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Abstract—In this paper, we introduce the concept
of [,—summing sublinear operators in the non com-
mutative case and characterize this class of operators
by giving the extension of the Pietsch domination the-
orem. Some properties are shown.
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1 Introduction

In the recent theory of operator spaces (or non-
commutative Banach spaces) developed by [2] [3] [5] [6]
[7] [8] [9] [11] [12] [13]; bounded operator is replaced by
completely bounded operator, isomorphism by complete
isomorphism and Banach space by operator space.

Precisely, we view in this new category every Banach
space as a subspace of B(H) for some Hilbert space H
(B(H) is the Banach space of all bounded linear opera-
tors on H) which is non-commutative, instead of viewing
them as a subspace of C' (K) (the space of all continuous
functions on a compact K) which is commutative.

The abstract characterization given in [13] signed the be-
ginning of this theory. In [10] Pisier constructed the op-
erator Hilbert space OH (i.e. the unique space verifying
OH* = OH completely isometrically as in the case of Ba-
nach spaces because there are Hilbert spaces in this cate-
gory which are non completely isometrically) and gener-
alized in [11] (also Junge [8] ) the notion of p—summing
operators to the non-commutative case.

Ms. T. Belaib & L. Mezrag, generalized in [4] the notion
of p—summing operators to the p—summing sublinear op-
erators.

In this paper, we generalize this concept (of p—summing
sublinear operators) in the non commutative case. We
characterize this type of operators by given the extension
of the Pietsch domination theorem. In the proof we us-
ing a deferent and necessary proposition concerning this
notion of operators.
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2 Preliminaries

In this section, we recall some basic definitions and prop-
erties concerning the notion of sublinear operators and
the theory of operator spaces (we consider that the reader
is familiarized with this category).

If H is a Hilbert space, we let B(H) denote the space of
all bounded operators on H and for every n in N we let

M,, denote the space of all n x n—matrices of complex
numbers, i.e., M,, = B(l%).

If X is a subspace of some B(H) and n € N, then M, (X)
denotes the space of all n x n—matrices with X —valued
entries which we in the natural manner consider as a sub-

space of B(I%(X)).

Definition 2.1. An operator space X is a norm closed
subspace of some B (H) equipped with the distinguished
matrix norm inherited by the spaces M, (X), n € N.

An operator space which is a Banach lattice (resp. com-
plete Banach lattice) is called a quantum Banach lattice
(resp. quantum complete Banach lattice).

Let H be a Hilbert space. We denote by S, (H) (1 <p <
00) the Banach space of all compact operators v : H —
H such that Tr(|ul”) < oo, equipped with the norm

lulls, cmy = (Tr(jul”))>.

If H =I5 (resp. 1%), we denote simply S, (I2) by S, (resp.
Sp (I5) by Sp).

We denote also by So (H) (resp. S ) the Banach space
of all compact operators equipped with the induced norm
by B(H) (resp. B(lz2)) (S% = B(I7)). Recall that if
% = %—i—% (1 < p,q,r < o0), then u € Bg (g iff there
are u1 € Bg,_(m), u2 € Bg, (g) such that u = ujus.

Where Bg, () is the closed unit ball of S, (H). We also
denote by S, (H) = {a € S,(H):a>0}. Let Hy, Hy
be Hilbert spaces. Let X € B(H;) and Y C B (Hz) be
operator spaces. A linear operator v : X — Y is called

completely bounded (in short ¢.b.) if the operators
Up My, (X) — M, (Y)
@ijhi<ijen — (W@iy))i1<; <,

are uniformly bounded when n — o0, ie.,

sup {||un||,n > 1} < oo. In this case we put, ||ull., =
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sup {||un| ,» > 1} and we denote by ¢b(X,Y) the Ba-
nach space of all ¢.b. maps from X into Y which is also
an operator space (M, (cb(X,Y)) =cb (X, M, (Y))) (see
[5] and [6]). We denote also by X ®muin Y the subspace
of B (H ® K) with induced norm.

