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Abstract

The multi-level distance labeling for a network G is a
function f: V(G) — {0,1,2,---} so that

[f(u) = f(v)] = diam(G) + 1 — d(u, v)

for any u,v € V(G), where diam(G) is the diameter
of G and d(u,v) is the distance between u and v. The
span of f is defined as max{f(u) — f(v) | u,v € V(G)}.
The multi-level distance number of G is the minimum
span of all multi-level distance labelings for G. In the
present paper, a class of symmetric lobster-like trees
about the weight center is studied, and its multi-level
distance number is obtained.

Keywords: multi-level distance number; multi-level dis-
tance labeling; symmetric lobster-like tree about the
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1 Introduction

In recent years, many parameters and classes of graphs
are consideried. For example, in [9], different proper-
ties of the intrinsic order graph were obtained, namely
those dealing with its edges, chains, shadows, neighbors
and degrees of its vertices, and some relevant subgraphs,
as well as the natural isomorphisms between them. In
[17], the n-dimensional cube-connected complete graph
is studied. In [22], the linear (n—1)-arboricity of K, ) is
obtained. In [23, 24], the hamiltonicity, path ¢-coloring,
and the shortest paths of Sierpinski-like graphs are re-
searched. In [25], the vertex arboricity of integer distance
graph G(D,, k) is obtained. In [26], it is obtained that
lag(Ky,n) = [5n/8] for n = 0( mod 5).

Multi-level distance labeling (or radio labeling) is moti-
vated by the channel assignment problem introduced by
Hale[1]. Given a set of stations (or transmitters) in a
communication network, a valid channel assignment is
a function that assigns to each station with a channel
(nonnegative integer) such that interference is avoided.
The level of interference is related to the locations of
the stations—the closer the two stations, the stronger the
interference that might occur. In order to avoid inter-
ference, the separation between the channels assigned a
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pair of near-by stations must be large enough, and the
amount of the required separation depends on the dis-
tance between the two stations. The task is to find a valid
channel assignment with the minimum span of channels
used.

A graph model for this problem is to represent each sta-
tion by a vertex, and connect any pair of close stations
by an edge. A multi-level distance labeling (radio label-
ing) of a connected graph G is a function f : V(G) —
{0,1,2,---}, such that for any u,v € V(G),

[f(u) = f(v)] = diam(G) + 1 = d(u,v),

where diam(G) is the diameter (the maximum distance
over all pairs of vertices) of G. The span of f is defined
as max{f(u) — f(v) | u,v € V(G)}. The multi-level
distance number for a graph G, denoted by rn(G), is
the minimum span of all multi-level distance labeling for
G. Multi-level distance labeling is a generalization of the
distance-two labeling which has been studied extensively
([2]-[12]), and multi-level distance labeling can be better
to reflect the nature of radio channels assignment. In [14,
15, 18, 19], it was studied that the multi-level distance
labeling of paths and cycles, square of paths and square
of cycles, and in [13], it was determined the radio number
of the complete m-ary tree. In [16], it was studied the
multi-level distance labeling of trees, and got a lower
bound for trees’ radio number.

Let T be a tree rooted at a vertex r. For any two vertices
u and v, if u is on the (r,v)-path, then u is called an
ancestor of v, and v is called a descendent of u. Define
the level function on V(T) by I.(u) = d(r,u) for any
u € V(T). For any u,v € V(T), define

p(u,v) = max{l,(t) : tis a common
ancestor of u and v}.

For each vertex w in a tree T', the weight of T rooted at
w is defined by

wr(w) = Y Ly(u).

ueV(T)

The weight of T is the smallest weight among all possible
roots of T

w(T)= min {wr(w)}.

weV (T)
A vertex w' is called a weight center of T if wr(w') =
w(T). Tt can be abbreviated as I(u) = l,(u) if there is
no confusion. It is obvious that the weight center cut the
tree into a number of branches.
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Lemma 1.1. [16] Suppose that w' is the weight center
of T. For any u,v € V(T), the following two conclusions
hold:

(1) d(u,v) = l(u) + l(v) — 2¢(u,v), and

(2) p(u,v) =0 if and only if u and v belong to different
branches (unless one of them is w').

Lemma 1.2. [16] Let T be an n-vertex tree with diam-
eter d. Then

rm(T) > (n—1)(d+1) +1—2w(T).

An arrangement for V(G) can be derived from the
radio labeling f, denoted by V(G) = U(f) =
{uo,u1,- -+ ,upy|—1}, which satisfies

0= fluo) < f(u1) < fluz) <--- < flyy=1)- (1)
If f is a radio labelling, then the span of f is f(uy|—1).

If deleting all suspension vertices and associated edges
of T we get a road or an isolated vertex, then we call
T a "caterpillar". If deleting all suspension vertices and
associated edges of T' we get a caterpillar, then we call
T a "lobster tree". In 2009, Guo and Zuo gave the exact
value of multi-level distance number for a special class of
caterpillars in [20]. In 2011, Hou and Zuo [21] obtained
the exact value of the multi-level distance number of a
class of symmetric lobster trees about weight center. In
[13], it was given the following concept.

