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On Permanence and Asymptotically Periodic
Solution of A Delayed Three-level Food Chain
Model with Beddington-DeAngelis Functional

Response

Changjin Xu, Yusen Wu, and Lin Lu

Abstract—This paper deals with a delayed three-level food
chain model with Beddington-DeAngelis functional response.
By using the differential inequality theory, a set of sufficient
conditions are obtained for the permanence of the system. By
constructing a suitable Liapunov function, we derive that the
system has a unique asymptotically periodic solution which is
globally asymptotically stable. An example is given to illustrate
the effectiveness of the results. The paper ends with a brief
conclusion.

Index Terms—food chain model, permanence, Beddington-
DeAngelis functional response, asymptotically periodic solution,
Liapunov function.

I. INTRODUCTION

N recent years, predator-prey systems which model some

biological phenomena and relationship between predators
and preys in the real world play a crucial role in math-
ematics. They have been extensively investigated in many
ways by numerous researches [1]. For example, Dai et al.
[2] analyzed the multiple periodic solutions for impulsive
Gause-type ratio-dependent predator-prey systems with non-
monotonic numerical responses. Wang and Fan [3] made a
discussion about the multiple periodic solutions for a non-
autonomous delayed predator-prey model with harvesting
terms. Li and Ye [4] investigated the multiple positive almost
periodic solutions to an impulsive non-autonomous Lotka-
Volterra predator-prey system with harvesting terms. Zhang
and Luo [5] focused on the multiple periodic solutions of
a delayed predator-prey system with stage structure for the
predator. Zhang et al. [6] considered the multiplicity of
positive periodic solutions to a generalized delayed predator-
prey system with stocking. For more work about predator-
prey models, one can see [7-15]. It shall be pointed out
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that all the papers mentioned above are concerned with the
predator-prey models with periodic coefficients. However, the
asymptotically periodic systems describe our real word more
realistic and more accurate than the periodic ones, but the
research work about asymptotically periodic predator-prey
models is scare at present(see e.g.,[16-17,23-25]).

In this paper, we will consider the following delayed
predator-prey system that is given by Li and Wang [18]:

d
% = Ul(t) |:CL1 — blul(t)
B spus(t) }
d A1 + Ul(t) + BﬂLQ(t) ’
% = UQ(t) [ — ag — bgUg(t)
n sgup(t —7)
Ay +U1(t—T)+Blu2(t—T) M
_ SQUg(t
J Ao+ us (t) + Bous (t)
% = U3(t) [ —as — b3U3(t)
N squs(t — 7) }
Ag—l—Ug(t—T)—f—BgUg(t—T) ’

with the initial condition ug(0) > 0,us(0) > 0,u3(0) > 0,
where w1 (t), us(t) and uz(t) denote the population density
of prey, predator and top-predator at time ¢, respectively.
a;, bi,8;(i = 1,2,3;5 = 1,2,3,4) are positive constants.
In detailed biologically meaning, one can see [18]. By
choosing the time delay as bifurcation parameter, Li and
Wang [18] found that Hopf bifurcation occurs as the delay
passes through a sequence of critical values.

In real word, any biological or environmental parameters
are naturally subject to fluctuation in time [19]. In 1977,
Cushing [20] pointed out that it is necessary and important
to consider models with periodic ecological parameters or
perturbations which might be quite naturally exposed (for
example, those due to season effects of weather, food supply,
mating habits, hunting or harvesting seasons, etc.). Thus the
assumption of periodicity of the parameters is a way of
incorporating the periodicity of the environment. Further,
to describe the real word more accurate, the assumption
of asymptotically periodic parameters shall be considered.
Motivated by the discussion above, we modify system (1) as
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follows:

% = ua () [al(f) — by (t)ua(t)
- s1(t)ua(t) }

) AL(t) +ur(t) + By (s ()

W2 — o)~ as(t) — boltyua(t)
. ltult—7) @

Ay (8) +ur (t—7) + By (tyug(t —7)

B 82(t) ( )

. As(t) 4 ua(t) + Ba(t)us(t)

Z = ug(t)[ — as(t) — ba(t)us (1)
n 34(t)U2(t—T) :|

As(t) +ug(t —7) + Ba(t)us(t —7) |

Now we define R, = [0, 400) and introduce the concept of
the asymptotically function.