We continue our preliminaries by mentioning briefly some
properties concerning completely bounded operators.
Consider Y C A (a commutative C*—algebra) C B (H)
and let X be an arbitrary operator space. Then,

B(X,Y)=ch(X,Y)

and

[Jull = [l - (1)
Because M, ®min ¥ = M, ®. Y isometrically (M, ®.Y
is the injective tensor product of M,, by Y in the com-
mutative case ).
Let OH be the Hilbert operator space introduced by
Pisier in [12, Proposition 1.5, p. 18]. We recall that OH
is homogeneous, namely, every bounded linear operator
u: OH — OH is automatically c.b. and

[Jull = flulle, - (2)

Before continuing our notation we announce the following
properties. It will be needed in the sequel.

Let X C B(H) be an operator space. For all n in N and
1 < p < oo, we have

n
ol = sup (Z”axib”gp(H));

s
@b B,y 1

n
E e; ®x;
1

Iy ®min X

if p is finite and

[[0]l s

n
Z€j®$j
1
n
ZGJ‘@l‘j
1

if p = oco. Where v : . — X such that v (e;) = z; (p
is the conjugate of p i.e., % + ]% =1).

Let now X be an operator space. As usual we denote
by 1, (X) (resp. [ (X)) for 1 < p < oo the space of se-
quences (Z1, ..., Tp,...) (resp. finite sequences (x1, ..., Z,))

I Qmin X

= [l (4)

I ®.X

*

o0
in X equipped with the norm ( ||:17n||p)% < oo (resp.
n=1

n
O EALS! %) which becomes an operator space. For more
i=1

informations on this the reader can consult [12].

For the convenience of the reader, we recall the definition
of sublinear operators and some propreties. For more
details see [1] ,[10].

Definition 2.2. An operator T from a Banach space X
into a Banach lattice Y is said to be sublinear if for all
z,y in X and X in Ry, we have

(i) T(\x)

= AMl(x) (i.e., positively homogeneous),
(i) T(x+y) <

T(x) + T(y) (i-e., subadditive).

Note that the sum of two sublinear operators is a sublin-
ear operator and the multiplication of sublinear operator
by a positive number is also a sublinear operator.

Let us denote by

SL(X,Y) = {sublinear operators T : X — Y’}
and
L(X,Y) = {linear operators U : X — Y'}.

We equip the set SL(X,Y) with the natural order in-
duced by Y

T <Th <= Tl(l') < T2($), Ve X (5)
and

VI ={ue L(X,)Y):u<T(ie Ve e X, ulx) <T(x))}.

The set VT is not empty by Proposition 2.4 below. As a
consequence
u<T <+ —T(—z) <ulz) <T(x), YVeeX (6)

and
AT (z) < T(Az). (7)

Now, we will give the following well-known fact and we
leave the details to the reader.

Let T be a sublinear operator from a Banach space X
into a (quasi-) Banach lattice Y.

Tis continuous < 3C > 0: Vo € X, || T(z)]| < C||z|| -

In this case we also say that T is bounded and we put
171l = sup{| 7@ : o], = 1.

We denote by
SB(X,Y) = {bounded sublinear operators T': X — Y}
and by

B(X,Y) = {bounded linear operators v : X — Y'}.
We will need the following remark.

Remark 2.3. Let X be an arbitrary Banach space. Let
Y, Z be (quasi-) Banach lattices.

(i) Consider T in SL(X,Y) and w in L(Y,Z). Assume
that wu is positive. Then, uoT € SL(X, Z).

(ii) Consider uw in L(X,Y) and T in SL(Y,Z). Then,
Toue SL(X,Z).
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The following proposition, will be useful in the sequel for
the proof of Corollary 2.5.

Proposition 2.4. Let X be a Banach space and let Y
be a complete (quasi-) Banach lattice.

Let T € SL(X,Y). Then, for all x in X there is u, € VT
such that, T(x) = uz(x), (i.e. the supremum is attained,
T(x) = sup{u(z) : u € VT}).

As an immediate consequence of Proposition 2.4 we have.

Corollary 2.5. Under the same conditions of the above
proposition, we have

(1) Ve e X,|T(@)| <sup [[u(@)| < [T (@) +|T(==)|
vT

ue
(i) T < sup [lul| <2|T.
uevVT

Proposition 2.6. Let X and Z be Banach spaces and let
Y be a Banach lattice. Let T € SB(X,Y), v € B(X,Z)
and a positive constant C with v injective and

[T ()] < Cv(@)]

forall x € X, Then, there is a bounded sublinear operator
T € SB(v(X),Y) such that T = Tov and HTH <C.