Definition 1.3. Let f be a multi-level distance labeling
for G, and the vertices of G about f have the sequence
as (1). For every 0 <i <|V|—2, let

= f(uiv1) — f(ui)
— [diam(G) + 1 — d(u;, uit1)] -

Jf (ui7 ui+1)

We call J¢(ui,uir1) a k-jump from w; to wuipq if
Jr(ui,uig1) = k > 0 and say that f has a k-jump from
u; to uiy1. Define the total number of jumps as

|Vi-2

= Z Jf(ui,uiJrl).
i=0

If deleting all suspension vertices and edges associated of
T we can get a lobster tree, then we call it a "lobster-like
tree". In the present paper, we mainly study the multi-
level distance labeling of lobster-like trees, and obtain the
multi-level distance number for a special class of lobster-
like trees.

2 A lower bound of the radio number of
a class of symmetric lobster-like trees
about weight center

In the following, we denote a lobster-like tree’s all sus-
pension vertices as the C layer points, the correspond-
ing lobster tree’s all suspension vertices as the B layer
points, and all suspension vertices of its corresponding
caterpillar as A layer points.

Let T' = (ta,t5,t6, - 1 ti, - ,th—a,tk—3), and
R = (ro,0,73,0,T4,1,74,2," "+ ;426445 ,
Tigs " sTk=3,1,""" yTk—3,2tp_3—4,Tk—2,0, Tk71,0)7
where k > 7,t; > 3,72,0,73,0,74,j, Tk—2,0,Tk—1,0 = 1, 1 <
j<2t;—4,and 4 <i<k-3.

Using symbol Py 1 r to represent the lobster-like tree
that the diameter is k — 1, the degree of the ith vertex
v;,0 on the longest path Py is t;, and the others’ degree
are

72,0 + 1,7“370 + la 5T + 17 5 Tk—2,0 + 1) Tk—1,0 + 1)

respectively, except the suspension vertices, that is, the
degree of v3 o, vk_2,0 are 13,0+ 1,75_2 0 + 1, respectively,
the degree of its descendant vertices that belong to B
layers are ro g +1,7,-1,0 + 1, respectively, and among A
layer points, the degree of each v; ; is 7; ; + 1, and the
degree of its descendant vertices that belong to B layers
is 7y jqe,—o+1for1 <j<t;—2and4 <i< k—3. Thus
the number of vertices of Py 1 g is

V(Pirp)l = g[; risrigre t )+ (=2
+(r2,0 + 1130 +

(lc 20+ Drp—10+k—4.

If 2,0 =730 ="Tij = Tk—20 = Tk—1,0 = 7‘(2 1)7 we will
denote the lobster-like tree that the degree of all vertices
are r + 1 except for the k — 6 vertices in the middle of
Py and the suspension vertices as Py (¢,,... ¢, ;t)_g),r- 1
r = 1, then it is denoted by Py (s,,... + and we
have

iyt tk—3))

A= {(v3,0,0i5,V6-20)| 1 <j<t; —2,4<1<k—3},
B = {(v2,0,vi5, Vk—1,0) | ti—1 < j < 2t;—4,4 <i < k—-3},
and

O = {(v1.0, 01, V00 | 2ti—3 < j < 3t;—6,4 < i < k—3}.

study the multi-level
o thes)- Note that

In this paper, we mainly
distance number of Py (s,,... 1.,
diam (P, ;.-

7tk—3)) =k—-1

Define the vertices of Py (4, ... ;... t,_5) successively
V1,0,02,0," 5 Vk,0s Vip(1 <p<t; —2,4<i<k—-3)is
the pth vertex of v; o that belong to A layer, v; 4(t; —1 <
q < 2t; —4,4 <i < k—3)is the (¢ — t; + 2)th vertex
of v; o that belong to B layer, and v; s (2t; —3 < s <
3t; — 6,4 <1i < k—3) is the (s — 2t; + 4)th vertex of v; o
that belong to C layer. Please see Fig. 1.

If Py r is symmetric about the weight center, then
Vit g is the weight center when % is odd, v; (1 < i <

%) and its descendent vertices and the associated edges

are called "upper branch" of Py 1 g, viyo(k—;?’ <1<k
and its descendent vertices and the associated edges are
called "lower branch" of Pj r g, and Vg g and its de-
scendent vertices and the associated edges are called
"middle" of P, 7 r. "Middle" belong to both the up-
per branch and lower branch. In this paper, we always
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assume that they belong to the upper branch. To dis-

tinguish them from the upper branch vertices and refer

to them as "upper middle" of P, r r. When k is even,

both vk o and vk, o are the weight centers. In this
2 2 >

paper, we select Uk o for the weight center for even k,

vip (1 < i < %) and its descendent vertices and the
associated edges are called "upper branch" of Py r g,
Vi (g +1 < ¢ < k) and its descendent vertices and
the associated edges are called "lower branch" of Py 7 g,
vx o and its descendent vertices and the associated edges
are called "upper middle" of Py r g, and Uk and its
descendent vertices and the associated edges are called
"lower middle" of Py 1 g.

