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On the Nature of Chaos

Bau-Sen Du *

Abstract—Based on a very special property of the
shift map (Theorem 1), we believe that chaos should
involve not only nearby points can diverge apart but
also far apart points can get close to each other and
these happen infinitely often. Therefore, we propose
to call a continuous map f(z) from an infinite compact
metric space (G,d) (with metric d) to itself chaotic if
there exists a positive number § such that for any
point z and any nonempty open set V (not neces-
sarily an open neighborhood of z) in G there is a
point y in V such that limsup,_, . d(f"(z), f"(y)) > ¢
and liminf, .. d(f™(z), f"(y)) = 0.

Keywords: full maps, invariant, scrambled sets, topo-
logically conjugate, transitive maps, transitive points

1 Introduction

Let (G, d) be an infinite compact metric space with metric
d and let f be a continuous map from G into itself. For
any positive integer n, let the n*”* iterate of f be defined
by putting f! = f and f* = fo f"~!. Let p be a point in
G and let m > 1 be an integer. We say that p is a fixed
point of f if f(p) = p. We say that p is a periodic point of
f with least period m (or simply a period-m point of f) if
f™(p) = p and fi(p) # p for all 1 <i < m. We say that
f is (topologically) transitive if, for any two nonempty
open sets U and V in G, there exists a positive integer n
such that f*(U)NV #0.

Now let ¥y = {8 : 8 = Bof1---, where 3; = 0 or 1} be
the metric space with metric d defined by

o |8 =il
d(Bofr -+ s v071 ) :Z;TPIZ

i=0
and let o be the shift map defined by o(BpB102-+) =
B102 - -. The shift map o is often used [5, 14] to model
the chaoticity of a dynamical system. For example, it is
well-known that, for the logistic map f,(z) = pz(1 — )
with any p > 4, the dynamics of f, on the nonwandering
set where the most interesting phenomena occur is topo-
logically conjugate to the shift map o on X5. But, what
is the shift map chaotic about?

It is well known [5] that the shift map has a point o with
dense orbit (and hence is topologically transitive), i.e.,
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the orbit O, () = {o*(a) : i =0,1,2,--- } is dense in 3y,
has dense periodic points and has sensitive dependence
on initial conditions (i.e., there exists a positive number &
such that for any point x in G and any open neighborhood
V of x there exist a point y in V' and a positive integer n
such that d(f™(z), f™(y)) > ¢). Sensitive dependence on
initial conditions, which is easily understood intuitively
as nearby points, however close, will eventually separate a
distance, is generally believed to be the central ingredient
of chaos. However, does it really reveal the true nature
of chaos? In [3], it is shown that sensitive dependence on
initial conditions for a contious self-map is a consequence
of topological transitivity and dense periodic points and
hence is a topological property. On the other hand, if
we let W denote the dense invariant (but non-compact)
subset of ¥y which consists of all elements with finitely
many 1’s in its expansion, then it is easy to see that, on
W, the shift map is topologically transitive and has sen-
sitive dependence on initial conditions. Yet, every point
of W is eventually fixed, i.e., for every 8 in W, there is
a positive integer n such that ¢"(8) = 0 = 000---. So,
W is a system no one would like to call it chaotic. These
seem to suggest that sensitive dependence on initial con-
ditions tells only part, but not the whole, of the chaos
story. But then what is the other part?

We know that the shift map has a property called
extreme sensitive dependence on initial conditions (it
is called Li-Yorke sensitivity in [1, 12]) which is
stronger than sensitive dependence on initial condi-
tions, i.e., there exists ¢ > 0 (for the shift map,
we can choose ¢ = 1) such that for any point «
in ¥y and any open neighborhood V of a there is a
point  in V such that limsup,,_, . d(o"(«),0™(5)) >
¢ and liminf, .. d(c"(a),0™(B)) = 0. We also
know [6] that the shift map has a dense uncount-
able invariant 1l-scrambled set (S is a d-scrambled
set [13] for some § > 0 if and only if, for any
x # y in S, limsup,_ . d(c™(z),0"(y)) > ¢ and
liminf, . d(c™(x),0™(y)) = 0). However, are extreme
sensitive dependence on initial conditions and the exis-
tence of a dense uncountable invariant 1-scrambled set
all that the shift map is chaotic about? This motivates
us to investigate the chaoticity of the shift map even fur-
ther. Surprisingly, we find that the shift map is more
chaotic than we previously thought.
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2 The chaoticity of the shift map