Definition 1.1. If f € C(R, R), where f(t) = g(t)+a(t),
g(t) is continuous T-periodic function and lim;_, o, a(t) =
0, then f(t) is called asymptotically T-periodic function.

Throughout this paper, we always assume that

(Hl) a; (t)> d; (t>7 6% (t>7 61’ (t) (7’ =1, 2)’ ’I“(t), ’Y(t)? K(t) and
d(t) are all continuous positive, bounded asymptotically
periodic functions.

This paper is organized as follows. In Section 2, the
permanence of system (2) is investigated by using the dif-
ferential inequality theory. In Section 3, the existence and
uniqueness of asymptotically periodic solution are analyzed
by constructing a suitable Liapunov function. An example is
given to illustrate the effectiveness of the results is Section
4. A brief conclusion is given in Section 5.

II. PERMANENCE

For convenience in the following discussion, we always
use the notations:

f!'=inf f(t),

teR

f* =sup f(t),

teR
where f(t) is a continuous function. The initial value con-
dition of system (2) is u1(0) = ¢1(0) > 0, u2(0) = ¢2(0) >
0,u3(0) = ¢3(0) > 0. In order to obtain the main results of
this paper, we shall first state some definitions and several
lemmas which will be useful in proving the main results.

Definition 2.1. We say that system (2) is permanence if there
are positive constants m;, M;(i = 1,2, 3) such that for each
positive solution (uq(t),us2(t),us(t)) of system (2) satisfies

m; < tlig_n inf u; (t) < , lig_n supu;(t) < M;(i =1,2,3).

Definition 2.2. The solution X(t,to,¢) is called ulti-
mately bounded. If there exists B > 0 such that for any
tg > 0,0 € C, there exists T = T(to,$) > 0 when
t>to+T,|X(tto, )| < B.

Lemma 2.1. [21] If a > 0,b > 0 and & > x(b — ax), when
t >0 and x(0) > 0, we have

(=

lim infx(t) > —

t——+oo

8

(Advance online publication:

Ifa>0,b>0and & <xz(b— ax), when t > 0 and z(0) >
0, we have

(=

lim supz(t) < —

t——+oo

Q

Now we state our permanence result for system (2).

Lemma 2.2. The set R3 = {(u1,u2,u3)lus > 0,up >
0,u3 > 0} is the positively invariant set of system (2).

Proof It follows from the initial value condition u(0) =
o1 (0 > 07U2(0) = ¢2(0) > 0 and U3(0) = d)g(O) > (0 that

u1(t) = u1(0) exp {/Ot [al(s) —b1(s)ui(s)

B s1(s)ua(s) }ds
A1 (s) + ui(s) + Bi(s)uz(s) 7
uﬂﬂ=w®hw{A[—w@%WAWM$

s3(s)ui(s — 1)

+A (s )—|—u1((s)—7' ) + Bi(s)ua(s —
_A2(8)+U2( +B2 :| 5

1Mﬂ-w@hm{£[%0%@)()
s4(8)ua(s — 1)

+

The proof of Lemma 2.2 is complete.