V1,0
V2.0
V3,0
V413 V47, V4.3 Va2 Va6 V4,10
4,0
V412 V48 V44 Va1 V45 V4,9
V513 V V5 V52 V56 V510
V5,12 Vsg V5.4 2,0 V51 V55 V59
V6,13 Ve, 7, V6.3 V62 V6.6 V6,10
6,0
Ve,12 V6,8, V6.4 Vel V6,5 V6,9
Vi Ver, V7.3 Vz2 V76 V7,10
7,0
V712 V7s. V74 V71 V75 V79
Vg,13 Vg7, V83 Vs2 _Vg6 V8,10
8,0
V8,12 Vgsg. Vg4 V8.1 _V85 V89
Vg1 V9.7, V9.3 Vo2 V96 V9,10
9,0
Vg.12 V98, V94 V9.1 V95 V99
V10,0
Vi1,0
Vi2,0

Figure 1. A special symmetric lobster-like tree

Theorem 2.1. Let G = Py 1. r be a symmetric lobster-
like tree about the weight center. By direct calculation,
we can obtain that

k—1
3 t;—2
230> rij(rijee—2+ 1)+ (L — 1)]
i=4 j=1
tk+1 —2
vl TS T Y
V G f—
Hk“ +2r20[?‘so+1]+1 for odd k > 9,
E t—2
? 24[ S 7ig (a2 + 1)+ (6 — 1)]
(2 j—
+2r9,0(1r3,0 + 1) + 2 for even k,
and

g«~

1

%{tij ik + 7= 20)7 j14,—2
(k+5 =20+ (k+3-20)(t; — 1)}

+ Z 7'k+1 <3Tk+1 It +1_2—‘r )

+t kil + [(k - 1)7"370 + (k 3)]7’270
for odd k > 9,

t;—2

{20 rigl(k+7 =20 j1,—2
j=1

(kj—f— 5—2i)] 4+ (k+3—2i)(t; — 1)}
[( - 1)7“370 + (k — 3)]7’2,0 +1

for even k.

Mw\a-

++ﬁ
W~

Similarly, the following conclusions can be obtained.

Corollary 2.2. Let G = Py 4, ...t ty_s)r- Lhen
%
232 (ti—2) +ten](r? +r+1)
=4
+k—6 or odd k > 9,
vie=4 !
23 (6 —2)+2)(r? +r+1)
1=4
+k—6 for even k,
and
{[(k +7—20)r% + (k+5— 2i)r](t; — 2)
1=4
+(k+3-2i)(t; — 1)}
+(t kT 2)(3r? +2T)+tk+1
W@ = 4124 (k—3)r  foroddk>9,

i{[(k+7—2i)r2+(k+5—2i)r](ti—2)
+_(1<:+3 2)(t; — 1)} + (k — 1)r?
+(

<.

+k-3)r+1 for even k.
Corollary 2.3. Let G = Py (1, t;,. ty_s)- Lhen
%
6 (ti—2)+3t%+k—6
i=4
V(@) = for odd k =9,
k
6i(t —2)+k for even k,
=4
and
%
[(8k + 15 — 63)(¢t; — 2)] + 6t k2
=4
w@ =4 +E -8 for odd k > 9,

i [(3k + 15 — 63)(¢t; — 2)] + % for even k.

By Lemma 1.2 and equation (2), it is easy to verify that

r(G) 2 (3k — 12)txps + 2 —Tk+1 fork=1.(3)

By Theorem 2.1, Corollaries 2.2-2.3, and Lemma 1.2, we
have the following conclusions.
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Theorem 2.4. Let G = Py 1 r be a symmetric lobster-
like tree about the weight center. Then

B ot—2
S { X risl(4i = 14)ri 14,2 + (40 — 10)]
=4 j=1
+(4i = 6)(t; — 1)}
tﬁ—Q
+ z; rign [(k — 6)rk;17l+t%—2
m(G) 2 +(k—4)] + (k- 2)te

+2r20(r3,0 +3) +1 for odd k > 9,

S {8 (4 = W), + (4 - 10)]

+(4i — 6)(t; — 1)}+2r90(r3,0 + 3)
4k—1 for even k.

Theorem 2.5. Let G = Py (4. ;... . Then

tk—3),T
2 {[(4i — 14)7r? + (46 — 10)7](t; — 2)
(4= 6)(t; — 1)}

6)7‘2 (k‘ 4) ](tk+1 — 2)

g+2r +6T+1
for odd k > 9,

rn(G)

Y

i {[(4i — 14) + (46 — 10)r](t; — 2)

+(4z 6)(t; — 1)}
+2r2+6r+k—1 for even k.