First we introduce some terminology. For any two finite
strings D = (of1 -+ Bm and F = v9y1 -+ 7n of 0’s and
s, let B-E = BpfB1- BmY07Y1"- Vo denote the con-
catenation of D and E. If Dy, Ds,---, Dy are k finite
strings of 0’s and 1’s, the concatenation Dy - Do - ... Dy,
of Dy, Dsy,--, Dy are defined similarly. For simplicity,
we shall write D1Ds -+ - Dy, for Dy - Dy -...- Dy. For any
e =0or1,lety, =0if 4, =1and v, = 1if 3 = 0.
For any finite string F = yiVg+17Vk+2 * - Vietn Of 0’s and
s, let E’ denote the finite string v,v;, 1 Vii2 " Vietn-

It is evident that any element of ¥, whose expansion
contains every finite sequence of 0’s and 1’s is a transi-
tive point of o, i.e., a point with dense orbit, and there
are uncountably many of such points. Let m > 5 be a
fized integer and let @« = agajas--- be a fized transi-
tive point in Ys. Let X = {.1‘1 = T1,021,1%1,2" " ,T2 =
2,072,122 " ,Tn = Tp0Tn1Tn,2° ", " -} be any
countably infinite subset of ¥5. For any integers 0 <
1<, let

C(:Em,l : ]) = Tm,ilm,i+1Tm,i+2 " " Tm,j
and
/ SN / / /
C'(xm,i:j) = Tinilm,i+1Tm,i+2 " Tm g

For simplicity, let 0! = 0,02 = 00,0° = 000, (01)% =

0101, (0011)% = 00110011 0011, and so on.

For any v = vy172--- in Xy, define a new point 7, =
Ty (7y,X) in 3y as follows and let

Y ={c"(1y) :n>0,v € s},

where 7, = (79)o(Ty)1(7y)2--+ =
Ay (ml) Ay ((m+1)1) Ay ((m+2)1) ---,

Qo Qg+ - Q)1

and, for any k > m, A,(k!) = (7)k(7y)k1+1(Ty ) k142
-+ (Ty)(k+1)1—1 is the concatenation of the following &
strings of 0’s and 1’s, each of length k!,

Qolrp Qe - - - Agl—1
(70)(}971)!(’71)(]@71)!(72)(1671)! L (’Yk71)(k71)!
(01)(k—2)!(0011)(k—2)! . (0k—11k—1)(k—2)!
B(.’El, 4]6')3(332, 5]€')B(.’IJ3, Gk") s B(l‘k_g, k- k"),

where, for 1 <i<k-—3, B(z;, (3+1i)k!) is the concate-
nation of the following 2k strings of 0’s and 1’s, each
of length 1 (k —1)!,

Clzi, 3+ 0kl : B4+ k! + [ (k— 1)1 —1])

Clzi, B+ )k + (G — D[k — 1) = 1] : (3+i)k! +
jlak =11 =1])

Clzi, B+ i)kl 4+ (k= )[3(k — 1)! = 1] : (3 + i)k! +
k[L(k—1)! —1])

C' (w5, (B+0)k!+ k! : B+0)k!+ 2K+ [ (k—1)!—1)]

C'(w;, B+ DK+ 2K+ (G —D[3(k— 1)1 =1] : 3+
Dk + Sk + G5 (k- 1) = 1))

Oz, B+ D)k + 2k + (k= DAk — 1! = 1] : 3+
D)kl + 2k + k[ (k — 1)1 - 1]).

