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Explicit Multi-Soliton Solutions for the KdV
Equation by Darboux Transformation

Ying Huang

Abstract—With the aid of the known Darboux transforma-
tion, starting from an arbitrary constant solution, a series of
explicit two-soliton and three-soliton solutions to the Korteweg-
de Vries (KdV) equation are constructed.

Index Terms—KdV equation, two-soliton solution, three-
soliton solution, Darboux transformation.

I. INTRODUCTION

S a prototype example for the exactly integrable non-
linear equations, we consider the KdV equation

which plays an outstanding role in physical problems, for ex-
ample, stratified internal waves, ion-acoustic waves, plasma
physics, lattice dynamics and so on [1]. We know that the
most remarkable property of exactly integrable equations is
the presence of exact solitonic solutions, and the existence
of one-soliton solution is not itself a specific property of
integrable partial differential equations, many non-integrable
equations also possess simple localized solutions that may
be called one-solitonic. However, there are integrable equa-
tions only, which posses exact multi-soliton solutions which
describe purely elastic interactions between individual soli-
tons [2], and the KdV equation is one of these integrable
equations.

Although the inverse scattering method [3], the Backlund
transformation method [4,5,6] and the Hirota method [7]
pave the way to generation of multi-soliton solutions to
the nonlinear evolution equation, the explicit multi-soliton
solution cannot be obtained by pure intuition or by ele-
mentary calculations because of itself complications [8,9].
The known multi-wave solutions to the KdV equation are
scarce [10,11,12,13,14,15], it has been known for a long time
that equation (1) possesses explicit multi-soliton solutions
described in [1].

II. EXPLICIT TWO-SOLITON SOLUTIONS

As mentioned in [16], the Lax pair for equation (1) is

given by
0 1
o,
A—u O

( Ug  —(4X 4 2u) )
P, = P,
A
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where A = —(4\ + 2u)(A — u) + ugyy, with the Darboux
matrix

(2,4, \) R

D(z,t,\) = , 3)
)\ — >\z + 01»2 —0;

where i = 0,1, 2, A, A; are the spectral parameters, in partic-

ular, when ®;(z,t)\) = (ayk) (x,t,\))ax2 is the fundamental

solution matrix to the lax pair on u;, o; is defined as

aél (b, Ni) s + aéig) (z,t, \i)vi
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here, y1; and ~; are arbitrary constants, but p? + 42 # 0.
A theorem borrowed from [16] points out, if u; is a given
solution to equation (1), then

Uiy = 2\ — u; — 207 (5)

becomes new solution based on u;.

The starting point for constructing two-soliton solution
is to solve the fundamental solution matrix of the lax pair
on constant solution ug. Substituting ug into the system (2)

yields
0 1
o, = D,
A— U 0

(6)
0 1
O, = —(4X + 2up) (

>¢.

By the eigenvalue method, we obtain the fundamental solu-
tion matrix to the system (6)

el e
@O(xvta )‘) = ( n —n ) ) (7)
w e —Ww e

w(A) =

)\—’LL() 0

where 7 = n(\) = w [ — (4N + 2up)t], w =
VA= ug, A > ug.

For simplicity, we set w; = Vv \; — ug, 7; = n(N\;), 0; =
1; + ¢;, where ¢; is an arbitrary constant, and 7 = 0, 1, 2.

From (4), we get

e pg —e My

= ) 8
0 = W0 T e (®)

Choosing g = €%, v9 = e~ in (8), we have
oot = wo tanh g, 9)

then substituting (9) into (5), we obtain the solitary wave
solution

U1l = ug + ngsechQQO.
Similarly, choosing pp = €, v9 = —e~ in (8), we have

00e = wo coth By, (10)
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which further leads to
Uo = U — ngcschQGO.