Theorem 2.6. Let G = Py (1,,... t,,..- t,_s)- Lhen
k-1
6 ; (20 = 5)(ti = 2)] + (3k — 12)txa
(@) s ) Tak=DIHL forodd k29,
6 ;4 (2 — 5)(t; — 2)]
k —k+1 for even k.

In order to improve the lower bound of the multi-level
distance number of G for odd k > 9, we give the following
lemma.

Lemma 2.7. Suppose that G = Py (1,,... t;, tn_s)s | 18
a one-to-one non-negative integer function on V(G), and
the vertices in G about f have the sequence as (1). Then
f is a radio labeling of G if and only if for any consecutive
subset of vertices {u;, wiy1,--- ,u;}, 0<i<j<|V|-1,
the following results hold:

(1) if ui, u; belong to different branches of G, then

j—1

o (g, uq1) + 2¢0(ug, upgr)]
=i

>2 S Iu) —k(j—i—1),
t=1+1

(2) If u;, uj belong to the same branches of G, then

(i)when any one isn’t the ancestor of another one, we

have

j—1
> [Ty (ue, upyn) + 2¢0(ue, ugrn)]
=i

j—1
2 > UNw)—k(j—i—1)
t=it1
+2min{l(w;) — 1,1(u;) — 1}
ifu; € Aordeg(u;) =t;,u; € A,
j—1
2 S U — k(G —i—1)
t=it1
+2min{l(u;) — 1,1(u;) — 2}
ifu; € A or deg(u;) =t;,u; € B,
j—1
2 > Uug) =k(G—i—1)
t=it1
> < +2min{l(u;) — 1,1(u;) — 3}
ifu; € Aordeg(u;) =t;,u; € C,
j—1
2 S U — k(i —i—1)
t=it1
+2min{l(u;) — 2,l(u;) — 2} ifus,u; € B,
Jj—1
25 Iw)—k(i—i—1)
t=1+1
+2min{l(u;) — 2,1(u;) —3}ifu; € B,u; € C,
J—1
25 Iu) —k(i—i—1)
t=it1
+2min{l(w;) — 3,1(u;) — 3} if ui,u; € C,

where u; and u; may exchange their positions.

(ii) when one vertex is the ancestor of another one, we
have

j;j [Jf(ut, Upt1) + 20(ug, uprq)]
> 2;2_11(1”) —k(j—1—1)+2min{l(u;),(u;)},

Proof. Suppose that f is a multi-level distance labeling
of G with diam(G) =k—1. Forany 0 <14 < j <|V|—1,
add up the following equations
Jp(ug, wer1) + 20(ug, wpg1)
= f(uega) = fue) + Uvegr) + Uue)

ZStS,]_L

— diam(G) — 1,

we obtain that

Z:: (5 (e uegr) + 20(ug, uep1)]
= fluy) — fui) — k(j — 1)

£ S )]+ 1) + )

By the definition of f, we have

Flag) — o) = = 1) = I(u),
and then the condition (1) holds.
Since
flug) = fui) .
= K= ) =2 3 )] = 1) ~ o)

j—1

+ 20 [p(ug, wegr) + 20(ug, uey1)]
t=1

(Advance online publication: 17 February 2015)



TAENG International Journal of Applied Mathematics, 45:1, [JAM 45 1 05

= 1) — 1) + 2min{l(u), uy)}
if u; (uj) isthe ancestor of u; (u;),
— l(uy) + 2min{l(u;) — 1,1(u;) — 1}
if u;i € Aordeg(u;) = t;,u; € A,
kE—1(u;) — Uu;) + 2min{l(u;) — 1,1(u;) — 2}
if u; € Aordeg(u;) =t;,u; € B,

k—1(u;) — Uu;) +2min{l(u;) — 1,1(u;) — 3}
if ui € Aordeg(u;) =t;,uj € C,

k — l(ul)

Y

k—(u;) — Uuy) + 2min{l(u;) — 2,1(u;) — 2}
Zf Ui, Uj € B,

k—1(uw;) — Uu;) +2min{l(u;) — 2, 1(u;) — 3}
ifu; € B,Uj eC,

k—U(u;) — U(uy) + 2min{l(u;) — 3,1(u;) — 3}
ifui,uj eC,

the condition (2) holds.

Assume that f satisfies conditions (1) and (2). If u;,u;
are in different branches, then

d(ui, uj) = 1(wi) + 1(uy),
and
fuy) —

If u;, u; are in a same branch, then

f(ul) Z k — l(ul) — l(u]) =k - d(ui,uj).

d(ui, Uj) =

Uue) + 1(uty) — 2mingi(u), 1)}
if u; (uj) is the ancestor of u; (u;),
if u; € Aordeg(u;) =ti,uj € A,
Uu;) + Uuy) — 2min{l(u;) — 1,1(u;) — 2}
if u; € Aordeg(u;) =t;,uj; € B,
U(w;) + 1(uy) — 2min{i(u;) — 1,1(u;) — 3}
if u; € Aordeg(u;) =t;,u; € C,

l(ug) + 1(uy) — 2min{i(w;) — 2, 1(u;) — 2}

ifui7uj € B,

l(u;) + U(uy) — 2min{i(u;) — 2,1(u;) — 3}

quz S B,Uj e C,

U(u;) + 1(uy) — 2min{i(u;) — 3,1(u;) — 3}

ifui,u; € C,
and thus f(u;) — f(u;) > k — d(u;,u;). Hence f is a
multi-level distance labeling of G. O

Now we revise the lower bound of the multi-level distance
number for the symmetric lobster-like tree about weight
center in Theorem 2.6 for odd & > 9.