We note that, in the expansion of 7.,

(1) there are infinitely many strings apajas -« - agi—1,
k > m, which imply, for each i > 0, the denseness
of the point o*(7,),

(2) there are infinitely many strings
(0) D () B () B () BT e > m,

which imply that

limsupd(c™(73),0"(7y)) =1 for 5 # 7,

n—oo

(3) for any integer j > 1, there are infinitely many
strings containing (0 1j)(k*2)! .

(01)(k—2)'(0011)(k—2)' - (Okt—llk:—l)(k—Q)!7 k > j,
which imply that, for any integer j > 1,

limsup d(c™(75), 0™ (07 (7,))) = 1 for any 3 and v,

n—oo

and since this string also contains long string of 0’s,
i.e., 0F~1 we obtain, for any j > 1,

liminf d(o™(75),0" (07 (7,))) = 0 for any 3 and 7,

n—oo

(4) for any positive integers ¢ and j, there are infinitely
many strings

Clzi,(3 + k! + ( — DGk — 1) — 1]
B+ i)kl +j[3(k— 1) —1]), k> j,
which imply that

liminf d(o"™(z;), 0™ (07} (7,))) = 0,

n—o0

(5) for any positive integers ¢ and j, there are infinitely
many strings

(Advance online publication: 27 August 2012)
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C'(wi, (3 + i)k + k! + (5

D3k = 1= 1]
(B4 i)k + 3k + j[5(k — 1)!

—1)), k> j,
which imply that

limsup d(o™(z;),0" (07 (1)) = 1.

n—oo

Therefore, with this set Y = {¢"(7,)
we have obtained the following result.

:n > 0,7 € Ba}y

Theorem 1. For any given countably infinite subset
X of Xo, there exists a dense uncountable invariant 1-
scrambled set Y of transitive points in Yo such that, for
any x in X and any y in'Y, we have

limsup d(c™(x),c™(y)) =1

and
liminf d(o™(z),0"(y)) = 0.

n—oo

In the following, we present some examples of continous
maps on the interval which also have similar chaotic prop-
erty as the shift map. These examples include the tent
map [9] (in section 3), a topologically conjugate class of
tent-like maps [9] (in section 4) and a non-full map (in
section 5). The proofs of the chaotic properties of these
examples are by symbolic dynamics which is similar to
that of the shift map as described in section 2 except
that the respective scrambled sets are chosen differently.

3 The chaoticity of the tent map 7'(x)

Let T'(x) = 1 — |22 — 1] be the tent map defined on [0, 1].
For any point « in [0,1), let a = .apaas - - - be the usual
binary representation of a with a; = 0 for infinitely many
v’s (for a =1, let ax = 1 for all k > 0). For a =0 or 1,
let aj, =1 — ay, for all £ > 0. Then, we have (see [17]),
foralln > 1,

ifap_1 = 0,

/

AnaQ a, e
n _ nUn+1Un42 B
T"(.aparag -+ ) = , ,

Ay 1Ay

if Ap—1 = 1.

Therefore, any number whose binary representation con-
tains every finite strings of 0’s and 1’s of the form
Ocicg -+ - ¢y, for any n > 1, has a dense orbit in [0, 1]
and so T is transitive.

Let I(0) = [0,3] and I(1) = [1,1]. For oy = 0
or 1, let I(apay---,) denote a closed subinterval of
I(agay -+ ap—1) of minimum length ([4, 11]) such that
T(I(apay - ay)) = I(agag -+ ay). Then, T maps the
endpoints of I(apag - - - ay,) onto those of I(ayag -+ - ay,)
and maps the interior of I(apa; - - ;) onto the interior
of I(ayag - - - oy ) and the length of each I(apay -+ ap—1)
is 1/2™. Let X9 = {o: @ = apajaz -+, where a; =0 or
1} be the compact metric space with metric d defined by

d(agon -, Bofr ) = Y oieg las — Bi] /271! and let o be
the shift map on X5 defined by o(aparas--+) = ajag - --.

