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Green’s Relations in Ordered Gamma-Semigroups
in Terms of Fuzzy Subsets

Aiyared lampan and Manoj Siripitukdet

Abstract—TIn this paper, we characterize the Green’s relations
R, L,T and the usual relation N\ defined in terms of ordered
filters on ordered I'-semigroups in terms of fuzzy subsets. For
an ordered I'-semigroup we define relations R*, ¥, 77 , NF
in terms of fuzzy subsets and we prove that R = R, £F =

L, IV =Z, NV = N.

Index Terms—ordered I'-semigroup, Green’s relations, fuzzy
subset, ordered filter.

I. INTRODUCTION AND PREREQUISITES

fuzzy subset f of a set S is a function from S to a
closed interval [0, 1]. The concept of a fuzzy subset of
a set was first considered by Zadeh [20] in 1965. The fuzzy
set theories developed by Zadeh and others have found many
applications in the domain of mathematics and elsewhere.
After the introduction of the concept of fuzzy sets by
Zadeh [20], several researches were conducted on the gener-
alizations of the notion of fuzzy set and application to many
algebraic structures such as: In 1971, Rosenfeld [15] was the
first who studied fuzzy sets in the structure of groups. Fuzzy
semigroups have been first considered by Kuroki [7], [8]], [9],
[10], and fuzzy ordered groupoids and ordered semigroups,
by Kehayopulu and Tsingelis [4], [5]. In 2007, Kehayopulu
and Tsingelis [6] characterized the Green’s relations R, £, 7
of ordered groupoids in terms of fuzzy subsets. In 2008,
Shabir and Khan [18] defined fuzzy bi-ideal subsets and
fuzzy bi-filters in ordered semigroups and characterized or-
dered semigroups in terms of fuzzy bi-ideal subsets and fuzzy
bi-filters. In 2009, Majumder and Sardar [12] studied fuzzy
ideals and fuzzy ideal extensions in ordered semigroups. In
2010, Chinram and Malee [1] investigated some properties
of L-fuzzy ternary subsemiring and L-fuzzy ideals in ternary
semirings. In 2010, Chinram and Saelee [2] studied fuzzy
ternary subsemigroups (left ideals, right ideals, lateral ideals,
ideals) and fuzzy left filters (right filters, lateral filters, filters)
of ordered ternary semigroups. In 2010, Shah and Rehman
[19] introduced I'-ideals and I'-bi-ideals of I'-AG-groupoids
which are in fact a generalization of ideals and bi-ideals
of AG-groupoids and studied some characteristics of I'-
ideals and I'-bi-ideals of I'-AG-groupoids. In 2010, lampan
[3] characterized the relationship between the fuzzy ordered
ideals (fuzzy ordered filters) and the characteristic mappings
of fuzzy ordered ideals (fuzzy ordered filters) in ordered I'-
semigroups. In 2011, Saelee and Chinram [13] studied rough,
fuzzy and rough fuzzy bi-ideals of ternary semigroups.
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The Green’s relations defined in terms of ordered right
ideals, ordered left ideals, ordered ideals and the concept of
fuzzy sets play an important role in studying the structure
of ordered semigroups. Now, we characterize the Green’s
relations R, £,7Z and the usual relation A defined in terms
of ordered filters on ordered I'-semigroups in terms of fuzzy
subsets. To present the main theorems we discuss some
elementary definitions that we use later.

Definition L.1. Let M be a set. A fuzzy subset of M is an
arbitrary mapping f: M — [0,1] where [0, 1] is the unit
segment of the real line.

Definition I.2. Let M be a set and A C M. The character-
istic mapping fa: M — [0, 1] defined via

1 ifzxeA,
v Ja@) ‘:{ 0 ifad A

By the definition of characteristic mapping, f4 is a mapping
of M into {0,1} C [0, 1]. Hence f4 is a fuzzy subset of M.

Definition 1.3. Let M and I be any two nonempty sets.
Then (M,T) is called a T'-semigroup [17] if there exists a
mappings M x I" x M — M, written as (a,7,b) — ayb. A
nonempty subset K of M is called a I'-subsemigroup of M
if ayb € K for all a,b € K and v € T".

