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Abstract—In this paper, we introduce and study weak and
strong convergence of a two-step implicit algorithm for a finite
family of asymptotically quasi-nonexpansive maps in a uni-
formly convex Banach space. The results are proved for a more
general implicit algorithm under weaker assumptions on the
control sequences of parameters. Our results are generalizations
of several well-known results in the current literature.

Index Terms—Asymptotically nonexpansive map, asymptoti-
cally quasi- nonexpansive map, common fixed point, condition
(A), demi-compactness.

I. INTRODUCTION

Throughout the paper, we assume that £ is a uniformly
convex Banach space, T a selfmap on a nonempty subset
C of E, F(T) = {& € C : T(z) = =z}, the set of
fixed points of T, {1,2,3,...N}, the indexing set I and
F = NerF(T;), where T;(i € I) are selfmaps on C. The
map T is : (i) asymptotically nonexpansive if there is a
sequence {u,} C [1,00) with lim, o, u, = 1 such that
Tz —Tmy|| < up ||z —y|| for z,y € C and n > 1 (ii)
asymptotically quasi-nonexpansive if F(T) # () and there
is a sequence {u,} C [1,00) with lim, o u, = 1 such
that |T"x —p|| < un ||z —p|| for z € C, p € F(T) and
n > 1 (iii) uniformly L-Lipschitzian if for some L > 1,
[T"z —T"y|| < Lz —y| forz,y € Cand n > 1.

A Banach space E is uniformly convex if for each r €
(0, 2], the modulus of convexity of E, given by

. 1
3(r) =t {1~ G-+l ol < 1,0l < Ll =l > v}

satisfies the inequality &(r) > 0. For a sequence, the
symbol — (resp.—) denotes strong (resp. weak) conver-
gence. The space F is said to satisfy Opial’s property [11]
if for any sequence {z,} in E, z, — x implies that
limsup,,_, ||zn — || < limsup,,_, . ||zn —y| for all
y € E withy # 2. Amap T : C — E is demiclosed
at y € C if for each sequence {z,} in C and each
x € E, v, = z and Tz, — y imply that z € C and
Tx =y.

In 1972, Goebel and Kirk [8] proposed and analyzed a
concept of asymptotically nonexpansive maps as an impor-
tant generalization of nonexpansive maps. Since then, the
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study of approximation theory of fixed points of asymptoti-
cally (quasi-)nonexpansive maps has been developed through
explicit and implicit algorithms in various settings (see, e.g.
[1-8, 10, 12, 15, 18]). Implicit algorithms have an advantage
over explict algorithms for nonlinear problems in Hilbert
spaces and Banach spaces in view of their accuracy. For
the existence of a common fixed point of a finite family
of maps in Hilbert and Banach space, we have to assume
that the maps are usually linear or at least to be weakly
continuous and affine. In nonlinear case, a stronger geometric
structure is required to obtain the desired existence result. So
approximation results are of paramount importance in this
field of investigations.
In 2001, Xu and Ori [16] proved the following result.

Theorem 1.1 ([16, Theorem 2]). Let {T; : i € I} be a family
of nonexpansive selfmaps on a closed convex subset C of a
Hilbert space with F # (), let v € C and let {a,} be
a sequence in (0,1) such that lim, o o, = 0. Then the
algorithm ©,, = a,tp—1+ (1 — )Tz, where n > 1 and
T, = T,modN, converges weakly to a point in F.

They posed an open question: What condition on the maps
{T; : i € I} and (or) parameters {w,} are sufficient to
guarantee strong convergence of the algorithm in Theorem
1.1. The answer is given in affirmative by Sun [12] as
follows.

Theorem 1.2 ([12, Theorem 3.1]). Let C' be a nonempty
closed convex subset of a Banach space. Let {T; : i € I}
be N asymptotically quasi-nonexpansive selfmaps of C with
sequence {u;,} C [1,00), such that Y, " | wy, < oo for
all i € I and F # (. Suppose that xy € C and {a,} C
(s,1 — s) for some s € (0,%). Then the algorithm {xz,}
defined by the implicit iteration scheme

(1.1)

wheren = (k—1)N+i,i=i(n) € Iand k =k(n) > lisa
positive integer such that k(n) — oo as n — 00, converges
strongly to a common fixed point of {T; :i € I} if and only
if liminf,, o d(xy, F) = 0, where d(z, F') = inf{d(x, p) :
p € F}.