For any a = apajas--- in Yo, let
I(a) = ﬂ I{apar -+ - ap).
n=0

Then it is easy to see that each I(«) (C I(ay)) consists
of one point, say I(a) = {z,}, and

T(I(a)) =I(o).

Furthermore, it is also easy to see that if < a(n) > is
a sequence of points in Y5 which converges to «, then
< T(a(n)) > converges to T(x,) in I. Now let 0 € ¥y
denote the sequence consisting of all 0’s. Then it is clear
that I(0) = {0}. Since T'(I(10)) = I(0) = {0} and since
the point 1 is the only point in I(1) = [%, 1] mapping to
0, we obtain that I(10) = {1} (see [11, Proposition 20]
for a more general case). These facts will be needed in
the proof of Theorem 2 below.

Let m > 5 be a fized integer and let a = agaias -+ be
a fized transitive point in 3. Then it is clear that the
unique point z,, in I(«) is a transitive point in I. Let

X:{.'L'l,ZCQ,"' 7$n7"'}

be any given countably infinite subset of I. For each
integer n > 1, there is a (not necessarily unique)
element [,00n10n2 -+ in Yo such that {z,} =
I(ﬁn,OﬁnJﬁnQ o )

For simplicity, let 0' = 0,02 = 00,0% =
0101, (0011)3 = 001100110011, and so on.

000, (01)% =
For any integers 0 < ¢ < j and n > 1, let

C(xmz : j) = 6n,iﬂn,i+1 o 'ﬂnajfl 0

and
1074

« .. if ﬁn,i = 07
C*(xp,i:j) = {Oj—i—H

if ﬂn,i =1

For any element v = vpy1y2 -+ in Yo, we define a new
element in Yo by putting 7, = (74)o(7)1(7y)2 - - =
001+ Q20 Ay (m+1)1) Ay (m+2)!) Ay ((m+3)) -,
where A, (k) = (7)) ki (Ty) kg1 (T ) kg2 -+ (T9) (k1)1 =

apaiag - ag—20

70(0)(1@71)171%(0)(1%1)171 ’kal(())(kfl)lfl
1(0)k-1
B(xzq,4k!)

B(Z‘Q,E)k") B(Jik,g,k-k!),

where B(x;, (3 + ¢)k!) is a finite sequence of 0’s and 1’s
of length k! such that B(z;, (3 +1i)k!) =

(Advance online publication: 27 August 2012)
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Clzi, 3+ 0kl : B+ k! + [2(k— 1)1 = 1])

_[l(f(x&(?, J;]?k! + (G -D[Fk—1=1]: B+ i)k +
Jlalk =1l =

Clai, 3+ DK + (k= D)[3(k = 1)! = 1] : 3 +i)k! +
k3 (k= 1)1 =1])

C* (i, (B+0)k!+ k! - B+i)k! + k! +[5(k—1)!—1)]

C*(zi, B+ )k + SR+ (G —D[F(k—1)!—1]: 3+
Dk + Sk + [ (k- 1)1 = 1))

C*(zi, B+ k! + 2k + (k= D[ (k- 1)1 =1]: 3+
i)kl + Lkl + k[ (k — 1)1 = 1]).

Let Y = {T"(2,) : {zr,} = I(7y),7 € ¥2,n =0, 1, 2,
-+ }. Then it is easy to check that the following result
holds.

Theorem 2. Let T(x) = 1 — |22 — 1| be the tent map
defined on [0,1]. Then for any given countably infinite
subset X of [0, 1], there exists a dense invariant uncount-
able 1-scrambled set Y of transitive points in [0,1] such
that, for any x € X and any y € Y, we have

1
limsup [T (z) — T"(y)| > 3

and
liminf |[T"(z) — T"(y)| = 0.

n—oo

4 A topologically conjugate class of tent-
like maps

Now assume that f is a full map on [0,1], i.e., for some
point 0 < a < 1, f (= f4) is a continuous map from [0, 1]
onto itself such that (i) f(0) =0 = f(1) and f(a) = 1 and
(ii) f is strictly increasing on [0, a] and strictly decreasing
on [a, 1]. Note that the tent map T defined in section 2 is
just a special case of f. We first show that if f satisfies (a)
f has a dense orbit; or (b) f has dense periodic points; or
(c) f has sensitive dependence on initial conditions, then
z< f(z)<lforal0<z<a.

