstract–In this paper, the construction of the ker-
nel polynomial of 2-orthogonal polynomials is given.
Properties of this polynomial are invertigated. We
prove in particular that this polynomial conserves the
2-orthogonality, the strictly 2-quasi-orthogonality, the
2-weakly-orthogonality. On the other hand we prove
that it also preserves the classical 2-orthogonality
properties under some conditions.
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1 Introduction

Let {Bn}n≥0be any orthogonal polynomial sequence
(OPS), and λ a complex number such that Bn(λ) 6=
0, n ≥ 1, its Kernel polynomial

n
B∗n,λ

o
n≥0

has been

studied by Chihara [3] , [4] and Maroni [12] and has been
completed by Kwon and all [8]. It has been shown in
[8], that (x− λ)B∗n,λ(x) can be written in the form of a
linear combination of Bn(x) and Bn−1(x), that is

(x− λ)B∗n,λ(x) = Bn+1(x)− αn (λ)Bn(x)

where αn (λ) = Bn+1(λ)/Bn(λ)

From this fact, Kwon and all [8] proved that for any monic
OPS {Bn}n≥0 with respect to the form σ and for any
complex number λ with Bn(λ) 6= 0, n ≥ 1, its Kernel

polynomial
n
B∗n,λ

o
n≥0

is also an OPS with respect to the

form (x− λ)σ.

In this work, we construct the Kernel polynomial of a 2−
OPS, that we denote by

©
B∗n,y,z

ª
n≥0, as we are able to

write (x− y) (x− z)B∗n,y,z(x) in the form of linear com-
bination of Bn+2(x), Bn+1(x) and Bn(x), that is

(x− y) (x− z)B∗n,y,z(x) = Bn+2(x)− αnBn+1(x)

+δnBn(x)

where αn and δn are complex numbers. We also show
that this kernel polynomial keeps the 2−orthogonality,
the strictly 2−quasi-orthogonality and the 2−weakly-
orthogonality properties. Finaly, if {Bn}n≥0 is a classical
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2−OPS, its kernel polynomial is also a classical 2−OPS
under some conditions that we will be given later.

2 Fundamental Results

Let P be the vector space of polynomials with coefficients
in C, equipped with its natural inductive limit topology;
and let P 0 be its dual. We denote by hu, fi the effect of
u ∈ P on f ∈ P 0.
In particular, we denote by (u)n = hu, xni , n ≥ 0, the
moments of u,where h., .i is the dual brakets between the
vector space of polynomials with complex coefficients and
its dual.

By a polynomial set (PS), we mean a sequence of monic
polynomials {Bn}n≥0 which degBn(x) = n for all n,
where, Bn(x) = xn + ..., n ≥ 0. Let {Bn}n≥0be a poly-
nomial set; there exists a sequence of linear functionals
{Ln}n≥0, such that:

Ln (Bm) = hLn, Bmi = δnm, n,m ≥ 0 (2.1)

The sequence {Ln}n≥0 is called the dual sequence of
{Bn}n≥0 ; it is unique [4] , [6] .

Lemma 1 [5] , [11] . Let f ∈ P 0 and q be a positive inte-
ger. f satisfies

f(Pq−1) 6= 0 and f(Pn) = 0, n ≥ q

if there exist λν ∈ C, for 0 ≤ ν ≤ q − 1, with λq−1 6= 0,
such that

f =

q−1X
ν=0

λνLν

Proposition 2 [11] If {Ln}n≥0
Ã
resp.

½
v
Ln
¾
n≥0

!
is

the dual sequence of {Bn}n≥0
³
resp. {Qn}n≥0

´
³
where Qn(x) =

1
n+1DBn+1(x)

´
then we have

D
v
Ln = − (n+ 1)Ln+1, n ≥ 0 (2.2)

Let us consider d linear functionals Γ1,Γ2, ...,Γd (d ≥ 1) .



Definition 1 [5] , [11] Let Γ = (Γ1,Γ2, ...,Γd)
T be a d−

linear form defined on the vector space of polynomials on
C. A sequence {Bn}n≥0 is said to be a d−dimensional
orthogonal polynomial sequence, or simply d−orthogonal
sequence (d−OPS) with respect to Γ, if it satisfies:

hΓα, xmBn(x)i = 0, n ≥ md+ α, m ≥ 0 (2.3)

hΓαxmBmd+α−1(x)i 6= 0, m ≥ 0
(2.4)

for each integer α with 1 ≤ α ≤ d.