Theorem 2.8. Let G = Py 4,.... 1, t,,_5) be a symmet-
ric lobster-like tree about weight center. For odd k > 9
and ty = tr1r = tp_3, we have

2

rn(G) > gmmxt - 2)]
(3k‘ - 12)tk+1 + 35 (k 7)2 +

Proof. Let f be a radio labeling of G, and the vertices in
G about f have the sequence as (1). By Definition 1.3

and Lemma 2.7, we have

V|-2
flupy—1) = ;) [f(ui+1) — f(wi)]
7 V|—2
:k(|V|71) ;0 (u17u1+1)+ Z Jf(uzauz—O—l)

(|V|—1)—2w( >+Z(U0)+Z(U|V\ 1) +o(f)

[62(n—m St +k— 7 +1+0(f)

_Q{E (3K + 15 — 6i)(t; — 2)] + 6tess + & — 42
1=4 2
=6 E [(2i = 5)(t; — 2)] + (3k — 12)t14a
=4 2
+3(k =72+ 1+0(f),
V]-2
where U(f) = _20 [Jf(ui7 Ui+1) + Qw(ui7ui+1)]. The

weights of all vertices appear twice except for I(ug) and
I(ujv|=1)- Note that I(u;) > 0 for 0 < i < |[V|—1. There-
fore, only if ug = Vi1 o and the distance from uy|_; to
ug is one, that is, I(ug) = 0 and I(ujy|—1) = 1, the right-
hand side of above formulae gets its minimum value.

Claim 1. Under the condition t4 = tx11 = tj_g3, there
2
must exist a vertex

u; € {01,0,04,,Vk—3,5,Vk0/2ts —3 < j < 3ty — 6}

such that w;_1,u;41 # LISSIpS where Qt% —-3<g¢q<
3tk+1 — 6.

Assume that every vertex
u; € {v1,0,V4,5, VK3, Vk0[2ts —3 < j < 3ty — 6}

for G = Py (1, ity tr_s) (K > 9) is adjacent to one ver-

tex Vit for some Qt% —-3<q< St% — 6, then

thyr —2 >

(2tk+1 —442) =tr — 1,
2

l\')\)—l

a contradiction. Hence the claim holds.
Claim 2. Suppose that u; satisfies Claim 1, then

V-2

Z [Ty (we, wig1) + 2¢(wg, ug1)] > 1
t=0

o(f) =

Consider a consecutive subset of vertices {u;_1, u;, w1}
with 2 <+ < |V| —2. Then it is clear that there are two
vertices belong to the same branch.

(1) (i) If w;—1,u;41 belong to the same branch of G and
any one vertex isn’t the ancestor of the other one, then

[V]-2
o(f) = tE_IO [T ¢ (wg, weg1) + 2¢0(ue, ugg1))
2 t:ﬁ:—l [Jf(uta Ugr1) + 20(ug, upy1))

(Advance online publication: 17 February 2015)
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20(uy) — k + 2min{l(u;) — 1,1(u;) — 1},
ifu; € A or deg(u;) :t yuj € A
2l(ug) — k + 2minf{l(u;) — 1,1(u ) 2},
if u; € Aordeg(u ): i uj € B,
2l(uy) — k + 2min{l(u;) — 1,1(u;) — 3},
S ifuiEAordeg(uz):t,,quC’.
=) 2i(we) — k+2min{l(w;) — 2, (u;) — 2},
ifui7uj € B,
20(ug) — k + 2min{l(u;) — 2,1(u;) — 3},
quz S B,Uj e C,
2l(uy) — k + 2min{l(u;) — 3, 1(u;) — 3},
ifui,u; € C,
>2. 51 _py2=1

Note that the upper result also holds when we exchange
the positions of u; and u;.

(ii) If w;—1,u;+1 belong to the same branch of G and one
vertex is the ancestor of another one, then

>

o [Jp(ut, uppn) + 20(ug, ugr)]
t—O

Z (5 (e, uegr) + 20(ug, e y1)]

S1(us) — 4+ 2min{l(us_ 1), L(ui 1)}

o(f) =

20(us) =
9. k

I\/I\/ Y

(2) (i) If w;—1,u; belong to the same branch of G and
one vertex is the ancestor of the other one, then

[V]-2
> [Ur(ue, upgr) + 20 (ug, ut1)]
i=0
> Jp(wi—1,u;) + 2¢0(ui—1,u;)
> 2minf{l(u;—1),(u;)} > 2.