Suppose there is a fixed point 0 < v < a. If f(z) >
for some 0 < z < v, let u be the smallest fixed point of
f in [z,v]. Since f is strictly increasing on [z,u], every
point in [z,u] is attracted to the fixed point w. So, f
cannot satisfy any one of (a), (b) and (¢). If f(z) < z
for some 0 < = < v, let w be the largest fixed point of

fin [0,z]. Since f is strictly increasing on [w, z], every
point in [w,x] is attracted to the fixed point w. So, f
cannot satisfy any one of (a), (b) and (c). Therefore, if
f satisfies any one of (a), (b) and (c), then f is strictly
increasing and z < f(z) < 1 on (0,a), and f is strictly
decreasing and 0 < f(z) < 1 on (a,1).

Let I(0) = [0,a] and I(1) = Ja,1]. For oy = 0
or 1, let I(apay---y,) be any closed subinterval of
I(apay -+ - ap—1) of minimum length [4, 11] such that
fI(awpar -~ ap)) = I(aqas -+ - ). Hence, f maps the
endpoints of I(apaq - - - ay,) onto those of I(aag -+ - ay,)
and maps the interior of I(aga; - - - ;) onto the interior
of I(aja - - - o). Consequently,

a ¢ Uy int(f (I(apay---an)))

= U, int(I (0" (apor -+ an))),

where int(J) denotes the interior of the interval J. For
any a = apaq -+ in Xo, let I(a) = (2o I(coor -+ - avp).
Then f(I(«)) = I(oa) and each I(«a)(C I(ag)) is ei-
ther a nondegenerate compact interval or consists of one
point [11]. Furthermore, if I(«) is a nondegenerate com-
pact interval then a ¢ U;>¢ int(f*(I(a))), f maps the
endpoints of I(«) onto the endpoints of f(I(«)) and the
interior of I(«) onto the interior of f(I(«)). Note that it
is shown in [11, Propositions 20 & 21] that I(0) = {0}
and 1(10) = {1} and, if I(«) N I(B) # 0 for some o # 3
in X9, then for some point p in [0, 1] and some k > 0 and
v =0o0r1, 0<7:<k—1, we have

{a, 8} = {v0v1 - %-1010, o1 -+ yk-1110},
(o) =I(8) ={p} and f*(p)=a.

Conversely, if

{a, B} = {7011 -+ 7%=1010, ~yoy1 - Y%—1110},

then I(a) = I(3) = {p} for some point p and f*(p) = a.
These facts will be needed later.

Assume that I(a) = (), I(apar---a;,) is a nonde-
generate interval. Then so is f'(I(«)) for every i > 0
since f is not constant on any interval. Since a ¢ U;>
int(fi(I(a))), f* is strictly monotonic on I(a) for every
i > 1. Assume that f satisfies any one of (a), (b) and
(c), and assume that, for some integer m > 1, f™(I(«))
is a nondegenerate interval such that int(f™(I(«)))N
int(I(a)) # 0 (this happens when f satisfies (a) or (b)).
Then f™(I(«)) = I(a) and f™ maps the endpoints of
I(a) onto itself and f™ is monotonic on I(a). By re-
sorting to f2™ if necessary, we may assume that f™ is
increasing on I(«) and fixes both endpoints of I(«). But
then, one endpoint of I(a) which is a fixed point of f™
attracts all points of int(I(«)) (under f™) which clearly
contradicts the assumption that f satisfies any one of (a),
(b) and (c). If f satisfies (c) and f*(I(«)) and f7(I(c))
have disjoint interiors whenever i # j, then since the

(Advance online publication: 27 August 2012)
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interval [0,1] has finite length, we must have lim,
diameter(f™(I(«))) = 0 which contradicts the assump-
tion that f has sensitivity. This shows that if f satisfies
any one of (a), (b) and (c¢), then I'(«) consists of exactly
one point for every « in X9 and every point of [0, 1] be-
longs to I(«) for some (not necessarily unique) « in ¥s.