Remark 1 (1) When d = 1, we meet again the ordi-
nary regular orthogonality. In this case {Bn}n≥0 is an
orthogonal polynomial sequence (OPS).

(2) The inequality (2.4) is the regularity condition. In this
case, the d−dimensional functional Γ is called regular. It
is not unique. Indeed, according to lemma 1, we have

Γσ =
σ−1X
ν=0

λσνLν , λσσ−1 6= 0, 1 ≤ σ ≤ d

or equivalently

Lν =
ν+1X
σ=1

τνσΓ
σ, λνν 6= 0, 0 ≤ ν ≤ d− 1

Consequently, any sequence {Bn}n≥0 d−orthogonal with
respect to Γ =

¡
Γ1,Γ2, ...,Γd

¢T
is also d-orthogonal with

respect to L = (L0,L1, ...,Ld−1)T .

Definition 2 [5] , [11] . The fonctional Γ is regular if
there exists a sequence {Bn}n≥0 satisfing (2.3) and (2.4) .

Let D be the derivative operator

hDL, pi = − hL, p0i , ∀ p ∈ P

and also we define the left product form by a polynomial

hfL, pi = hL, fpi , ∀ p, f ∈ P

Definition 3 [11] A sequence {Bn}n≥0 is said strictly
d−quasi-orthogonal of order s with respect to Γ =¡
Γ1,Γ2, ...,Γd

¢T
if it satisfies:

hΓα, xmBn(x)i = 0, n ≥ (m+ sα)d+ α, m ≥ 0
(2.5)­

Γα, xmB(m+sα)d+α−1(x)
® 6= 0, m ≥ 0

(2.6)
for every 1 ≤ α ≤ d with s = max

1≤α≤d
sα.

Theorem 3 [5] , [11] .For each sequence {Bn}n≥0 the fol-
lowing propositions are equivalent:

(a)- The sequence {Bn}n≥0 is d−orthogonal with respect
to Γ =

¡
Γ1,Γ2, ...,Γd

¢T
.

(b)- The sequence {Bn}n≥0 verifies a recurrence relation
of order d+ 1(d ≥ 1) :

Bm+d+1(x) = (x− βm+d)Bm+d(x)

−Pd−1
ν=0 γ

d−1−ν
m+d−νBm+d−1−ν(x), m ≥ 0 (2.7)

with the initial conditions

B0(x) = 1 , B1(x) = x− β0 (2.8)

and if d ≥ 2

Bn(x) = (x− βn−1)Bn−1(x)−
n−2X
ν=0

γd−1−νn−1−νBn−2−ν(x)

(2.9)
2 ≤ n ≤ d

Corollary 4 Let {Bn}n≥0 be a d−OPS with respect to
Γ =

¡
Γ1,Γ2, ...,Γd

¢T
, then

Bm+d+1(x) = (m+ d+ 2)Qm+d+1 (x)
− (m+ d+ 1)

¡
x− βm+d+1

¢
Qm+d (x)

+
d−1X
ν=0

(m+ d− ν) γd−1−νm+d+1−νQm+d−1−ν (x)
(2.10)

Now we give a definition of the d−weakly-orthogonality.

Definition 4 A sequence {Bn}n≥0 is said d−weakly-
orthogonal of index (p, q) with respect to Γ =¡
Γ1,Γ2, ...,Γd

¢T
if satisfies for every 1 ≤ β ≤ d½ ­

Γβ, Bn(x)
®
= 0, n ≥ pβd+ β­

Γβ, Bpβd+β−1(x)
® 6= 0 (2.11)

where p = max
1≤β≤d

pβ, and

½ ­
Γβ , xBn(x)

®
= 0, n ≥ (qβ + 1) d+ β­

Γβ , B(qβ+1)d+β−1(x)
® 6= 0 (2.12)

where q = max
1≤β≤d

qβ ,

Remark 2 A strictly d−quasi-orthogonal sequences of
order p with respect to Γ is d-weakly orthogonal of index
(p, p+ 1) with respect to Γ.

Remark 3 If d = 1, we have the definition of the weakly
orthogonal sequence of index (p, q) [10] .