Q
—~
Nt

I

(ii) If w;—1,u; belong to the same branch of G and any
one vertex isn’t the ancestor of the another one, then

V|—2
o(f)= tZO [Jf(wes wegr) + 20(ug, uey1)]
> Jp(uim1, i) + 2¢0(ui-1, u;)
2min{l(u;) — 1,1(u;) — 1},
ifu; € Aordeg(u;) =t;,u; € A
2min{l(u;) — 1,1(u;) — 2},
ifu; € Aordeg(u;) =t;,u; € B,
2min{l(u;) — 1, 1(u;) — 3},
. ifu; € Aordeg(u;) =t;,u; € C,
=) 2min{l(w;) —2,1(u;) — 2},
if us, u; € B,
2min{l(u;) — 2,1(u;) — 3},
ifui S B,Uj S C,
2min{l(u;) — 3, 1(u;) — 3},
if us,u; € C.

> 2,
where the positions of u; and u; may exchange.

(3) For the same reason as (2), if u;, u; 1 belong to the
same branch, then we have

|V]—2
o(f)= > [Jr(us,uerr) + 20(us, urir)]
t=0
> Jp(uis wigr) + 2¢0(ui, uipr) > 2.

Thus Claim 2 holds.

By arbitrary of f, we have

(G )>62[( —5)(t; — 2)]
(3k—12)tk+1+ (k—7)%+2.

O

3 The radio number of a class of sym-
metric lobster-like trees about weight

center
The radio number of G = Py (4,,... t,.,... .t,_5) 1S given be-
low.
Theorem 3.1. Let G = Py 4, ... t,,... 1,_5) which satis-
fies

(i) all t; have the same parity,

(i) ty = tk+1 = tr_3 and t%_j > tyy; for1 < j <
LMJ, whenk s odd,

(iii) tx > 3(ta=2)+2 andty_; > tayj forl < j < [*3°]
if both k and t; are even, and ty 2 %(t4 —1)+2 and
tgfj > tayj for1 <5< L%J if k is even and t; is odd.

Then
(3]47—12)15% +k2-Tk+1 for k=17,
ko1
6 > [(2i — 5)(ti — 2)] + (3k — 12)t1ss
i=4
rn(G) = —i—%(k 7)2 42 for odd k> 9,

65)[(2@ 5)(t —2)] + & — k41

for even k.

Proof. By Theorems 2.6, 2.8, and equation (3), it is
only need to prove the opposite inequality. Rearrange
the sequence of vertices of G as V(G) = U(f) =
{uo,u1,--- ,upy|—1}. In the following, we will use an
algorithm to construct a multi-level distance labeling
f. The symbol — (1) indicates that the jump between
the two successive vertices u; and wu;4q is [, that is,
J¢(ui, uiy1) = 1, and the symbol — indicates that the
jump between the two successive vertices u; and u;y is
0, that is, Jy(u;, ui+1) = 0. Let f(ug) =0, and

fluiv1) = f(us)+diam(G)+1—d(ui, wipr)+ T ¢ (wi, witr)
for 0 <4 <|V|-2.

Case 1. If k is even, t; is odd, tx > %(t4 —1)+2 and
2
. k_8 . .

t%_j > tyqy for 1 < j < {TJ’ then the algorithm is
defined as following;:

Uy = Vk o —> Vg0 — V1.0 — Vk

0 k0 k,0 1,0 g+1,2t§+1—3
—> V4,2¢,—3 —7 Vk—3,2t),_5—3 —7 Vk ot, —3 —
2
Vk=82tx—3=2 7 V4202 7 Vb 4100, 2

—>...—>1}§+1 9 —7 U43ty—6 —

tq g
»7+2t%+1—2
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Vk—3,3th_3—6 ’Ug’%ﬂt ~9 7 Vk—10 = By the definition of f, we know that o(f) = 0. Hence
1}20—>’Uk+1 t4+2tk+1—§_>vg,t24+2t%—% k 2
T Uk, 6 7 Vk st 6 Uk—2,0 Flup 1) =6 (2i—5)(t; —2) + 5 kL

2 2

P VE_90 T Vkioor, -3 7 Us25—3 "
5 +2

— Uk+2 3t5—6 — U53t5—6 — Vk—3,0 — U%—B,O

=4

In the following we show that f is a multi-level distance

AR =T 2 e =3 labelling.

- UL%Jv”t%J -3 T T Yk e ks | 6 Because 2l(u;) < k for 0 <¢ < |V|—1, we have
V2 g -6 7 O[22 0 7 Y| o Vi

RAE IR T I E T 2 Z l(u) = k(V|—1) <0,
Lo T O g but

= V|mo2 g D Va2 g |V|-2

Uk—42tea=3 Uk 130, 3 D [p(u, uer) + 20(up, ug1)] > 0,

— Vk—4,3t),_4—6 —7 Uk —1,3tp_a—6 — ’U%+370 —

t=0
so (1) of Lemma 2.1 holds.