In the following, assume that f satisfies any one of (a),
(b) and (c). For the sake of clarity, we write I;(a) in-
stead of I(a) to emphasize the role of f. For every z
in [0,1], there is an « in X9 such that I;(a) = {«}. If
there is another § # «a in Xy such that If(3) = {z},
then it follows from the above that, for some k& >
0, {o,8} = {yom - -7%010,vy1 - -7k110}. But then
Ir(a) = Ir(B) = {w} for some w with T*(w) = 1. So,
the map ¢ : [0,1] — [0, 1] defined by letting ¢(If(a)) =
Ir(a) is well-defined (cf. [11, Theorem 22]). It is easy
to see that 1 is a homeomorphism such that (0) =

0,9(a) = 3,%(1) = 1 and (f)(I;(a)) = ¥(f(If(a))) =
P(If(oa)) = Ip(oa) = Tlr(a) = (Ty)(I; ().

Therefore, f is topologically conjugate to T through 1.
This, together with Theorem 2 above, implies the follow-
ing result.

Theorem 3. Let 0 < a < 1 and let f be a continuous
map from [0,1] onto itself such that (i) f(0) =0 = f(1)
and f(a) = 1 and (i) f is strictly increasing on [0, al
and strictly decreasing on [a,1]. Then the following state-
ments are equivalent:

(a) f has a dense orbit.
(b) f has dense periodic points.

(¢) f has sensitive dependence on initial conditions.

Furthermore, if f has a dense orbit, then f is topologi-
cally conjugate to the tent map T(x) = 1 — |2z — 1| on
[0,1] and, for any countably infinite subset X of [0,1], f
has a dense uncountable invariant 1-scrambled set' Y of
transitive points in [0,1] such that, for any x € X and
y €Y, we have

limsup /" (2) — £ (y)| > minfa,1 - a}

n—oo

and
lim inf /" () — "(4)| = 0.

5 A non-full map

Now let g(«) be the continuous map from [0, 1] onto itself
defined by

This map g(x) is a classical example in the Theory of Dis-
crete Dynamical Systems on the Interval that has exactly
one period-3 orbit.

On the other hand, let ¢(x) be the continuous map [15,
16] from the one-point compactification space [0, co] of
[0, 00) onto itself defined by

0, if =0,
p(x) =< 11—, if 0<u,
1, if = =o0.

In [8], we show that g(x) and ¢(z) are topologically con-
jugate and ¢(z) has similar chaotic property as the shift
map. Consequently, we have the following result.

Theorem 4. Let g(x) be the continuous map from [0,1]
onto itself defined by

Then, for any countably infinite subset X of [0,1], g has a
dense uncountable invariant (%)—scmmbled set’Y of tran-
sitive points in [0, 1] such that, for anyx € X andy €Y,
we have

N |

limsup |g" (z) — " (y)| >

and
liminf |g"(z) — " (y)| = 0.

n—oo

6 The true nature of chaos

Theorem 1 has a very important consequence. That is,
given any point x in Y5, then at just about everywhere
in Yo, whether it is close to z or far away from it we can
always find a point y (in the dense set Y') whose iterates
satisfy limsup,,_,., d(c™(z),0"(y)) = 1 and liminf,
d(o™(x),0™(y)) = 0. This seems to suggest that in a
chaotic system the iterates of not only nearby points can
diverge apart but also far apart points can get close to
each other and these happen infinitely often. After all,
two present far apart points may be very close to each
other some time earlier.