Definition I.4. A partially ordered I'-semigroup (M, T, <)
is called an ordered T'-semigroup [16] if for any a,b,c € M
and v € I'; a < b implies ayc < byc and cya < ¢vb.

Definition LI.5. Let (M, T, <) be an ordered I'-semigroup.
For H C M, we define

(Hl={te M |t <h for some h € H}.

Definition 1.6. Let (M, T, <) be an ordered I'-semigroup.
An equivalence relation o on M is called a congruence on
M if (a,b) € o implies (aye,byc) € o and (cya, cyb) € o
for all a,b,c € M and v € I'. A congruence o on M is
called a semilattice congruence on M if (aya,a) € o and
(ayb,bya) € o for all a,b € M and v € T. A semilattice
congruence o on M is called complete if a < b implies
(a,avb) € o for all a,b € M and v € T.

Definition L.7. Let (M, T, <) be an ordered I'-semigroup. A
nonempty subset A of M is called an ordered left ideal of
M if

L1. MTTACA.

L2. Forany b€ M and a € A,b < a implies b € A.

A nonempty subset A of M is called an ordered right ideal of
M if

R1. ATM C A.

R2. Forany b € M and a € A,b < a implies b € A.
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A nonempty subset A of M is called an ordered ideal of M
if it is both an ordered left and an ordered right ideal of M.
That is,

I1. MTAC A and ATM C A.

I2. Forany b€ M and a € A,b < a implies b € A.

We denote by R(x),L(z),I(z) the ordered right ideal,
ordered left ideal, ordered ideal of M, respectively, generated
by x. For each x € M, we have

R(z) = (xUal’'M], L(z) = (x U MTz],I(z) =
(zUal’'M U MT2x U MT2T' M] [11].
Definition L.8. The Greens relations R, £, 7 are the equiv-

alence relations on ordered I'-semigroup M, defined as
follows:

R = {(z,y)| R(z) = R(y)},
L = {(x,y)]|L(z) = L(y)},
T = {(z,y) | I(x) =1(y)}

Definition L.9. Let (M, T, <) be an ordered I'-semigroup. A
T"-subsemigroup F' of M is called an ordered filter of M if

F1. Forany a,b € M and v € I',ayb € F implies a,b € F.
F2. Forany b€ M and a € F,a < b implies b € F.

For an element z € M, we denote by N(z) the ordered
filter of M generated by z, and by A the relation on M
defined by

N = A(z,y) [ N(z) = N(y)}-

It has been proved in [14] that AV is a semilattice congruence
on M, in particular, A is an ordered semilattice congruence
[14], and it is the least ordered semilattice congruence on M
[14].

We can easily prove that for two subsets A, B of ordered
I"-semigroup M, we have A C B if and only if f4 C fp and
A = B if and only if f4 = fp. We denote by F'(M) the set
of all fuzzy subsets of M. We define an order relation “C” on
F (M) as follows: For f,g € F(M), we define f C g if and
only if f(z) < g(z) for all z € M. Clearly, (F(M),C) is an
ordered set. Let O, 1 be the fuzzy subsets of M defined
by: Op: M — [0,1] |  — Op(z) := 0 and 1p: M —
[0,1] | # — 1p(x) := 1. It is clear that the mapping Op
is the least element of F'(M) and the mapping 1p is the
greatest element F'(M).

Definition 1.10. Let (M, T, <) be an ordered I'-semigroup.
A fuzzy subset f of M is called a fuzzy ordered left ideal of
M if

FL1. For any a,b € M,a < b implies f(a) > f(b).

FL2. f(ayb) > f(b) for all a,b € M and v €T

A fuzzy subset f of M is called a fuzzy ordered right ideal of
M if

FR1. For any a,b € M,a < b implies f(a) > f(b).

FR2. f(ayb) > f(a) for all a,b € M and v € T.

A fuzzy subset f of M is called a fuzzy ordered ideal of M
if it is both a fuzzy ordered left and a fuzzy ordered right
ideal of M. That is,

FIl. For any a,b € M,a < b implies f(a) > f(b).

FI2. f(ayb) > f(b) and f(ayb) > f(a) for all a,b € M

and vy € I'.