Proof. Take T(z) = T(v™'(2)) extenced to v(X).

3 Main result

We introduce the concept of I, —summing sublinear oper-
ators in the non commutative case and characterize this
class of operators by giving the extension of the “Pietsch
domination theorem”. Some properties are shown.

We define the class of l,—summing sublinear operators
as follows.

Definition 3.1. Let H be a Hilbert space and let
X C B(H) be an operator space. Let T : X — Y
be a sublinear operator from X into a quantum Banach
lattice Y.

We will say that T is l,—summing (1 < p < oo) if there
is a positive constant C such that for all finite sequences
{gci}lgign m X, we have

ST @) <O sup (3 lawiblf, ).
=1

a,bEB;zp i=1

We denote by m, (T') the smallest constant C' for which
this holds and 7, (X,Y) the set of all sublinear [,-
summing operators.

We can show that

oo
1
sup (Y flazibllf, )7 =
a,beBL

Sop(H) N=1

[{z:}

I ®min X

n
i=1 eb(In,X)

= lulle (8)

where ¢ is the conjugate of p and {e;},,,, the canonical
basis of [i/. By (8) the definition 3.1 is equivalent to: For
all nin N, {z;},,,, in X and u in ¢b(l7}, X) such that
u(e;) = x;, we have

Q_ITu(e))? < Cllulla,- (9)

As a consequence of (8) and (9) we have the following
proposition.

Proposition 3.2. Let E, X be Banach spaces and Y, F
be quantum Banach lattices. Let T € SB(X,Y), R €
B(Y,F) and S € BT (E,X) (i.e., S(z) >0, Vz > 0).

(i) If T is l,—summing, then RoT is l,—summing and
w1, (RT) < ||R|| m, (T).

(ii) If T is l,—summing, then T o S is l,—summing and

m, (T o S) <, (T)||S||.

Proposition 3.3. Let E, X be operator spaces and let

Y,F be quantum Banach lattices. Let E —— X z,
Y 5 F such that v is completely bounded linear op-
erator, T € SB(X,Y) is l,-summing and w is a positive
bounded linear operator. Then,

m, (WT'v) < lwllm, (T) [|v]lg, -

Proof. Let the linear operator u : [ — E. The operator
wTvu is a sublinear by the Remark 2.3.
We have

S=

<=1 IIwTW(ei)p> "< znj (I Tvu(e;)||”)

and
S (ITeu(e)")? < m, (T) 3 (ouled)])”
by (9) = m, (T) |joul,,

= 7Tlp (T)Hvllcb ||uch'

We deduce that

=

P

< wlfm, (T) o]l llullep -

(£ hrouteol)

As a consequence

wlv em, (X,Y)
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and
m, (wI') < |[wl[m, (T) [[v]l -

This completes the proof.

Proposition 3.4. Let H be a Hilbert space and let
X C B(H) be an operator space. Let T : X — Y
be a sublinear operator from X into a quantum Banach
lattice Y.

If T is p—summing (1 < p < 00) then, T is l,—summing
or mp, (X,Y) Cm, (X,Y) and

m, (T) < mp (T).
Proof. Let T € m, (X,Y) and 7, (T') < C.

(10)

For all n in N and all v : [. — X, such that v (e;) = x;
we have

<Z [Tv (ei)llp> <Ol
1

We have by (3) that |jv]] < ||v|.,. Hence that for all
n € Nand {z1,...,z,} in X we have v is in cb(lj}, X) by

(9) )
Q_ITv(e)")7 < Cllelly -

Hence T' € m, (X,Y) and

This completes the proof.

Remark 3.5. Let X C A (a commutative C* algebras)
C B(H) be an operator space and let Y be an operator
space. Then, by (1) and (9) we have

m, (X,Y) =m, (X,Y).

The main result of this paper is the following extension of
the Pietsch domination theorem for sublinear operators.

Theorem 3.6. Let X C B(H) be an operator space and
let Y be a Banach space. Let T : X — Y be a sublinear
operator.

Let 1 < p < oo. The following properties of a positive
constant C' are equivalent.