Theorem 2.1. Let My, My, Ms, mq, ms and ms be defined
by (4), (6), (8), (10), (15) and (19), respectively. In addition
to the condition (H1), suppose that the following conditions

(H2) s§ > ay, s§ > ag,a) B] > s,
shmy > a%(AY 4+ My + BYMs);

(H3) shmi Bl > sY(AY + M, + B M>)
+ a4 By (A} + My + BYM,)

hold, then system (2) is permanent, that is, there exist positive
constants m;, M;(i = 1,2,3) which are independent of the
solution of system (2), such that for any positive solution
(up(t), ua(t),us(t)) of system (2) with the initial condition

Ui (O) > O,UQ(O) > 07“3(()) > 07
one has

m; < lim infu;(t) < , 115_11 supu;(t) < M;(i =1,2,3).

t——+oo

Proof  Obviously, system (2) with the initial value
condition  (u3(0),u2(0),u3(0)) has positive solution
(up(t),uz(t),us(t)) passing through (u1(0),u2(0),us(0)).
Let (u(t), ua(t), us(t)) be any positive solution of system
(2) with the initial condition (u1(0), u2(0), u3(0)). It follows
from the first equation of system (2) that

duc;t(t) = uy(t) [al(t) — by (t)us(t)
— 51 (t)u2 (t) ]
Ay () +u(t) + Bi(t)ua(t)
< wi(t) [af — b (t)] .
28 November 2014)
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It follows from Lemma 2.1 that For ¢ > max{Ty,Ts, T4}, from (5),(7),(11) and the second
at equation of system (1.2), we have
lim supu(t) < —ll = M. 4)
i—+oo by dus(t)
i . = u(t)| —aa(t) — ba(t)ua(?)
For any positive constant £; > 0, it follows (4) that there dt
exists a 177 > 0 such that for all £ > T7, + sa(t)ui(t —7)
Al(t) -+ Ul(t — T) -+ Bl(t)UQ(t — 7')
up (t) < My + €. (5) s2(t)us(t)
By the second equation of system (2), we have As(t) + ua(t) + Ba(t)us(t)
> ug(t)| — ay — byus(t)
dUQ (t) o 2 [ 2 2
dt = UQ(t) — ag(t) — bg(t)UQ(t) . Sé(ml . 54)
+ 33(t)u1(t_7—) Au (Ml —|—€1) +Blu(M2 +52)
Al(t)+U1(t—7’)+B1(t)U2(t—7’) 32} (12)
_ s2(t)us(t) Bl
As(t) +u + Bo(t)us(t
(1) + ua(?) 2l )ud( ) It follows form Lemma 2.1 and (12) that
< up(t) [- ah — bhus(t) + sy .
It follows from Lemma 2.1 that t_l}+moo inf ua(t)
s¥ — al > © 13
i swpua(t) < S = M, © Z BISIAY + (Mh +en) 1 By (0 2] )
For any positive constant €5 > 0, it follows from (6) that where
there exists a 75 > 0 such that for all ¢t > 15, 0 — Sé(ml B 64)Bé
UQ(t) < M2+82. (7) —S%[A?+(M1 +€1)+B%(M2+62)}

unlrAu u
By the third equation of system (2), we have ag By AY + (My + e1) + By (M2 + £2)].(14)

dua(t Setting ¢; — 0(¢ = 1,2,4) in (13) leads to
80—y () aalt) — Balt)usr) l
Bl
s4(t)uz(t — 1) } lim inf ug(t) > sy
— 400 l
+A<>+Wu_TH4gwmu_r) = BIbs (A} + M, + By M)
“ s¥(AY + My + B Ms)
< ug(t) [—al — bhus(t) + 4] ——
B b“(A“ + M, + By My)
It follows from Lemma 2.1 that ( A + M, + BYM,) s
= ma.
sy —aé _ Blb“(A“—FMl—I—B}‘Mg) 2 (15

lim supus(t) < ;

feo b For any positive constant €5 > 0, it follows from (15) that

For any positive constant 5 > 0, it follows from (8) that there exists a T5 > max{Ty, 7,74} > 0 such that for all
there exists a T5 > 0 such that for all ¢ > 75, t > Ts,

= Ms. ()

us(t) < Ms + e5. ©) us(t) = mo — es. (16)