Definition 5 ([5] , [6] , [7]) A d-orthogonal monic se-
quence {Bn}n≥0 (d ≥ 1) is said to be classical, or sim-
ply d-classical, if it satisfies the Hahn’s property, that
is to say, the polynomial sequence {Qn}n≥0 is also d-
orthogonal .

Proposition 5 [9] Let {Bn}n≥0be a d−OPS, then it
satisfie the generalised Christoffel-Darboux identities

Ã
nY

µ=0

γ0µ

!−1 ¯̄̄̄¯̄̄̄ Bn+d(x1) ... Bn(x1)
... ... ...
... ... ...

Bn+d(xd+1) ... Bn(xd+1)

¯̄̄̄
¯̄̄̄

=
nX

ν=0

(−1)(n−ν)(d−1)+d ×
Ã

νY
µ=0

γ0µ

!−1

×

¯̄̄̄
¯̄̄̄ Bν−1+d(x1) ... x1Bν−1+d(x1)

... ... ...

... ... ...
Bν−1+d(xd+1) ... xd+1Bν−1+d(xd+1)

¯̄̄̄
¯̄̄̄

(2.13)

with xi 6= xj if i 6= j and when γ0n 6= 0,∀n ≥
0
¡
γ00 = 1

¢
.

3 Kernel Polynomial of 2-Orthogonal
Polynomial

Let {Bn}n≥0 be a 2−OPS with respect to the form Γ =
(Γ1,Γ2)

T
, then the Christoffel-Darboux identity (d = 2)

[9] can be written as

nX
k=0

(−1)k−n
kY

µ=0

γ0µ

¯̄̄̄
¯̄ Bk+1(x) Bk(x) xBk+1(x)
Bk+1(y) Bk(y) yBk+1(y)
Bk+1(z) Bk(z) zBk+1(z)

¯̄̄̄
¯̄

=
1

nY
µ=0

γ0n

¯̄̄̄
¯̄ Bn+2(x) Bn+1(x) Bn(x)
Bn+2(y) Bn+1(y) Bn(y)
Bn+2(z) Bn+1(z) Bn(z)

¯̄̄̄
¯̄

and that we can put it under the following form

nY
µ=0

γ0n

θn (y, z)

nX
k=0

(−1)k−n
kY

µ=0

γ0µ

∙
Mk(x, y, z)Bk+1(x)
+Nk(x, y, z)Bk(x)

¸

=
1

(x− y) (x− z)

∙
Bn+2(x)− αn (y, z)Bn+1(x)

+δn (y, z)Bn(x)

¸

where⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Mk(x, y, z) =

¯̄̄̄
(x− y)Bk+1(y) Bk(y)
(x− z)Bk+1(z) Bk(z)

¯̄̄̄
(x− y) (x− z)

Nk(x, y, z) =
(y − z)

(x− y) (x− z)
Bk+1(y)Bk+1(z)

αn (y, z) =

¯̄̄̄
Bn+2(y) Bn(y)
Bn+2(z) Bn(z)

¯̄̄̄
θn (y, z)

, n ≥ 0,

δn (y, z) =
θn+1 (y, z)

θn (y, z)
, n ≥ 0,

θn (y, z) =

¯̄̄̄
Bn+1(y) Bn(y)
Bn+1(z) Bn(z)

¯̄̄̄
, n ≥ 0.

Definition 6 We define a sequence
©
B∗n,y,z

ª
n≥0 by

B∗n,y,z(x) =

∙
Bn+2(x)− αnBn+1(x)

+δnBn(x)

¸
(x− y) (x− z)

(3.1)

with ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

αn =

¯̄̄̄
Bn+2(y) Bn(y)
Bn+2(z) Bn(z)

¯̄̄̄
θn

, n ≥ 0,

δn =
θn+1
θn

, n ≥ 0,

θn =

¯̄̄̄
Bn+1(y) Bn(y)
Bn+1(z) Bn(z)

¯̄̄̄
, n ≥ 0.

(3.2)

Remark 4 B∗n,y,z(x) is a monic polynomial of degree n
because y and z are zeros of

Bn+2(x)− αnBn+1(x) + δnBn(x).

Definition 7 A sequence
©
B∗n,y,z

ª
n≥0 will be called Ker-

nel polynomial of {Bn}n≥0 .