(Y — Vk —> V| k+12 —
3,0 5+2,3t5— |_ s J,3t|—%J—5
N U s | g — Uk g 6 = In the algorithm above, by definition of f, there must
R Y 5= be a consecutive subset of vertices {u;_1,us,up41} for
v%H,t%“fl — Vgt —1 > Vk—3,tp_3—1 — Ug,t%q 2 <t < |V|—2so that uz_1,us+1 belong to the same
1 9
S Uy >Vt P Vkyq,, branch. If one of u;_j,ut41 is the others’ ancestor, by

the construction of the algorithm, we always have

U%H%H%H,g 7 V4,2t4—4 7 Vk—32t_3—4 l s l l .
20(ug) — k4 2min{l(u— U <
U%,%'ﬁ‘t%—% _>U%+1,t74+t%+1—% — ( t) { ( t 1)7 ( t-‘rl)} I
Uk tagy, 3 UE+1,2tk.+1—4 Uk o4, —4 holds. Otherwise, we have
2 2
- U%+2;t12c -1 77U its—1 I U&+2’2t5_4 2l(ut) —k+ 2min{l(ut,1) — 1,l(ut+1) - 1} < 0
— U5 2t5—4 —7 * Lsk 4J t
e or
*)UL¥J’tLuJ71~>~..~>ULk 4J 2th+SJ7 .
b s : e 2(ut) — k +2min{l(us—1) — 1,1 (uer1) — 2} <0
L2t gt 7 P g 2
. or
%Utksz’tL%Jfl — UL%J’%L?’T’“J74
— ULk-Zl2J72tL3k Ly D Vk—4gy 1 — 2l(up) —k +2min{l(ui—1) — 1, 1(uer1) — 3} <0
ES
Uk 14y =177 T Vk—42t0a—4 7 Vk 194,44 or
2
— Vk .3 7 U] k12 g Ty .
2 +2205—3 %% J’QtL%J 3 2l(ug) — k + 2min{l(us—1) — 2, 1(usr1) — 2} <0
— V| 3k—4 — Vk_ 4 7 Vk
LTJ,thSkT,ALJ —4 512ty —4 ki1 o
—> V4,1 =7 Vp—31 — ’Ugl — Vk—32
— V42 — ’U&+172 — V4,3 =7 V—33 — 2l(ut) —k+ 2min{l(ut_1) — 2, l(ut+1) — 3} < 0
- — U§+1 t4—1 — U4 =2 — Vk—3, th_5—2 —
or
U% 42 1 — Uk_H t4+1 — 'U12€’t42+1 — U’“-‘rl t4+3 —
U%)% — = U§+1,t§+172 — ’U%,t%72 2l(ut) —k+ 2min{l(ut,1) — 3,l(ut+1) — 3} <0
T Vk421 7 V51 U%”a? 7 Us2 holds, and
— U%+2,t5—2 — U5 t5—2 —> " 7 UL = J,l
—)UM71—>"~—>’UM¢ _o 7 [V|—2
5] AL g S gl wnsn) + 2o, s1)] > 0.
U\_%J,t #J_Q%’UI—%JJ%UL;«THJ—)~-~—> =0
“L%JtL%J —2 7 UL’”;”JJ,L%J —2 T T Uk—a Therefore, (2) of Lemma 3 holds.
Uk T T Ukt a2 So f is a multi-level distance labeling of G, then
T VE 1y 42 T VEgog1 vL%JtLﬂJ -1 .
3
T T a2 T VL2 r(G) < flupy-1) =63 [(2i — 5)(t; — 2)]
i=4
T Ukyo 7 VE_10 7 Vkq10 +E k41
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Case 2. If both k£ and ¢; are even, te > T(ta—2)+2
and tgfj > tyqy for 1 <j < {%J, then the algorithm
is defined as following;:

Uy =Vr g — Vo —> V1o —V
0 ko0 k.0 1,0 §+172t%+1—3
—> V4,2t,—3 —7 Vk—3,2t,_3—3 7 Uk ot -3
2

T Uk—32t3-2 7 V4,2t4=2 7 Vk 1o, -2
2
>t > Vg—33t,_3—6 7 V43t,—6 — Uk—1,0

— v — Vg t — Vg t
2,0 §+1’74+2tﬁ+174 2 24+2t

= Vg SN

Yoty -3 — Vi oty -

6~ kaz,o

U§+1,3t%+176 - ”g,Bt%—

— U%—Q,O — U%_,'_Q,th _3 7 Us2t5—3 — " —
5 +2

VE 423156 — Us.3t5—6 — Uk—3,0
— Vk — > V| 3k—4
k3,0 L =

J’2tL3"%4J73

—>UL3]C4;4J»3t —

e

3%...