For ¢t > max{T5,T3,T5}, from (7),(9),(16) and the third

In view of the first equation of system (2), we have equation of system (2), we have

d’LLl (t)
—_— = t t) —by(t t
G = wOaO - heu 0 )] )~ bttt
-l ) t sa(t)us(t = 7)
Aq(t) 4 ur (t) + By (t)ua(t LA
1(t) + i (1) Mmﬂ;w +@®+m@—ﬂ+&@w@—ﬂ}
> (0 o) — b0yt - 29 > )]~ af — tustt)
81 L(my — e5)
> o) [of o - 2. shima — e L
b Bj +A12‘+(M2+52)+B§‘(M3+63)} (17)
Thus, as a direct corollary of Lemma 2.1, one has It follows from Lemma 2.1 and (17) that
L nl u
. . (IlBl —S1 . . .
tl}lﬁloo inf uy (t) > W = my. (10) tilgloo inf us(t) >

Si(mg — 55)

by[AY + (M + €2) + By (Ms + €3)]
_CL%[A% + (M3 + e2) + BY (M3 + €3)]
ui(t) > my —e4. (11) bY[AY + (Ms + e2) + BY (M3 + €3)]

For any positive constant ¢4 > 0, it follows from (10) that
there exists a T > 0 such that for all ¢t > T},

(18)
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Setting &; — 0(¢ = 2,3,5) in (18) leads to

Simg — (Lg’(Ag —+ M2 + BgMg) .

lim infus(t) >
3(t) = b (AY + My + BYMs

t——+o0

= ms.

19)
By (4),(6),(8),(10),(15) and (19), we can conclude that sys-
tem (2) is permanent. The proof of Theorem 2.1 is complete.

Denote

Q= {(ul,u2,u;g)T S R+|m1 <u; < Ml(Z = 1,2,3)}

Corollary 2.1. The set ) is the ultimately bounded set of
system (2).

III. EXISTENCE AND UNIQUENESS OF ASYMPTOTICALLY
PERIODIC SOLUTION

Let us consider the asymptotically periodic system as follows

dx

a = f(t, ), (20)
where f € C([-r,0],R") and for any 2; € C. De-
fine x4(0) = x(t + 6),0 € [-r0. For any =z =
(1,22, ++,x,) € R, we define x| = Y7, |z;|, from the

above proof, we can see that there exists H > 0 such that
|z| < H. For any ¢ € C, define |[¢[| = sup_,<p< [¢(0)].
Let Cy = {¢ € C,||¢|| < H} and Sy = {z € R",|z| <
H}. In order to focus on the existence and uniqueness of
asymptotically periodic solution of system (20), we consider
the adjoint system

7 = f(tvxt)v
Y 21
ar f(t,yt)

Then we begin with our analysis with Lemma 3.1.

Lemma 3.1.( Yuan [22]) Ler V € C(Ry x Sy X Su,Ry)
satisfy

(i) a(|lz —y| < V(t,z,y) < b(|Jxz —y|), where a(r) and b(r)
are continuously positively increasing functions;

(ii) [V(t,z1,y1) — V(E, 22,y2)| < |21 — 22| + [y1 — y2l),
where | is a constant and satisfies | > 0;

(iii) there exists continuous non-increasing function P(s),
such that for s > 0, P(s) > s. And as P(V (t, $(0), ¢(0))) >
V(t+6,900),900)),0 € [-r,0], it follows that

Vis.0(t, 6(0), 6(0)) < —8V(t,6(0), 6(0)),

where § is a constant and satisfies 6 > 0. Furthermore,
system (20) has a solution &(t) for t > to and satisfies
[|€]| < H. Then system (20) has a unique asymptotically
periodic solution, which is uniformly asymptotically stable.

Theorem 3.1. Let 01,092,053 and p be defined by (32),
(33),(34) and (35), respectively. In addition to the conditions
(HI)-(H3), assume further that p > 0 is fulfilled, then there
exists a unique asymptotically periodic solution of system (2)
wich is uniformly asymptotically stable.