For every real numbers y and z, we consider the new
functional Γ∗ of which the moments of order n are defined
by

Γ∗ (xn) = Γ∗n = Γn+2 − (y + z)Γn+1 + yzΓn

where Γn = Γ (xn) is the moment of order n of Γ.

It is obvious that for any polynomial Π (x) of degree n
we have

Γ∗ [Π (x)] = (x− y)(x− z)Γ [Π (x)]

We now state the main result of our paper.



Theorem 6 Let {Bn}n≥0 be a 2-OPS with respect to the
functional Γ = (Γ1,Γ2)

T
. Then for any real numbers y

and z, the functional Γ∗ = (x− y) (x− z)Γ is quasi-
defined if and only if

θn =

¯̄̄̄
Bn+1(y) Bn(y)
Bn+1(z) Bn(z)

¯̄̄̄
6= 0, n ≥ 0. (3.3)

In this case, the 2−orthogonal polynomial sequence relat-
ing to the functional Γ∗ = (Γ∗1,Γ∗2)

T is

B∗n,y,z(x) =
Bn+2(x)− αnBn+1(x) + δnBn(x)

(x− y) (x− z)
(3.4)

with ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

θn =

¯̄̄̄
Bn+1(y) Bn(y)
Bn+1(z) Bn(z)

¯̄̄̄
, n ≥ 0,

αn =

¯̄̄̄
Bn+2(y) Bn(y)
Bn+2(z) Bn(z)

¯̄̄̄
θn

, n ≥ 0,

δn =
θn+1
θn

, n ≥ 0.

(3.5)

Proof. As {Bn}n≥0 is a 2-OPS with respect to the
functional Γ , then it satisfies (2.3) and (2.4) . For every
α = 1, 2 we have­

Γ∗α, x
mB∗n,y,z(x)

®
= hΓα, xmBn+2(x)i

−αn hΓα, xmBn+1(x)i

−δn hΓα, xmBn(x)i = 0

for n ≥ 2m+ α , m ≥ 0, because⎧⎨⎩ hΓα, xmBn+2(x)i = 0, n ≥ 2m+ α− 2
hΓα, xmBn+1(x)i = 0, n ≥ 2m+ α− 1
hΓα, xmBn(x)i = 0, n ≥ 2m+ α

In the same way we have­
Γ∗α, xmB∗2m+α−1,y,z(x)

®
=

hΓα, xmB2m+α+1(x)i
−α2m+α−1 hΓα, xmB2m+α(x)i
−δ2m+α−1 hΓα, xmB2m+α−1(x)i 6= 0

for δλ 6= 0 ∀m ≥ 0 because
hΓα, xmB2m+α+1(x)i = 0
hΓα, xmB2m+α(x)i = 0
hΓα, xmB2m+α−1(x)i 6= 0 , m ≥ 0

That is

δ2m+α−1 =
θ2m+α
θ2m+α−1

6= 0, m ≥ 0

which gives

θ2m+α 6= 0 and θ2m+α−1 6= 0 , m ≥ 0
and finally we get

θm 6= 0 , m ≥ 0

We conclude from½ ­
Γ∗α, xmB∗n,y,z(x)

®
= 0, n ≥ 2m+ α, m ≥ 0­

Γ∗α, xmB∗2m+α−1,y,z(x)
® 6= 0, m ≥ 0

that
©
B∗n,y,z

ª
n≥0 is a 2-OPS with respect to the func-

tional Γ∗ = (x− y) (x− z)Γ if θn(y, z) 6= 0 , n ≥ 0

Proposition 7 For an monic 2-OPS {Qn}n≥0 , the fol-
lowing properties are equivalent:

(i)- {Qn}n≥0 is a monic Kernel polynomial sequence
(MKPS) for some other OPS.

(ii)- There exists two complex numbers y and z, and
αn, δn 6= 0 and an monic 2-OPS {Bn}n≥0 such that
(x− y) (x− z)Qn(x) = Bn+2(x)− αnBn+1(x)(3.6)

+δnBn(x) (1)

under the condition θn(y, z) 6= 0 , n ≥ 0

Proof. (i) ⇒ (ii). Assume that {Qn}n≥0 =©
B∗n,y,z

ª
n≥0 . Then we have (3.6) with

θn =

¯̄̄̄
Bn+1(y) Bn(y)
Bn+1(z) Bn(z)

¯̄̄̄
, n ≥ 0

αn =

¯̄̄̄
Bn+2(y) Bn(y)
Bn+2(z) Bn(z)

¯̄̄̄
θn

, n ≥ 0

δn =
θn+1
θn

, n ≥ 0.