Theorem 1 also reveals a very striking property for the
shift map. That is, when we let X = {x¢, 0 (x¢),02(x0),
-++} denote the orbit of any given point zy in X5, then
Theorem 1 implies the existence of a dense uncountable
invariant 1-scrambled set Y of transitive points in Yo
such that, for every positive integer m and every y in Y,
limsup,,_, . d(c™(6™(xp)),0™(y)) = 1 and liminf,
d(o™(0™(x0)),0™(y)) = 0. In particular, this says that,
for any point zy and any time m earlier, at about every-
where (the corresponding dense set Y') in X5, we can find
a point y (in Y') whose trajectory eventually catches up

(Advance online publication: 27 August 2012)
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with that of the point xy to within any prescribed dis-
tance (since liminf,, o d(o™(c™(x0)),0™(y)) = 0) even
though z( starts out time m earlier than y.

7 A definition of chaos

Let (G,d) be an infinite compact metric space with
metric d and let f be a continuous map from G into
itself. We say that f is chaotic (see also [18, 19])
if there exists a positive number ¢ such that for any
point z and any nonempty open set V' (not necessar-
ily an open neighborhood of z) in G there is a point
y in V such that limsup,,_,. d(f™(z), f*(y)) > ¢ and
liminf, . d(f"(x), f*(y)) = 0. By [2, 20] and Theo-
rems 1, 2 and 4, we have the following result.

Theorem 5. The following statements hold.

(a) The shift map o is chaotic on Xs.
(b) The tent map T(x) = 1— |2z —1]| is chaotic on [0, 1].

(¢) The map f defined on [0,1] by putting f(x) =1—2x
forO0<z<1and fz)=a—3 for s <a<1lis
chaotic on [0,1].

(d) F, is chaotic on A, for any p > 4, where F,(x) =
pr(l =) and Ay = Moo F " ([0,1]) for p >4 and
Ay(z) =1[0,1] for p=4.

The chaotic maps in Theorem 5 are all transitive and Li-
Yorke sensitive. However, not all transitive maps or Li-
Yorke sensitive maps are chaotic. The following is such
an example.

Example 1. Let g(x) be the continuous map from [—1, 1]
onto itself defined by putting g(x) =22+ 2 for —1 < x <
—3; g(x) = =2z for =1 <z < 0; and g(z) = —x for
0 < z < 1. Then g is transitive and Li-Yorke sensitive
but not chaotic because the period-2 point f% and the
interval [0, 1] are jumping alternately and never get close

to each other.

Chaotic maps are clearly Li-Yorke sensitive [12], but not
necessarily transitive. The following is such an example.

Example 2. Let T(z) =1 — |2z — 1] for 0 <2 < 1 and
let 1 be the continuous map from [—3, 1] to itself defined
by putting h(z) = —x for —3 < 2 < 0 and h(z) = T(z)
for 0 < z < 1. Then, on [—4,1], h is chaotic but not
transitive.

The following result gives a necessary condition for an
interval map to be chaotic.

Theorem 6. Let I denote a compact interval in the real
line and let f be a continuous map from I into itself. If f
is chaotic, then f has periodic points of all even periods
and, f? is turbulent, i.e., there exist closed subintervals

Iy and Iy of I with at most one point in common such
that f2(lo) N f2(]1) DIy Ul.

Proof. Let z be a fixed point of f and let W be a
nonempty open set in I. Assume that f is chaotic. Then
there exist a positive number § and a point ¢ in W such
that limsup, . |f"(c) — f*(z)] > ¢ and liminf,
|f™(c) — f™(2)| = 0. In particular, the w-limit set w(f,c)
of ¢ with respect to f (z is in w(f,¢) if and only if
limg o f™(¢) = x for some sequence of positive inte-
gers ny — 00) contains the fixed point z of f and a point
different from z. It follows from [10] that f has periodic
points of all even periods and f2 is turbulent. O

The converse of Theorem 6 is false as shown by Example
1.
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