Definition I.11. Let (M, I", <) be an ordered I'-semigroup.
A fuzzy subset f of M is called a fuzzy I'-subsemigroup of
M if f(ayb) > min{f(x), f(y)} forall a,b € M and v € T.

Definition I.12. Let (M,T, <) be an ordered I'-semigroup.
A fuzzy subset f of M is called a fuzzy ordered filter of M
if

FF1. For any a,b € M,a < b implies f(a) < f(b).
FF2. f(ayb) = min{f(z), f(y)} forall a,b € M and v € T

II. MAIN RESULTS

Definition IL1. Let (M,I';<) be an ordered I-
semigroup and {f; | ¢ € I} a nonempty family of
fuzzy subsets of M. We define

N fir M= [0,1] |z — (N fi)(@) == inf{f;(x) | i € I}

iel iel
and

\/ fii M= [0,1] | &~ (\/ fi)(@) = sup{fi(a) | i € I},
i€l iel

Proposition IL.2. Let (M,I,<) be an ordered T-

semigroup and {f; | i € I} a nonempty family of fuzzy
subsets of M. Then

)\ fi € F(M) and \/ f; € F(M).
icl i€l
Proof: Let © € M. The set {f;(x) | ¢ € I} is a
nonempty lower bounded subset of R, so there exists the
inf{f;(x) | ¢ € I} in R. Since 0 < f;(z) <1 foreachi € I,
we have 0 < inf{f;(z) | i € I} < 1. If 2,y € M is such

that x = vy, then clearly (/\ fi)(x) = (/\ fi)(y). Hence

i€l i€l
N fi € F(M). Similarly, \/ f; € F(M). [
el iel

Remark IL.3. By Proposition 1.2, we have (F(M),C) is a
complete lattice.

Remark I1.4. The following two statements hold true:
() /\fi Cfjforalljel,

i€l
(i) f; C \/ f; forall j € I.

il

Proposition IL5. Let (M,I',<) be an ordered T-
semigroup and {f; | i € I} a nonempty family of fuzzy
subsets of M. Then we have the following:

G\ fi =inf{f; |ieT},

iel
(i) \/ fi =sup{f; |i€T}.

‘el

Proof: (i) By Proposition I1.2, /\ fi € F(M) and by

icl
Remark 1.4, /\ fi C fi forall i € I. Thus /\ fi is a lower
i€l i€l
bound of {f; | i € I}. Let g € F(M) be such that g C f;
for all ¢ € I. Then g(z) < fi(z) for all x € M and i € I,

so g(x) is a lower bound of {f;(z) |4 € I} for all x € M.
By the proof of Proposition 1.2, we have

g(x) < inf{fi(z) |i € T}:= (/\ f;)(x) for all z € M.
i€l

(Advance online publication: 26 May 2012)



TAENG International Journal of Applied Mathematics, 42:2, [JAM 42 2 01

Thus g C /\fi, SO /\fl
i€l i€l
(i1) is similar. ]

= inf{f; | ¢ € I}. The proof of

Proposition II.6. Let (M,I,<) be an ordered T-
semigroup and {f; | i € I} a nonempty family of fuzzy
subsets of M. Then we have the following:
(1) If f; is a fuzzy ordered right ideal of M for all i € I,
then /\ fi and \/ fi are fuzzy ordered right ideals of
il iel

If f; is a fuzzy ordered left ideal of M for all i € I,
then /\ fi and \/ fi are fuzzy ordered left ideals of M.

(i)

iel iel
If fi zis a fuzzyzordered ideal of M for all i € I, then
/\ fi and \/ fi are fuzzy ordered ideals of M.