Theorem 1.3 ([12, Theorem 3.3]). Let C' be a nonempty
bounded closed convex subset of a Banach space. Let {T; :
i € I} be N uniformly L-Lipschitizian asymptotically quasi-
nonexpansive selfmaps of C with sequence {u;,} C [1,00)
such that fozl Ui < 0o for all 4 € I and F # (). Suppose
that there exists one semi-compact member T in {T; : i €
I} and that zy € C and {a,} C (s,1 — ) for some s €
(0,2). Then the algorithm {x,,} defined implicitly in (1.1)
converges strongly to a common fixed point of {T; : i € I}.

Tp = QpTp_q + (1 — a")TiIzS;)xm n>1
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Recentlyy, Guo and Cho [10] have estab-
lished strong convergence of {z,} in (L.1)
under new conditions on the control sequences to a
common fixed point of the family {7; i € I} of
asymptotically nonexpansive maps.

Inspired and motivated by these facts, we investigate
convergence of a two-step implicit algorithm.

Let C' be a nonempty subset of a real Banach space F
and T; : C' — C be N asymptotically quasi- nonexpansive
maps. Let {a,,} and {8, } be sequences in [0,1] and z( a
given point in C. We define the two-step implicit algorithm
in a compact form as

k (n)
l(n) Yns

Yn = (1 - 6n)xn + BnT, i(n) -Tn-

Recall that a family {7; : ¢ € I} of N asymptotically
quasi-nonexpansive selfmaps of C' with F' # () is said to
satisfy condition (A) if there exists a nondecreasing function
f :]0,00) — [0,00) with f(0) = 0, f(t) > 0 for all
t € (0,00) such that the inequality

[ = Te|| = f(d(z,

Ty = OpTp_1 + (1 — Oén) (12)

F)) for all z e C,

holds for at least one T € {T; : i € I}.

In the sequel, we shall need the following lemmas.
Lemma 1.4 ([3, Lemma 3)). Let {a,} and {b,} be two se-
quences of non-negative real numbers such that y | b, <
00. If apy1 < (1+0by)an, n> 1, then lim,_, a, exists.
Lemma 1.5 ([17, Theorem 2]). Let v > 0 be a fixed real
number. Then a Banach space E is uniformly convex if and
only if there exists a continuous strictly increasing convex
function g : [0,00) — [0, 00) with g(0) = 0 such that

Az + (1= Nyl* < Ml + (1= A Iyl
“A1=Ng ([lz—yl),
forallz,y € B,[0)={z € E: ||| <r}and 0 <A <1

II. CONVERGENCE OF IMPLICIT ALGORITM

We start this section with the following technical result.
Proposition 2.1. Let C' be a nonempty subset of £ and
T;: C — C be N asymptotically quasi-nonexpansive maps.
Then, for all n > 1 and =,y € C,p € F(T;)

(1) there exists a sequence {u,} C [l,00) with
lim;, 00 un = 1 such that | Tz — p|| < uy ||z — p||,

(2) {T; : i € I} is uniformly L-Lipschitzian with a
Lipschitz constant L > 1, that is, there exists a constant
L > 1 such that || T]*z — p|| < L[|z — p|| .

Proof. (1) Since for each ¢+ € I, T; C — Cis
an asymptotically quasi-nonexpansive map, therefore, there
exists a sequence {u’,} C [1,00) with lim,,_,, u?, = 1, such
that

|77z — p|| <l ||z —pl||, forall n> 1.

Let u, = maxj<;<n u},. Then we have {u,} C [1, 00) with
lim,, o0 u, = 1 and

T2 = pll < g, o = pll < wp [lz = pl, for all n > 1.