(ii)⇒ (i).Assume that (ii) holds. Then

h(x− y) (x− z)Γα, x
mQn(x)i =

hΓα, xmBn+2(x)i− αn hΓα, xmBn+1(x)i

+δn hΓα, xmBn(x)i = 0
for n ≥ 2m+ α. Furthermore

h(x− y) (x− z)Γα, x
mQ2m+α−1(x)i =

hΓα, xmB2m+α+1(x)i

−α2m+α−1 hΓα, xmB2m+α(x)i

+δ2m+α−1 hΓα, xmB2m+α−1(x)i 6= 0



for

δ2m+α−1(y, z) =
θ2m+α

θ2m+α−1(y, z)
6= 0, ∀m ≥ 0

which gives

θ2m+α 6= 0 and θ2m+α−1 6= 0 for m ≥ 0
Finally we get

θm(y, z) 6= 0 , m ≥ 0
So that {Qn}n≥0 is an MOPS relative to
(x− y) (x− z)Γ. Hence {Qn}n≥0 =

©
B∗n,y,z

ª
n≥0

by theorem 2.

The Kernel polynomial
©
B∗n,y,z

ª
n≥0 of the 2-orthogonal

sequence {Bn}n≥0verifies the following properties

Proposition 8 If {Bn}n≥0 is a strictly 2−quasi-
orthogonal sequence of order s with respect to the linear
form Γ, then its Kernel polynomial

©
B∗n,y,z

ª
n≥0 is also a

strictly 2−quasi-orthogonal of order s with respect to the
linear form Γ∗ = (x− y) (x− z)Γ, under the condition

θ2(sα+m)+α (y, z) 6= 0 and θ2(sα+m)+α−1 (y, z) 6= 0
where s = max

1≤α≤2
sα

Proof. As {Bn}n≥0 is strictly 2−quasi-orthogonal of
order s with respect to the linear form Γ, then it satisfy
(2.4) and (2.5). For every α = 1, 2 we have­

Γ∗α, xmB∗n,y,z(x)
®
= hΓα, xmBn+2(x)i
−αn hΓα, xmBn+1(x)i
+δn hΓα, xmBn(x)i

= 0

for n ≥ 2(sα +m) + α and m ≥ 0, because⎧⎨⎩ hΓα, xmBn+2(x)i = 0, n ≥ 2(m+ sα) + α− 2,
hΓα, xmBn+1(x)i = 0, n ≥ 2(m+ sα) + α− 1,
hΓα, xmBn(x)i = 0, n ≥ 2(m+ sα) + α.

Furthermore ( let γα = 2(sα +m) + α− 1)D
Γ∗α, xmB∗γα,y,z(x)

E
=
­
Γα, x

mBγα+2(x)
®

−αγα (y, z)
­
Γα, x

mBγα+1(x)
®

+δγα
­
Γα, x

mBγα(x)
® 6= 0

for δγα 6= 0, m ≥ 0 , because­
Γα, x

mBγα+2(x)
®
= 0­

Γα, x
mBγα+1(x)

®
= 0­

Γα, x
mBγα(x)

® 6= 0, m ≥ 0.

That is

δ2(sα+m)+α−1 (y, z) =
θ2(sα+m)+α (y, z)

θ2(sα+m)+α−1 (y, z)
6= 0.

Then
θn (y, z) 6= 0

for
n = 2(sα +m) + α, 2(sα +m) + α− 1.

It follows that
©
B∗n,y,z

ª
n≥0 is also a strictly 2−quasi-

orthogonal of order s with respect to the linear form
Γ∗ = (x− y) (x− z)Γ, if θ2(sα+m)+α (y, z) 6= 0 and
θ2(sα+m)+α−1 (y, z) 6= 0 .