(iii)
icl icl

@iv) If f; is a fuzzy T'-subsemigroup of M for all i € I, then

/\ fi is a fuzzy T-subsemigroup of M.

icl

If f; is a fuzzy ordered filter of M for all i € I, then

/\ fi is a fuzzy ordered filter of M.

iel

Proof: (i) By Proposition 1.2} /\ fi is a fuzzy subset of

v)

il
M. Let x,y € M and v € T. Since f; is a fuzzy ordered
right ideal of M, we have f;(zvyy) > fi(x) for all i € I.
Then

(/\ £i)(@yy):= inf{fi(zyy) | i € I} > inf{f;(x) | i€
el
=(\ f)(=)
el

Let x,y € M be such that = < y. Since f; is a fuzzy ordered
right ideal of M, we have f;(x) > f;(y) for all ¢ € I. Then

(N fi)(@)=int{fi(z) | i € I} > inf{fi(y) | i € I}:=
iel

(A o)

i€l

Hence /\ fi is a fuzzy ordered right ideals of M. Similarly,
icl

\/ fi is a fuzzy ordered right ideals of M.

il

(i) It is proved similarly.

(ii1) It follows from (i) and (ii).

(iv) Let z,y € M and v € I'. By Proposition 1.2, /\ fiisa

fuzzy subset of M. Since f; is a fuzzy I‘-subsemigrcl)lelll) of M,
we have f;(zyy) > min{f;(x), fi(y)} for all ¢ € I. Then
fileyy) > fi(z) or fi(zyy) > fi(y) for all ¢ € I. Since
fila) > int{fi(x) | i € I} and fily) > inf{fiy) | i € I},
we have fi(zyy) > inf{fi(zx) | i € I}:= () fi)(z) or

filwyy) = mf{fi(y) | i € T}:= (\ fi)ly fi)erlall iel
Thus f;(zyy) > min{( /G\I fi)(z Z\II fi)(y)} for all i € 1.
Hence
(A fi)(@yy):= mf{fi(zyy) [ € I} =
il A )@, A £W)

el el

Therefore /\ fi is a fuzzy I'-subsemigroup of M.
i€l
(v) Let z,y € M and ~y € I". By Proposition IL.2, /\ fiis a

fuzzy subset of M. Since f; is a fuzzy ordered ﬁlitg of M,
we have f;(zyy) = mln{fl( ), fi(y)} for all ¢ € I. Then
fileyy) = min{fi(2), fi(y)} < fi(x), fiQy for all i € I.
Thus (/\ fi)(zyy):= inf{fi(zyy) | i € I} < inf{f;(o) |
i€l
i€ I}=(\ fi)(@) and (/\ fi)(wyy):=
i€l il
I} <inf{fi(y) | i € I}=(/\ £i)()

i€l

(A Fi)(@yy) < min{(/\ fi)(

i€l icl

inf{f;(zvy) | i €

. Hence

), (A )W)}

iel

On the other hand, by (iv), the mapping /\ fi is a fuzzy
iel

I-subsemigroup of M, which means that ( /\ fi)(zyy) >

el
min{(/\ fi)(@), (\ f)(y

el i€l
(/\ fi)(@yy) = min{(\ fi)(z
el

el

)}. Thus

), (A )}

il
Let z,y € M be such that = < y. Since f; is a fuzzy ordered
filter of M, we have f;(x) < f;(y) for all ¢ € I. Then

(N fi)(@)=inf{fi(x) | i € I} < inf{fi(y) |i € I}:=
i€l
icl
Therefore /\ fi is a fuzzy ordered filter of M. |

i€l
Remark IL7. Clearly, 1 € Ry, 1p € Ly, 1p € Iy
and 1r € Ny. Since Ry, Ly, Iy and Ny are nonempty
subsets of F(M), by Proposition 1.2, the elements

/\ g, /\ g, /\ g and /\ g exist in F'(M). Moreover,

gERy geLy gely gENy
by Proposition I1.6, we have the following:

@) /\ g is a fuzzy ordered right ideal of M,
geRy
(i) /\ g is a fuzzy ordered left ideal of M,
g€Ly
(i) /\ g is a fuzzy ordered ideal of M,
g€ly
(iv) /\ g is a fuzzy ordered filter of M.
geEN;
Proposition IL.8. Ler (M,I',<) be an ordered T-
semigroup and f a fuzzy subsets of M. Then we have the
following:
@) /\gERf(resp. /\geLf,/\gelfand

gER; geELy gely
/\ g € Ny),
gENy
i N gShtresp. N gSh \gChand \ gC
geRy g€Ly g€ly gEN;y

h) for all h € Ry (resp. h € Ly, Iy, Ny).