Proof. It follows from Theorem 2.1 (or Corollary 2.1) that
the solution of system (2) is ultimately bounded. ) is the

region of ultimately bounded. We consider the adjoint system
of system (2) as follows

du1
T = m®a® - bun
s1(t)uz(t) }
. Ar(t) +ur(t) + Ba(t)ua(t) 1
2 = ua(t)| = az(t) — ba(Hua(t)
s3(t)ui(t —7)
Al(t) + u g);;(z)+ Bl(t)u}z@ —7)
]  As(t) +ua(t) + Ba(thus(t) )’
2 = ug(t) | = as(t) — ba(B)us(®
N sa(t)ug(t — 1) }
. Ay(t) + ug(t — 7) + Ba(tyus(t — 7)1

S y(1) [ar () = br()en 1)

“ s1(t)va(t)

d A1 (t) + v () + Bi(t)ve

;:2 =va(?) [ — ag(t) — ba(t)va(t)
s3(t)vi(t — 1)

Ay (t) +vi(t — 7) + Bi(t)v

" szgt)vg(g) ®)
As(t) + va(t) + Ba(t)

al)

_|_

ot — 1)
vg(t)]’

W 1)~ astt) — balt)us (1
n sa(t)va(t — 1) ] .
As(t) +va(t — 7) + Ba(t)vs(t — 1) )
For
X(t) = (ua(t), u2(t), us(t))
and
U(t) = (v1(t),v2(t), vs(t))

are the solutions of system (22) in 2 x 2. Let
wr (t) = Inw(t),v; (t) =Inwv(t)(i =1,2,3).

Now we construct a Lyapunov functional as follows

V(t) = Vi(t) + Va(t) + Va(t) + Va(t) + Vs (t) + Vs (1), (23)
where

Vi(t) = |ui(t) —vi (),

Va(t) = |us(t) —v3(t)],

Va(t) = |ug(t) —v3(t)],

i — (AL BiAD)

(AL +mq + Bimy)?
t
<[ () = oo,
t—T
SgBi‘Ml
All —+ mq =+ BimQ)Q
s4 (A3 + By M3)
(A + mo + Bng)
t
< [ Jusls) — ealo)lds,
t—T
sUBY M,
(AL + mg + Bymsg)?

<[ ) = (o)l

o = |
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Taking a(r) = b(r) = Vi(t)+Va(t)+V3(t)+ Va(t)+ V5 (1) +
Vs(t) and using the inequality ||a| — |b]| < |a — b|, we can
easily prove that (i) and (ii) in Lemma 3.1 hold true. In the
sequel, we will investigate (iii) of Lemma 3.1. It follows

from (20) that
g () 01(t)

Dl = (m(t) o ()
b un (1) — on (1)

IN

st (A} + Bi'Ma)[us () — v (4)]

) sign(ui (t) —v1(t))

(A} +my + Bimy)?

S/ BUM1|’IL2( ) — Ug(t)|

(A + mi + Blm2)2 ’
) sign(ug(t) — va(t))

'1.112 (t) 1)2 (t)

+ _
P = (45
—bh|ua(t) — va(t)]
S§(AY + BYMy)

(A} +mq + B{mz)?
X|ug(t — 1) —v1(t — 7)|
sYBUM,

(A} +my + Bimg)?
X|ug(t — 1) — va(t — 7)),

n _ (us(t)  0s(t)
D) = <U3(t) v3(t)
—blus(t) — vs(t)]

sy (A3 + By M)

(A5 +ma + Bhms)?
X|ug(t — 1) —va(t — 7)|
SZB%MQ
(AL + mg + Blms)?
X|uz(t —7) —vs(t — 7)|,

sy (A} + BY'M>)

(AL +mq + Blmg)?
xJui(t) —vi(t)]
~ s5(AY + By'My)