Proposition 9 If {Bn}n≥0 is a 2−weakly-orthogonal of
index (p, q) with respect to the linear form Γ, then its
associated sequence

©
B∗n,y,z

ª
n≥0 is also a 2−weakly-

orthogonal of index(p, q) with respect to the linear form
Γ∗ = (x− y) (x− z)Γ, under the condition

θn (y, z) 6= 0
for

n = 2pα + α, 2 (qα + 1) + α

or
n = 2pα + α− 1, 2 (qα + 1) + α− 1

where p = max
α

pα and q = max
α

qα

Proof. As {Bn}n≥0 is a 2−weakly-orthogonal of index
(p, q) with respect to the linear form Γ, then it satisfies
(2.13) , and throughout­

Γ∗α, B
∗
n,y,z(x)

®
= hΓα, Bn+2(x)i
−αn hΓα, Bn+1(x)i
+δn hΓα, Bn(x)i

= 0

for n ≥ 2pα + α, because⎧⎨⎩ hΓα, Bn+2(x)i = 0, n ≥ 2pα + α− 2,
hΓα, Bn+1(x)i = 0, n ≥ 2pα + α− 1,
hΓα, Bn(x)i = 0, n ≥ 2pα + α.

Furthermore ( let ηα = 2pα + α− 1 )D
Γ∗α, B

∗
ηα,y,z

(x)
E

=
­
Γα, Bηα+2(x)

®
−αηα

­
Γα, Bηα+1(x)

®
+δηα

­
Γα, Bηα(x)

®
6= 0

for δηα 6= 0, because­
Γα, Bηα+2(x)

®
= 0­

Γα, Bηα+1(x)
®
= 0­

Γα, Bηα(x)
® 6= 0,



Then

δ2pα+α−1 =
θ2pα+α
θ2pα+α−1

6= 0

hence
θ2pα+α 6= 0 and θ2pα+α−1 6= 0

{Bn}n≥0satisfies also (2.14), throughout­
Γ∗α, xB

∗
n,y,z(x)

®
= hΓα, xBn+2(x)i
−αn hΓα, xBn+1(x)i
+δn hΓα, xBn(x)i

= 0

for n ≥ 2 (qα + 1) + α, because

hΓα, xBn+2(x)i = 0, n ≥ 2 (qα + 1) + α− 2,
hΓα, xBn+1(x)i = 0, n ≥ 2 (qα + 1) d+ α− 1,
hΓα, xBn(x)i = 0, n ≥ 2 (qα + 1) + α.

Furthermore ( let θα = 2 (qα + 1) + α− 1 )D
Γ∗α, xB∗θα,y,z(x)

E
= hΓα, xBθα+2(x)i
−αθα+1 hΓα, xBθα+1(x)i
+δθα hΓα, xBθα(x)i

6= 0

for δθα 6= 0, because
hΓα, xB2θα+2(x)i = 0
hΓα, xBθα+1(x)i = 0
hΓα, xBθα(x)i 6= 0

That is

δθα =
θ2(qα+1)+α
θ2(qα+1)+α−1

6= 0

Then

θ2(qα+1)+α (y, z) 6= 0 , θ2(qα+1)+α−1 (y, z) 6= 0

It follows that
©
B∗n,y,z

ª
n≥0 is a 2−weakly-orthogonal

of index (p, q) with respect to the linear form Γ∗ =
(x− y) (x− z)Γ, under the condition

θn 6= 0
for

n = 2pα + α, 2pα + α− 1, 2 (qα + 1) + α

or
n = 2 (qα + 1) + α− 1

Denoting by {Ln}n≥0 the dual sequence of {Bn}n≥0 ,
then the sequence {Bn}n≥0 is said d-orthogonal if and
only if½ hLα, xmBn(x)i = 0, n ≥ md+ α+ 1, m ≥ 0

hLα, xmBmd+α(x)i 6= 0, m ≥ 0

Proposition 10 Let {Bn}n≥0 be a 2−classical OPS with
respect to the form Λ = (L0,L1)T , then the sequence©
B∗n,y,z

ª
n≥0 is also a 2−classical OPS with respect to the

form Λ∗ = (x− y) (x− z)Λ under the condition

δ2m+α−1 6= 0
and

γ02m+α−2 6=
(2m+ α)

(2m+ α− 1)

¿
v
L
∗
α, x

mQ2m+α(x)

À
¿
v
L
∗
α, x

m−1Q2m+α−2(x)
À

for m ≥ 0. Here we take
v
Λ
∗
= (x− y) (x− z)

v
Λ.