(2) Taking L =
can be obtained

the conclusion (2)
the conclusion

SUp,,>1 Un,
immediately from

of (1). (]

The following result extends Theorem 1.2 for the two-step
implicit scheme (1.2).
Theorem 2.2. Let C be a nonempty closed convex subset
of a uniformly convex Banach space E. Let {T; : i € I}
be N asymptotically quasi-nonexpansive selfmaps of C and
F # (. Suppose that xy € C and {«,} and {B,} are
sequences in (0,1) and satisfy the following conditions:
(C1): > (um — 1) < o0
(C2) There exists constant ¢ € (0,3) such that
0<l—a,<eande< fB,<1-—c

Then the implicit algorithm {x,} generated by (1.2), con-
verges to a point in F if and only if liminf, _, ., d(z,, F) =
0.
Proof. The necessity of the conditions is obvious. Thus we
only prove the sufficiency. Let p € F, we have

lyn —pll = H 1_B7z)xn+ﬁn ,(7, xn pH
< (1 =8n)llzn = pll + Battin [|[2n — pl|
< i [|n = pl|-
So,
|zn —pl = ‘ Qnn—1 + (1= an)T(() Yn — pH
<ap ||en—1 —pl+ (1 - an)um lyn — pll @1
< g [l#n—1 = pl + (1 = an)uiy, [lzn — 2| -

Denote p1, = u?,

ooy i < 00
Therefore, (2.1) becomes

— 1. From Y > (uin — 1) < oo, we get

*pH < ap ”xn—l *p|| + (1 - 0‘71)(1 + ,un) Hxn *pH
< Qn len 1 _p” + (1 —ap+ /Jn) Hxn _pH

zn

< lwn-1 = pll + 22 |z — ]l
'I’L
2.2)
Note that 1 — ¢ < a,,. Hence (2.2) reduces to
lzn = pll < llen-1 = pll + 7 IIxn pll-
Simplifying, we have
1-—
lon —pll < ? [2n-1 —pll
f (2.3)
<14+ —"" ) ||zp_1—p|.
< (4 =) e

Since p, — 0, there exists a positive integer ng such
that p, < 156, for all n > ng. It follows from (2.3) that

xn—pn<(

6) 2n—1 —pl|, for all n > ng,

(2.4)
which further implies that

wn—Fns(

6) |2n—1 — F|, forall n > ny.

(2.5)
Now applying Lemma 1.4 to the inequalities (2.4)
and (2.5), we conclude that both lim, . d(x,,p) and
lim,, 00 d(xy, F') exist. Since liminf, . d(z,,F) = 0,
therefore lim,, oo d(2,, F) = 0. Next we show that {x,,}
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is a Cauchy sequence. Note that 1 + z < e” for x > 0 and
hence by (2.4), we have

2
fonim =l < (142252 ) o=

1-—

n+m

244
< _
< oY 2 ] o —
1=n

2 o0
< exp [16 ;Mz] l[#n — pll
< Mz, —p|.

where M = exp [ =3 u,}.
Since lim, o0 d(x,, F') = 0, so for any given ¢ > 0, there

exists a positive integer n; such that d(x,, F') < 537. That
is, there exists po € F' such that ||z, — po|| < 5%7. Hence,
for any n > n; and m > 1, we have

|Zrntm = Znll < %ngm — poll + |77 — poll
n+m
S exp [ Z /’('z‘| ||$n0 pOH
i=ng
2 n
+exp 1< Z Hi] [#n, — pol|
i:no
2 o0
< exp [1—6 ;Nz’] Hxno _pOH
2 oo
+exp 1_6;#1] |Zne — poll
< 2M ||lzny — pol|
< €.

This proves that {z,} is a Cauchy sequence in E and
so it must converge. Let lim, ,.,z, = gq(say). As
lim,, o0 d(xy,, F) = 0, therefore, d(q, F') = 0. This implies
that there exists p € F such that d(q,p) = 0. That is
q = p. Hence g is a common fixed point of 7; for all
1 € I |
Corollary 2.3. Suppose that all the conditions of Theorem
2.2 hold. Then the implicit algorithm{x,} generated by (1.2),
converges to a point p € F if and only if {x,,} has an infinite
subsequence {x,,} with limit p.

Now, we prove weak convergence of the implicit algorithm
(1.2).

Theorem 2.4. Suppose that all the conditions of Theorem
2.2 hold. Further, if J is the identity map and (J —T;) is
demiclosed at O for every i € I, then the implicit algorithm
{z,} in (1.2) converges weakly to a common fixed point of

{T;:iel}.