Proof: (i) By Remark 1.7, the element /\ g is a fuzzy
geRf
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ordered right ideal of M. Let x € M and g € Ry. Since
g 2 f, we have f(z) < g(x). Thus f(z) < g(x) for all
g € Ry, so

f(x) <inf{g(x) | g € Re}i=( ]\ 9)(a).
gERf
Hence /\ g2 f,so /\ g € Ry.
geER; geER;
(i1) It follows from Remark 1.4, [ |

Remark I1.9. By Proposition 1.8, we have the following:

@) /\ g is a fuzzy ordered right ideal of M generated by
gERy

/\ g is a fuzzy ordered left ideal of M generated by
geL 7

(i)

s

/\ g is a fuzzy ordered ideal of M generated by f,

g€ely

(iv) /\ g is a fuzzy ordered filter of M generated by f.
geENy

Proposition IL.10. Ler (M,I',<) be an ordered T-

semigroup and [ a fuzzy subsets of M. Let h be a fuzzy

ordered right ideal (resp. fuzzy ordered left ideal, fuzzy
ordered ideal and fuzzy ordered filter) of M generated by

(iii)

f. Then h = /\g(resp.h: /\g,h: /\gand
gERf gELf gEIf
h= /\ q).
gENy

Proof: Since h € Ry and by Remark II.4, we have
/\ g C h. By Proposition II.8, we have /\ g € Ry.

gERy gERy
Since h is a fuzzy ordered right ideal of M generated by f,

we have h C /\ g. Hence h = /\ g. The other cases are
gERy gERy

proved similarly. |
Notation IL.11. If (M, T, <) be an ordered I'-semigroup and
f afuzzy subsets of M, we denote by R(f) (resp. L(f), I(f)
and N (f)) the fuzzy ordered right ideal (resp. fuzzy ordered
left ideal, fuzzy ordered ideal and fuzzy ordered filter) of M
generated by f. That is,

R(f):= \ g Gesp. L(f):= /\ g,1(f):== /\ gand
gERf ELf gEIf
N(f)= /\ 9.

gENy

Remark II.12. Clearly, 1 € R;,1p € L,,1p € I,
and 1 € N,. Since R,,L,,I, and N, are nonempty
subsets of F(M), by Proposition TI.2, the elements

/\ g, /\ g, /\ g and /\ g exist in F(M). Moreover,

gER, g€L, gel,
by Proposition 1.6, we have the following:

(6] /\ g is a fuzzy ordered right ideal of M,
9g€R,

(i) /\ g is a fuzzy ordered left ideal of M,
9€Ly

(i) /\ g is a fuzzy ordered ideal of M,
g€l

@iv) /\ g is a fuzzy ordered filter of M.
gEN

Theorem II.13. Ler (M,I',<) be an ordered T-
semigroup and x € M. Then we have the following:
i) R.= Ry,
(i) Lo =Ly,
(i) I = Iy,
(iv) Nz = Ny,

Proof: (i) Let f € R,. Then f is a fuzzy ordered right
ideal of M and f(z) = 1. Let y € M. If y = z, then
1= f(z) = f(y) and fio1(y) = floy(x) =1, 50 fray(y) =
f(y). If y # z, then f(,1(y) = 0 < f(y). Since fi,(y) <
f(y) for all y € M, we have f O fr,y. Thus f € Ry ..
On the other hand, let g € R fray- Then g is a fuzzy ordered
right ideal of M and g O fr,y. Thus 1 = frh(z) < g(x),
so g(x) = 1. Hence g € R,. Therefore R, = Ry ,. The
other cases can be proved similarly. |

Proposition II.14. Ler (M,I',<) be an ordered T-

semigroup and f a fuzzy ordered right ideal (resp. fuzzy

ordered left ideal, fuzzy ordered ideal and fuzzy ordered filter)

of M. Then we have the following:

() f7Y1) =0 or f~Y(1) is an ordered right ideal (resp.
ordered left ideal, ordered ideal and ordered filter) of
M,

() fa-11) S hforallh € R, (resp. forallh € Ly, h € I,
and h € N,).