Proof. Let {Bn}n≥0 be a 2-OPS with respect to the
form Λ, then

©
B∗n,y,z

ª
n≥0 is also 2-OPS with respect to

the form Γ∗ (according to the proposition ...) . it remains
to be shown that

©
Q∗n,y,z

ª
n≥0 is a 2−OPS with respect

to
v
Λ
∗
.

Indeed ¿
v
L
∗
α, x

mQ∗n,y,z (x)
À

=
1

n+ 1

¿
v
L
∗
α, x

mDB∗n+1,y,z (x)
À

=
1

n+ 1

¿
v
L
∗
α,D

¡
xmB∗n+1,y,z (x)

¢À

− m

n+ 1

¿
v
L
∗
α, x

m−1B∗n+1,y,z (x)
À

= − 1

n+ 1

¿
D
v
L
∗
α, x

mB∗n+1,y,z (x)
À

− m

n+ 1

¿
v
L
∗
α, x

m−1B∗n+1,y,z (x)
À

While using (2.2) we have¿
v
L
∗
α, x

mQ∗n,y,z (x)
À

=
α+ 1

n+ 1

­L∗α, xmB∗n+1,y,z (x)®
− m

n+ 1

¿
v
L
∗
α, x

m−1B∗n+1,y,z (x)
À

according to the definition of the 2-orthogonality, we have­L∗α, xmB∗n+1,y,z (x)® = 0, 2m+ α, m ≥ 0



and¿
v
L
∗
α, x

m−1B∗n+1,y,z (x)
À

=

¿
v
Lα, xm−1Bn+3(x)

À
−αn+1

¿
v
Lα, xm−1Bn+2(x)

À
+δn+1

¿
v
Lα, xm−1Bn+1(x)

À

By using the result (2.12) , i.e.

Bn(x) = (n+ 1)Qn(x) + nβnQn−1(x)
− (n− 1) γ1nQn−2(x)− (n− 2) γ0n−1Qn−3(x)

−nxQn−1(x)

we obtain for m ≥ 0¿
v
Lα, xm−1Bn+3(x)

À
= 0, n ≥ 2m+ α− 1,¿

v
Lα, xm−1Bn+2(x)

À
= 0, n ≥ 2m+ α,¿

v
Lα, xm−1Bn+1(x)

À
= 0, n ≥ 2m+ α+ 1

Finally we have¿
v
L
∗
α, x

mQ∗n,y,z (x)
À
= 0, n ≥ 2m+ α+ 1, m ≥ 0

Let us study the regularity now, let (α = 2m+ α¿
v
L
∗
α, x

mQ∗(α,y,z (x)
À

=
1

(α + 1

¿
v
L
∗
α, x

mDB∗(α+1,y,z (x)
À

=
1

(α + 1

¿
v
L
∗
α,D

³
xmB∗(α+1,y,z (x)

´À

− m

(α + 1

¿
v
L
∗
α, x

m−1B∗(α+1,y,z (x)
À

= − 1

(α + 1

¿
D
v
L
∗
α, x

mB∗(α+1,y,z (x)
À

− m

(α + 1

¿
v
L
∗
α, x

m−1B∗(α+1,y,z (x)
À

=
α+ 1

(α + 1

D
L∗α, xmB∗(α+1,y,z (x)

E

− m

(α + 1

¿
v
L
∗
α, x

m−1B∗(α+1,y,z (x)
À

according to the definition of the 2-orthogonality, we haveD
L∗α, xmB∗(α+1,y,z (x)

E
= 0

and ¿
v
L
∗
α, x

m−1B∗(α+1,y,z (x)
À

=

¿
(x− y) (x− z)

v
Lα, xm−1B∗(α+1,y,z (x)

À

=

*
v
Lα, xm−1

⎛⎝ B(α+3(x)−α(α+1B(α+2(x)
+δ(α+1B(α+1(x)

⎞⎠+

= δ(α+1

⎡⎢⎢⎣ − ((α − 1) γ
0
2m+α

¿
v
Lα, xm−1Q(α−2(x)

À
− ((α + 1)

¿
v
Lα, xmQ(α(x)

À
⎤⎥⎥⎦

6= 0

Thus we have the regularity if for m ≥ 0
δ(α−1 6= 0

and

γ0(α−2 6=
(α

(α − 1

¿
v
L
∗
α, x

mQ(α(x)

À
¿
v
L
∗
α, x

m−1Q(α−2(x)
À
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