(i) The operator T is l,—summing and m, (T) < C.
(i) There is a set I and families aq,bq in Bg;p and an

ultrafilter U on I such that

Vo e X, [T@)] < C limlaazballs, - (11)

(iii) T factors of the form T = T(M/EL)i and HTH <C

X — Y
il T
Eoo JW/—E;)O EP
N N
S M
BH) —  S(H)

where
i(x) = {za} ey With 4 = 2, Va € I, E = i(X) which
is a closed subspace of B(H) and lill ., = 1.
B(H) = (B, (H))/U with Bo(H) = B(H), Yo € I.
M is the operator associated to {My},.; where M, :
B(H) — S,(H) defined by M, (z) = aqaxb, and
T, (M) <1.
S,(H) = (S4(H))/U with So(H) = S,(H), Yo € I and
E, = M (E,,) which is a closed subspace of S,(H).
B(H) and S,(H) are operator spaces.
Proof. (i)=(ii). Let

S = {(a,b) € BS2P(H) X BSg,,(H)§ a,b> 0}
and

F = {Of all real functions on Sof the form

— hIP
fodicre, @D =0 Z; o]

DI LEIL:

F' is a convex cone. Indeed, let A >0

O
1<i<n

f{zk=}1§k§n+m'

)‘f{mihgign
Faticicn T f{yf}ls.jSm

Where {21} cpcpim = {2150 Tns Y15, Ym ). By hy-
pothesis we have

n
(a,b) =CP sup 3 [lazb|”
(a,b)eS i=1
S T 0

i=1

sup f.
(a,b)eS {”t}lgign

and this for all f in the convex cone F which is in [, (S),
hence there are a set I, an ultrafilter ¢/ on I and a family
{Aa}qe; of finitely supported probability on S such that

Ao — A

A babilit ,SA' A >0
(15, (S), zm(s»{ probability on S/ A (f) = }

where S is the Stone Cech compactification of S and

vVfe F,[f(a,b)dA(a,b) zliglxl/f(a,b)dAa (a,b) > 0.
S s
Particularly if
f(a,b) = C” [|azd||” — || T'(x)]”
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we have

lilrln/gf(a,b)d)\a (a,b) =

Y%
o

Cﬂﬂ%p}/kﬂaxbﬂgpuf)A*HTTm)WUdAa(S)
S

(Ao = za:)\ajé (aa,sba,) with z&:/\oﬁ = land Ay, > 0).
j=1 j=1

Whence by Lemma 1.4 [12]

s
: 2 P
Cpb}lmjgl A, [|aa, 2ba, ||SP(H) (a0, ba; 2 0) <

p
n

(3 Aaya22) % .2.( 35 Ao, b28) %
=1 j=1

J

CP lim
u

IN

CP? lim ||aqxb, .
Z/{l H o (’4||SP(H)

(i3)=> (iii).
X RN Y
il
B ME B,
N N
A~ M A
BH) LS, (H)

17 ()|l < Clim[laazballs, )y = ClIM/Eo 0 i ()] g, -

by Proposition 2.6 hence there is T : E, — Y such that
HTH < C,T(x) =ito(M/Ex)oi(x) and m, (M/Es) <
1.

Is obvious and this completes the proof.

Lemma 3.7. Let X C B(H) be an operator space. Let

a,bEB;IZP and 1 < p < q < oo. Then,

Ve X, [lazblg, ) < ‘ a5 bt

Sq(H)

Proof. Let x in X and consider a,b in B;p.

We have
_P P P _ P
lazblls, ry = a'“9aaxbabt
’ Sp(H)
_P P P _P
< a'~a ‘aqa:bq =3
S 2pq S 2pq
q—p q—p
P P P 1-z
< llat7« aaxba ’bl_E !
Squ Sq(H) SQm
q—p q—p
ya ya
< |laaxba
Sq(H)

-2 e
(because Ha a S ||a||52p <1)
q—p
x Sy(H)
M(a,b7) \ / M(a'™5,0'70)
Sq(H)

This give the commutative diagram.

Proposition 3.8. Consider 1 < p1,ps < 0o such that
p1 < pa.

If T em, (X,Y) then T € m, (X,Y) and m, (T) <
7Tlp2 (T)

Proof. Tt is immediate by the inequality (11) and lemma
3.7.

As an immediate consequence of Proposition 2.4, Corol-
lary 2.5 and Theorem 3.6 we have the following corollary.

Corollary 3.9. Let T € m,(X,Y) then for any u in
VT we have u € m,(X,Y).

Question: We do not know if the converse of the Corol-
lary 3.9 is true?
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