Proof: (i) Assume that f~1(1) # (). Leta € f~1(1),b €
M and v € T. Then f(a) = 1. Since f is a fuzzy ordered
right ideal of M, we have f(ayb) > f(a) = 1. Thus
flayb) =1,s0 ayb € f~1(1). Let a € M and b € f~1(1)
be such that @ < b. Then f(b) = 1. Since f is a fuzzy ordered
right ideal of M and a < b, we have f(a) > f(b) = 1. Thus
f(a)=1,s0a€ f~1(1). Hence f~1(1) is an ordered right
ideal of M. The rest of the proof is similar.
(i) Let h € R, and let x € M. If x € h~1(1), then
frry(@) = 1 and h(z) = 1, so fr-1qy(x) = h(z).
If :c ¢ h=1(1), then fr-11)(z) = 0 < h(z). Since
Jr11)(x) < h(z) for all x € M, we have f,-1(1) C h.
|

Lemma IL15. [3] Ler (M,T',<) be an ordered T-
semigroup. A nonempty subset R (resp. L) of M is an
ordered right ideal (resp. ordered left ideal) of M if and
only if the characteristic function fgr (resp. fr) is a fuzzy
ordered right ideal (resp. fuzzy ordered left ideal) of M. A
nonempty subset I of M is an ordered ideal (resp. ordered
filter) of M if and only if the characteristic function f1 is a
fuzzy ordered ideal (resp. fuzzy ordered filter) of M.

Remark IL.16. If (M, T, <) is an ordered I"-semigroup and
A an ordered right ideal (resp. ordered left ideal, ordered
ideal and ordered filter) of M, then there exists a fuzzy
ordered right ideal (resp. fuzzy ordered left ideal, fuzzy
ordered ideal and fuzzy ordered filter) f of M such that
f~Y(1) = A. Indeed: If A an ordered right ideal of M,
then the characteristic function f4 is a fuzzy ordered right
ideal of M. On the other hand, we have z € A if and only
if fa(z) = 1if and only if z € £, '(1). Hence f,*(1) = A.

Theorem IL.17. Letr (M,T,<) be an ordered T-
semigroup and x € M. Then we have the following:

0 R(fay) = fr@),

(i) L(f(e}) = L)

(Advance online publication: 26 May 2012)
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(i) I(fie}) = fr(a)
(V) N(f(z}) = fn(a)-

Proof: (i) According to Notation II.11, Theorem II.13
and Remark I1.4, we have

R(f)= /N h= /\ hChforallhe R,
heRf{I} h€ER,

Since R(x) is an ordered right ideal of M, it follows from
Lemma TL15/ that fgr(,) is a fuzzy ordered right ideal of
M. Since x € R(x), we get fr)(z) = 1. Thus fr,) €
R,. Then, by (%), we have R(f{;1) € fr(z). On the other
hand, let h € R,. Since h(z) = 1, we have = € h™1(1).
By Proposition TI.14(i), we have A~1(1) is an ordered right
ideal of M containing z, so R(z) C h=*(1). By Proposition
IL.14(i), we have fr(s) € fr-1(1) € h. Thus

fr@z) € hforall h € R,. (%)

By (*%), Proposition IL.5 and (%), we have

fr@ Cinf{h|he R} = N h=R(f)
hER,

Hence R(f{s}) = fr(z)- The other cases can be proved
similarly. |

As we have already seen, R(fy,}) is the fuzzy ordered
right ideal of M generated by f{,y. L(fa}) is the fuzzy
ordered left ideal of M generated by f(,} and I(f{,}) (resp.
N(f{a}) is the fuzzy ordered ideal (resp. fuzzy ordered filter)
of M generated by f(,y.