Proof. The inequality (2.4) in the proof of Theorem 2.2
implies with the help of Lemma 1.4 that lim,, . ||, — p||
exists. We may assume that lim, o ||z, —p|| = d > 0.
Since {||z,, — p||} is convergent, so {z,,} is bounded. There-
fore, there exists > 0 such that {z,} C B,[p]NnC =D
and so D is a nonempty closed bounded and convex subset
of C.

From the scheme (1.2) and Lemma 1.5, we have

A [ RPN T
< (1= Bn) e = plI* + Buuid, lzn — plI?
—Bn(1 = Bn)g (‘ z(i))xn_xn)
<, flon —pl?
8,1 = B)g (|7 w0 — ] ).
So,
lzn =plI° < anllzn1 —pl* + (1 = an)ul, [yn —pl*
—an(1—ay)g (’ Tp1 — T]E(rg)yn )
< o1 —pl* + (1= an)uly, |z — plf?
(1= an)ud, Bul = Ba)g (|| T4 w0 — )
—an (1= ap)g (’xn 1— T(%)yn )
< w1 — pll* + eMuj,

k(n)

—e3ufng ( i(n) Tp — Ty

-]

This implies that

6?)hi(n)g (

)
)

Tp—1 — T;]Eg;) Yn

2
[2n — pll

2
) < lwaa—pl -
+6Mufn

ﬁfﬁ)xn —In

and

“(]

It follows from the above inequalities that, for any m > 0,

_ k(n)
Ti(n) Yn

) < llow-r = plP=llen — pl*+eMud,

Tn—1

k n
i Yo ([T e —anl]) < oo =l = o =l
—&—eMZufn
n=1
and
é Z (Jlens =50} < lleo = ol 1 — pI?
=1
+6M2ufn
n=1
which imply on letting m — oo,
[ee]
k(n
Zg (’ Ti(i))xn — Ty ) < 00
n=1
(oo}
and Zg (’ Tp_1 — Ti’zg)yn ) < 0.
Hence
lim H ) 2 — , (2.6)
n—oo
and
lim ||z,_1 — T]z“;)yn =0. 2.7)
n—oo
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Set ’ Z(ib))azn — xn_lu = 0,. Now, we prove that o,, — 0
sn

a — 00
Note that

Tp—1 — Tllz%)yn

+|

k(n) k(n)

< Uip, Hxn yn” + ||Tpn—1 — TZ(() Yn

k(n)

< uinﬂn Tn — Tzlzg;)xn + ‘ Tn—1 — 1(n) Yn —0
as n — oo.
(2.8)
Using (2.6) and (2.7) in (2.8), we get that
lim o, = 0. (2.9)
n— oo
Since ||zp, — Zp—1|| < (1 — ay) ’Tl (n) Yn — Tn—1
therefore
lim ||z, — zp—1|| = 0. (2.10)
n— o0
and
lim ||z, — Zp+j|| =0, for j=1,2...N. (2.11)
n— oo

For any positive integer n > N, n = (n— N)(modN). Also
n = (k(n) — 1)N +i(n). Hence n — N = ((k(n) — 1) —
1)N +i(n) = (k(n — N)N +i(n — N).

That is, k(n — N) = k(n) — 1 and i(n — N) = i(n).
Therefore, for n > N,

k(n)

Hxn—l_Tnan < ‘ LTy — l_T (() T _Tnxn
< o, k(n) 1:17 —x,
= o, + L? ||:E — Tp_n||
+L’ Thn=N), T H
i(n—N) “n— N = ¥(n-N)-1
+L |2 n-ny-1 = 2
= on+ L2 ||l‘n - xn—NH
+Lop-nN + L Hx(an)fl — Tn||
which yields(on using (2.9) and (2.11):
lim ||z,—1 — Than| = 0. (2.12)
n—oo
On using (2.9) and (2.12), it follows that
lim |z, — Thon| < lm ||z, — 2p-1]|

+ lim ||2p—1 — Than|| = 0.
n—oo

Consequently, forany j = 1,2, ..., N, from (2.11) and (2.13),

we have
lzn — Tovjznll < |70 — Zoajll + 1201y — Tt jToasll
+ | TntjTntj — Tntjznll
< (1+L) Hxn _xn+j||
+ @0t = Totjnisll-
Letting n — oo, we have
nhﬁnolo llzy, — Thtjzn|| = 0.

This implies that the sequence

U {llen =

nﬂan}n , —~0asn—oo.