Now we construct the two-soliton solutions generated from
u1. For convenience, we first give the new solution which is
expressed in terms of o rather than wy, then substitute (9)
and (10) into the relative solution, respectively. According to
[16], we can obtain the fundamental solution matrix to the
lax pair associated with the known solitary wave solution u;
in the following manner

—00 1
(I)l(.ﬁ,t,/\) = q)O(xata A)
)\—)\0-1-(7[2) —09
—opt+w)e —(og+w)e "
R e A W
Be" De™"

where B:)\—)\Q-i-a'g—o’ow, D:)\—)\0+0'8+0'0w.
From (4) and (11), we have

2 etpr—e My
()‘1 — Ao+ JO) — Oowi e iy +e )

eMp—e M,
el py+e ="My

o1 = 12)

—0o + w1

By analogy with pg, o in (8), there are two special cases
to consider in (12).
1) Choosing 1 = €°t,v1 = e~ “ in (12), we get

()\1 — Ao + 0'(2)) — opwi tanh 01

= 13

o —0¢ + wy tanh 6 ’ (13
combining (5) and (13), we see that

s — g 1 2(A1 — Xo)(wE — 0 — wisech?d;) (14

(0'0 — w1 tanh 91)2

Substituting (9) and (10) into (14), respectively, we obtain
explicit two-soliton solutions

2(A1 — o) (wisech®6y — wisech®6,)

u21 = Uo + (wp tanh By — wy tanh #;)>? (15
and
o — e 2(A1 — Xo)(wicsch?6y + wisech?6)) (16)
S (wp coth 0y — wq tanh 6;)2 ’
respectively.

2) Choosing 3 = e“',y; = —e~“ in (12), in a totally
parallel way, we obtain
()\1 — Ao+ 0'8) — ogwi coth ¢
—09 + w1 coth 91

; A7)

Olc =

which together with (5) gives

2(A1 — o) (wisech®dy + wicsch®6,)
(wo tanh Oy — wy coth 0;)?

U2z = Up +

and

2(A1 — o) (wicsch®6y — wicsch?6))
(wp coth By — wy coth 6;)?

U24 = U —

we notice that usg is just a given solution in [1], when ug =
0.

III. EXPLICIT THREE-SOLITON SOLUTIONS

As shown in [16], the fundamental solution matrix
Dy (x,t, \) to the lax pair associated with ug is given by

—0 1
¢)2(x?ta)‘): ( )\7}\1:»0_% —0 >(I)1($7t,)\>
( Pem Qe )
= ) (18)
Re”  Se™"

where P = A — Ao + (00 + 01)(0¢ — w),

Q=XA— Ao+ (00 +01)(00 +w),
R=A=X+0})(—00+w)+o1(=X+ g — 02 + oow),
S=A=A+0})(—00—w)+o1(=A+ X — 0§ — Tow).
From (4) and (18), we further see that

_0'0()\ — A\ —I—O'%) —‘1-0'1()\ — o —‘rO’%)

o9 =
2 A =X+ (00 +01)(00 —w)K  |,_,,
WA= +0f+0100)K
IA=xps  (19)
A — AO + (O’O + 0'1)(00 - w)K

; _ (eTpa—e""y2)
with K = (s Fe=a) " Because

Us = 2)\2 — U9 —20%

=g +2(No — ug — ) + 2[(Na — A1 + 0%) — 73], (20)

we first give us which depends upon o and o; in order to
avoid tedious calculation, then consider the expressions for
oo and o1 in the relative solution.

For the special cases of o5 in (19), we have two groups
of three-soliton solutions for equation (1).

1) Choosing py = 2,72 = e~ in (19), we obtain
_ ()\2 — )\1)(0’(] — W2 tanh 92)

Ao — Ao + (0’0 + 0’1)(00 — Wo tanheg)

0'1[/\2 — Ao+ (0’0 + 0'1)(0'0 — Wo tanhﬁg)]
)\2 — )\0 + (00 + 01)(0’0 — W2 tanh(‘)g)

Substituting (21) into (20) yields

O2t =

21

us :U0+2()\0—U0—08)
2()\2 — )\1)()\1 —Xo + 0’% - 0‘%)(0‘0 — Wsy tanh92)2
[/\2 — )\0 + (O'() + 0'1)(0'0 ) tanh 92)]2