(AL +my + Bimz)?
X|uy(t = 7) —vi(t = 7)],

. B sYBYM,

b %(t) B |:(Al —+ m + Blmg)
su(A% + By Ms) ]
(Al2 +ma + Bng)
X |ua(t) — va2(t)]
Sg’Bf'Ml
B [(Al1 +my + Blmy)?
sY(AY + BY Ms3) ]

(Al + mo + Bzmg)

X|ug(t — 1) — va(t — 7)|,
4By M,
(AL + mo + Blms)?
x|uz(t) — vs(t)]
sYBY M,
(AL + my + Bims)?
x|us(t — 7) — va(t — 7).

IA

IN

DYVy(t) =

Thus
DTV(t) < —bilui(t) —vi(t)]

) sign(us(t) — vs(t))

—blua(t) — vi(t)]
—bi|us(t) — vs(t)]

254 (A¥ + B My)

(AL +mq + Blmag)?
x[up (t) — v ()]
sy Bg My

(Alg + mao + Bémg)Q
x|uz(t) — v3(t)]

(st + s3) By My
(A% +my + Bimg)?
si(Ay + By M)

(Al2 + mo + Bém3)2
X [ua(t) — va(t)]. (24)

+

Nothing that

lur(t) — v ()] = [exp(ui(t)) — exp(vi(t))]
= exp(§(®)]ur(t) —vi(®)],  (25)

ug(t) —va(t)| = [exp(uz(t)) — exp(v3(t))]
= exp(n(t))|us(t) —v3 ()|, (26)

lus(t) —vs(t)] = [exp(us(t)) — exp(vz(t))|
exp(C(£))|uz(t) — vz (D), (27)
where £(t) lies between uj(t) and vi(t), n(t) lies between
u3(t) and v3(¢t) and ((¢) lies between u} and v}, we have
ma|u (t) — o7 ()] |ua (t) = vi(2)]
Miui(t) —vi ()],

IAINA

(28)

|ua(t) = va ()]
Malus(t) — vy (t)],

ma|us(t) — vy ()]

IAINA

(29)

|us(t) — vs(1)]
Msluz(t) —vs(t)].

By (24), (28), (29) and (30), we have

mgluz(t) — v3(1)]

IN A

(30)

DYV(t) < —bymalui(t) —vf(t)
—bhmalu(t) — vy (t)
—bymg|uj(t) — v3(t)]
25y My (AY + By M)
(A} +my + Bima)?
x|ui(t) — vi(t)]
s BY My Ms
(AL +ma + Bims)?
x|uz(t) — v3(1)]
M [ (181 + sY)BY¥ M,
(AL +mq + Bimy)?
s¥(AY + BYMs3)
(A5 +ma + Bims)?
x|us(t) — v3(1)]
= —otfur * (t) — vi(?)]
—0oalus(t) — v ()]

—osuz(t) — v (t)]; 3D

(Advance online publication: 28 November 2014)
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where
QSuMl(Au + BuMQ)
op = bmy — 2 LR 32
1 1771 (All +m1 +Bim2)2 ( )
(st + s5)Bi' M
= b — M.
72 22 = A2 {(Al1 +my + Blmy)?
Y(AY + BY M.
(A5 + mgy + Bymg)?
st BY Mo M.
o5 = bhms— 472728 . 34
° ST (AL + mo + Blmg)? 34)
Let
= min{oy, 09,03} (35)
It follows from (31) and (35) that
DYV (t) < —uV(t). (36)

Then (iii) of Lemma 3.1 is fulfilled. Therefore system (2) has
a unique positive asymptotically periodic solution in domain
), which is uniformly asymptotically stable. The proof is
complete.