Notation II.18. For an element a € M, we denote:

R"(a) = R(f(a))
L"(a) L(f(ay)
"(a) I(f1ay)
NP(a) = N(f(a})-

Definition IL.19. Let (M, T, <) be an ordered I'-semigroup,
f a fuzzy subset of M and x € M. We say that f contains
z if f(z) =

Remark II1.20. According to Notation II.18, Notation II.11,
and Theorem II.13, for any = € M, we have the following:

@) R(x)=R(f.3)= N 9= N\ 9
gERf{ z} gJER,
(i) L"(z) = L(fp)= N\ 9= N\ o
geLf{ ) g€L,
(i) (@) =I(fa)= N 9= N\ o
gEIf{‘} gel,
@) N(@)=N(f=p)= N 9= N\ ¢
gENf{I} gEN,

Proposition IL.21. Ler (M,I',<) be an ordered T-
semigroup and x € M. Then we have the following:
(i) RF(z) € R, and R (z) C h for all h € R,,
(i) LY (x) € L, and L¥(z) C h for all h € Ly,
(i) 17 (x) € I, and I¥ () C h for all h € I,
(iv) N¥(z) € N, and NF(x) C h for all h € N,.
Proof: (i) Since R (x /\ g, R, # () and each g €

R, is a fuzzy ordered right ideal of M and by Proposition

IL.6, we have R () is a fuzzy ordered right ideal of M.

On the other hand, ( /\ 9)(z):=1inf{g(z) | g € R} = 1.
geR,

According to Definition I1.19, R () is a fuzzy ordered right

ideal of M containing z and so R¥(z) € R,. By Remark

1.4, we have R (z /\ g C h for all h € R,. The

€R,
other cases can be proved similarly. |
Definition II.22. Let (M,I',<) be an ordered T-

semigroup and 2 € M. Then RY (z) (resp. L' (z), I (x) and
NT(x)) is called the fuzzy ordered right ideal (resp. fuzzy
ordered left ideal, fuzzy ordered ideal and fuzzy ordered
filter) of M generated by x.

Definition IL.23. Let (M, T, <) be an ordered I'-semigroup.
We define relations RY, ¥, ZF NF and N¥ on M as
follows:

aR¥b
altd
aZtb )

aNFb < NF(a)=NF(b).

T
h
&
&
I
h
5
=

Theorem I1.24. Ler (M, T, <) be an ordered T'-semigroup.
Then we have the following:

(i) RF =R,

(i) £F =L,

(iii) ZF =17,

(iv) NF =N.

Proof: (i) For all a,b € M, we have
aRFb & RF(a) = RF(b)

& R(flay) = R(fy)
< fr(a) = fre) (by Theorem I1.17)
<  R(a) = R(b)
& aRb.

Hence RY = R. The other cases can be proved similarly. m

Proposition II.25. Ler (M,I',<) be an ordered T-
semigroup and {A; | i € I} a nonempty family of fuzzy
subsets of M. Then

/\ Jfa, = a
iel el
Proof: Since f4, is a fuzzy subset of M for all ¢ € I
and by Proposition 1L.2, we have /\ fa, is a fuzzy subset of
i€l
M. Let 2 € M. Then (/\ fa,)(z):= inf{fa,(x) | i € I}.

iel
If € A; for all ¢ € I, then f4,(x) =1 for all 4 € I and
(an)( x) = 1. Thus

(N fa)(@)
el

If = ¢ A; for some j € I, then x & ﬂAi. Thus
iel
)(x) = 0. Since = ¢ Aj, we have f4,(x) = 0. Since
,(z) for all ¢ € I, we have 0 < inf{fa,(z) | i €
(z) = 0. Thus

= inf{fa,(z) [i €[} =1=(fna,)(2).

i€l

(QA
0< fa
I} < fa,
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(/\ fa)(@)=1inf{fa,(z) | i€ I} =0= (fﬂ a;)(x). Aiyared Iampan was born in Nakhon Sawan, Thailand, in 1979. He
icl iel received his M.S. and Ph.D. from Naresuan University, Thailand, under
the thesis advisor of Asst. Prof. Dr. Manoj Siripitukdet.
Hence /\fAi:fmAi- [
il el

In a similar way we prove the following.

Proposition I1.26. Ler (M,T,<) be an ordered T-
semigroup and {A; | i € I} a nonempty family of fuzzy
subsets of M. Then

\/fAi:fUAqy

icl i€l
Remark I1.27. For an ordered I'-semigroup (M, T, <), we
have

R(a) = ﬂ{R | R ordered right ideal of M and a € R}.
Thus, by Proposition 11.25, we have
JR(a) = /\{fR | R ordered right ideal of M and a € R}.
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