2(M2 — A1) (A2 — Xo) (02 — w2 + w3sech?dy)
[)\2 — )\0 —+ (00 + 01)(0’0 — W2 tanhgg)]Q
Seeing that the structure of the three-soliton solution is
overlong, we set we; = W3 —w?, Wy = Wi —w?, wip = W —
w(z), T; = w; tanh 6; and C; = w; coth6;, where : =0,1,2 .
Substituting (9) and (13), (10) and (13) into (22), respec-
tively, we get

+

(22)

U31 = Ug + 2w8sech290
Qwa1wio(wgsech?dy — wisech?d) ) (Ty — Ts)?
[wao(Ty — To) + wio(To — T2)]?
Qw1 wag (wisech?fy — wlsech?dy) (Ty — Ty)?
[wao(Th — To) + wio(To — T2)]?

and

U3z = Uy — 2wgcsch290
2w21w10(wgcsch290 + w%sech291)(00 —Ty)?
- [wao (T — Co) + wi0(Co — T2)]2
Qwa1wap (wisech?dy 4 wlesch?6y ) (T — Cp)?
[wao (T — Co) + w10(Co — T2)]2
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respectively. Similarly, substituting (9) and (17), (10) and
(17) into (22), respectively, we have

U3z = Ug + 2wgsech200
Qwarwio(wgsech?0y + wiesch?0, ) (Ty — Ts)?
[wao(C1 — Tpp) + wio(To — T2)J?
Quwa1wag (wisech?dy — wisech?6y)(Cy — Tp)?
[wao(C1 — Tp) + wio(To — T2)]?

and

U4 = Uy — 2w(2)csch200
Qwaiwio(wiesch?fy — wicsch?0;)(Co — Ty)?
a [w20(C1 — Cp) + wi0(Co — T>)]?
2wz1w20(w%sech292 + w%csehzeo)(Cl —Cp)?
[wao(C1 — Co) + wi0(Co — T2)]?

2) Choosing ps = e??,73 = —e~ in (19), in a similar
manner, we obtain

U35 = Ug + 2w8sech200
Qwarwio(wisech?dy — wisech?d; ) (T — Cy)?
[wao (Th — Tp) + wio(To — Co)]?
2w wag (wicsch?fy 4 wisech?0y) (Ty — Tp)?
- [wao(T1 — To) + wio(To — C2)]? ’

Uzg = Uy — 2w(2)csch290
2waiwio(wEesch?8y 4+ wisech?d; ) (Cy — Cy)?
- [wao(Th — Co) + wi0(Co — C2)]?
2w91wag (w%csch292 — wgcschQOO)(Tl —Cp)?
- [wao (T1 — Co) + wio(Co — C2)]2 7

uz7 = ug + 2w§sech290
2wo1w1g (wgsechz% + w%csch291)(T0 —(9)?
[w20(C1 — Top) + wio(To — C2))?
2wa1wag (w%csch292 + w%sechZGO)(Cl —Ty)?
- [wao(C1 — Tp) + wi0(To — C2)]? ?

and

U3g = Uy — 2w8csch200
2w21w10(w§csch290 — w%csch291)(6’0 —()?
- [wao(C1 — Co) + w10(Co — C2)]?
Quwa wag (wiesch?fy — wlesch?6y)(C) — Cp)?
- [wao(C1 — Cp) + w10(Co — C2))?

IV. CONCLUSION

As a soliton equation which is widely used in various
fields, the soliton solutions to the KdV equation have been in-
vestigated extensively in the papers and literatures, however,
most of the multi-soliton solutions have been obtained in
numerical form, and its explicit exact three-soliton solutions
are very few, the main reason is that the calculation is too
tedious to obtain succinct expression, rather than the lack
of methods. Overcoming the difficulties of calculations by
some techniques, we finally construct some new explicit two-
soliton and three-soliton solutions for the KdV equation.
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