IV. AN EXAMPLE

In this section, we give an example to illustrate our main
results obtained in previous sections. We consider the follow-
ing delayed three-level food chain model with Beddington-
DeAngelis functional response

B )]antr) - b0
s1(t)ua(t) }

i Ar(t) +ur(t) + Ba(t)uz(t)
S = ua(t) | - ax(t) = ba(t)ua(t)

+ 33(t)u1 (t — 7')

Ar(t) +ua(t = 7) + Bi(t)ua(t — 7)

B (t)u3()
. As(t) + uz(t) + Ba(t)us(t)
S = ualt) | - as(t) = ba(t)us (1)

T S4(t)U2 (t — T) :|

Ag(t) + ug(t — 7) + Ba(t)us(t — 1) |
(37
where
ay(t) =7+ cost,by(t) =17+ cost
s1(t) =2 +sint, A;(t) = 0.05 + 0.01 cos t,
B (t) =18 4+ cost,as(t) = 1+ 0.2cost,
s2(t) = 0.5+ 0.2sint,s3(t) = 1+ 0.2sint,
sa(t) = 1+ 0.2c08t, As(t) = 0.01 + 0.04 sin,
By(t) = 2+ sint, bo(t) = 111 + sint,
bs(t) = 111 + sint.
Then we get a} = 8,a) = 6,b% = 18,b) = 16,s% =

3,80 = 1,A% = 0.06, B = 19,a% = 1.2,d}, = 0.8,5% =
0.7,85 =0.3,5% =1.2,s5 =0.3,s% = 1.2,s4 = 0.8,s% =
1.2,s4 = 0.8, A% = 0.05,BY = 3,b, = 110,b} = 110.
Hence we have M; ~ 0.5, My ~ 0.003, M3 ~ 0.009, m; ~
0.05,mg =~ 0.00001,m3 ~ 0.0009,01 ~ 0.04728,09 =~
0.03402, 03 ~ 0.03866, 1 ~ 0.03402. Thus we can easily
check that all the conditions of Theorem 2.1 and Theorem
3.1 are fulfilled. Therefore system (37) has a unique positive
asymptotically periodic solution, which is uniformly asymp-
totically stable(see Fig.1-3).
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Fig. 1. Dynamical behavior of system (37): time series of u.
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Fig. 2. Dynamical behavior of system (37): time series of usa.
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Fig. 3. Dynamical behavior of system (37): time series of us.

V. CONCLUSIONS

In this paper, we have investigated a delayed predator-prey
system with Holling-type II functional response. Applying
the differential inequality theory, some sufficient condi-
tions for the permanence of the system are established.
By constructing a suitable Liapunov function, we find that
under some suitable conditions, the system has a unique
asymptotically periodic solution which is globally asymp-
totically stable. Here we would like to point out that the
discrete time delayed predator-prey system with Holling-type
IT functional response is more appropriate to describe the
dynamics relationship among populations than continuous
ones when the populations have non-overlapping generations.
Moreover, discrete time models can also provide efficient
models of continuous ones for numerical simulations. Thus
it is reasonable and interesting to investigate the discrete time
delayed predator-prey system with Holling-type II functional

(Advance online publication: 28 November 2014)
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response. Following the idea and method in [26], one can
easily derive the following discrete analogue of system (2),
which takes the form of

i (k + 1) = ug (k) exp {al(k;) — by (k)ua (k)
B s1(k)uz(k) }
Ay (k) +ui (k) + Bi(t)ua(k) )’
s (k + 1) = us (k) exp { — as(k) — bo(k)us (k)
sz(k)ui(k —7)
Ar1(k) +ur(k—7) + Bi(k)ua(t — 7)
_ sa(k)us(k
Az (k) + ua(k) + Ba(k)us(k) |’
us(k + 1) = uz(k) exp { —as(k) — b3 (t)us(k)
+ S4(/€)U2(k‘ — ’7') }
As(k) +us(k — 7) + Ba(k)us(k — 1) é38)
It is interesting for us to establish the sufficient criteria for
the existence of positive periodic solutions of system (38).
This topic will be our future work.
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