Since for each l = 1,2,...,N,
{llzn — Tizy || } oy is a subsequence of
Uf;l {llzn — Tnyjznll}.—, , therefore we have
lim |z, — Tix,|| =0 forl =1,2,..N. (2.14)
n—oo

Next, we prove that w,, (), the weak w—Ilimits set of {z,},
is nonempty and wy,(z,) C F. Indeed, since E is uniformly
convex and D is a nonempty closed bounded convex subset
of C so D is weakly compact and weakly closed. This
implies that there exists a subsequence {x,,} of {z,} such
that {z,,} converges weakly to a point ¢ € w, (), which
shows that wy,(z,,) is nonempty. For any ¢ € w,(z,,), there
exists a subsequence {z,,} of {z,} such that x,, — q.
Again, by (2.14), we have lim,_, ||Zn, — T1%n,|| = O.
Now for each [ € I,(J — 1)) is demiclosed at 0, therefore
(J —T1)g = 0. Hence w,(x,) C F. In a similar fashion
we can prove that, if ¢; € wy,(x,), then ¢ € F. For the
uniqueness, assume that ¢ # g1, and @, — q, Tn; — q1-
By Opial’s condition, we conclude that

lim |z, —qf = lim |z, —ql| < lim |lz,, —aq]|
n— oo
= hm 2n — q1]] = hm 0|20, — ]
n—oo
< lim ||zn; —q| = hm lzn — qll -
n—oo n—oo
This is a contradiction. Thus {z,} converges
weakly to a common fixed point of
(T, i eI} O

Remark 2.5. (1) It is remarked that Theorem 2.2 also holds
for a two-step algoritm with bounded error terms given
below

Tn = OQpTp-1-+ BnT (n)l)yn + Vnen’

Furthermore, it is a matter of routine to investigate weak and
strong convergence results of an algorithm with error terms
under appropriate conditions on the control sequences of
parameters. Therefore, Theorem 2.2 extends and improves
Theorems 2.1-2.2 in [9] and Theorem 3.1 in [12-14].

(2) Note that weak convergence results: Theorems 1-2 in
[4], Theorems 2.3-2.4 in [9], Theorem 2.2 in [15], Theorem
2 in [16] and Theorems 1-2 in [18] are direct consequences
of Theorem 2.4.

As an application of our Theorem 2.2, we establish
another strong convergence result as follows.
Theorem 2.6. Let E be a uniformly convex Banach space
and C be a nonempty closed convex subset of E. Let {T;}
and {x,} be as in Theorem 2.2. If {T;} satisfies condition
(A), then {z,} converges strongly to a point in F # .
Proof. As in the proof of Theorem 2.2, we have that
lim,, oo d(xy, F') exists. Furthermore, (2.14) implies that
lim, 00 || & — Tjzy|| = 0 for I = 1,2,...N. So condition
(A) guarantees that lim,,_, o f(d(z,, F')) = 0. Since f
a non-decreasing function and f(0) = 0, it follows that
lim,, o d(xy, F') = 0. Therefore, Theorem 2.2 implies that
{x,} converges strongly to a point in F. O

Remark 2.7.

(1) Observe that the condition (A) is much weaker than
the demi-compactness. Therefore, Theorem 2.6 is an
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improvement and generalization of several well-known
results in the current literature such as Theorem 1.3,
Theorems 3.1-3.2 in [1], Theorems 4-5 in [4], Theorem
4 in [10], Theorem 2.3 in [15] and Theorem 3 in [18].
Furthermore, Theorem 2.2 and Theorem 2.6 answer in
affirmative the question posed by Xu and Ori [16].
(2) Following the line of action of the results proved so far,
we can prove these results with suitable changes for the
following classes of functions :
(i)  generalized  asymptotically-quasi
maps

(i.e., |T"z — pl| < uy ||z — pl[+0,, where limy, o0 un =
1 and lim, o J, = 0).
(i) asymptotically nonexpansive maps in the intermediate
sense [2]

{i.e.,
|z —yll) <0}.
We leave the details to the reader.
Open Question : Can Theorem 2.2 be proved without the
fast rate of convergence condition (C'1).

nonexpansive

lim SUPp 00 Supx,yEC(HTnx - Tny” -
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