<
,_

SR
ERRIY

—)1}\- J

6 7 V[ )0

<
,_

’Ul_kIQJ —)’UL

S JQth+12J—
- — UI—%JBtI—%J_ﬁ — U|.¥J’3t|_%J_6

2o e

ili

J70 >t > Vk—4.2t,_4—3 7

L

S
w\a—

2tp -3 77"

© = Vk—4,3t),_4—6 —7 Uk _1,3t4_4—6

|2 7°
,176 -

— U%+370 — V3,0 — U§+2,3t5—6 — ULk_ZMJvSt

_>"'_>UL3k-;4 6—)11%71731@
2

It oeg )=

Vkgtty, —1 77 Vdta—1 7 Vk—3,tp 51 7 Vk 4\ -1 =7
2

Uk—3,tp_3 7 Vaty — Vkiity — i > Vg—3.2t,_5—4
2

T Va2t -4 T Uk VR ey -

tq
+tk+1*2
— = Vk — Vk — VEk
§+172t%+1—4 5,2tg—4 §+27t§+2—1
T Usts—1 7 TP Uk oo g 7 U5 2t5—4

%...HUL#JJL#J,
— .. *)UL?’]CALJJ’Q%#J*“
UL%«J,tL%Jﬂ - va

ULST]QJ’%LMJ*AL — UthlmJ’thBTkJ*‘l e

LR e e

il

J:llzJ’tL%Jil—) C—

|k |

— Vk—4,2t),_4—4

%]

Vk—4,t),_ 4—1—>’Uﬁ—1,tk 1_1—>...
k_

TV 120 4-a 7 V42,263 T U ka2 | o

%..'%ULBZ;ALJQtLBk—ALJ*ZL%Uﬁ_lztﬁ _4*)
—a

U%-&-l,l —> V4,1 =7 Vp—31 — U%l — Vg—32 — V42
— ’U%-‘rL? —> V43 —> Vg—33 —7 " — ’U%%_l

> Vk—3tp_3—2 7 V4 t,—2 — U%-&-l,%‘ — ’U% —

m‘g

U§+17t74+1 — e U%,t%—Q —>'U%+271

4

—)1)51—>"'—>1}§+27t572—>1}5’t5,2—)"‘—)
skt 7 VA O
%”L SJapagn )2 T UL T T

LJLMJQ_)LAL

— Vg—41 7> Vk_q1 —2 """
7L

Ly
— Vk—d,t)_4—2 —7
Vk 1ty a—2 7 Vktot5-1 T V| EL2 |

L

—)H'—)ULsk

I“J»tL#J*?%

VEk 1_2%v§+270%v§_170%v§+170.

s—1tg
27tk

Similar as Case 1, we can obtain that f is a multi-level
distance labelling of G, and then

2

m(G) < flupv)- ti—2)]—|—%—k—|—1.

) =6 [(2i =5)(

Case 3. If both k and ¢; are odd, then t4 = tk+1 =tp_3
;= tag for1 <j< L J The algorlthm is
defined as followmg.

and tr+1
2

Ug = ’U%)O — Vg0 — V1,0 — U%,Qtwrl _3 —> V4,2¢4,-3
2

— Vk—3,2t),_3—3 —7 Ukl op 4y —2 — Vk—3,2t),_3—2
2

— V4.2t4-2 —7 =5 ,2tk;1 IR T

— V4,3t4—6 —7 Vk—3,3tp_3—6 7 (1)0%72”_1 _3
2

— VUkg—1,0 —> V2,0 — ’U#’thdﬁ _3 — U5,2t5—3 —
2

'Uk42r3 9 TP Us2t5—2 7 7 ”Uk;rS 3ts—6 —

2t g3 —
o

U5,3t5—6 —7 Uk;'7.0 — V30 — Uk-2¢-572

g5 _3 7 U6,2t6—3

— = ’UkJQrS 3tg—6 " V6,3t6—6 UL;Q 0 V40

—>---—>UL31€TfsJ72tL3k475J_3_H)L%J,%L¥J—3_>
I LA T

UL o TR Lo T L 2t a3

e e e A

U e ey 6 7 |0 0

Uk—42tx_q=3 7 Vkoloy, o 7 " Vb1 . g

= Vk—4,3t)_4—6 7 Vj_5,0 7 Vk—=2,0 > Vk_L g, 5
2

T

VA Bts1 6 - UL%J,&LMJ —6 T VB 1

— v —v -
EE3 8t5—5 | 22 )8t

2
— Vk—3,t)_3—1 — V4, t,—1 — UL;l,tk+1 — V4t —

Vk—3.,t,_3 S ey U%,th«{»l 4 — Vk—3,2t)_3—4

— V4,2t,— 4—>'Uk+3t 3_1—>’U5t5_1—> =

Uk'42r£572t5_4 — Us,2t5—4 —> - — ’Ul-dlc;oJ ¢

)
J,ZtL#J—4

—)Ul—k+9J 4o J 1_>"'_>'U|_3k—5

4 — v 319;1

TR g - bt a2

- ULWJJL%J -1 UL%%J’%L#J —4

> > Vk—d b _4—1

HUL%J,thﬂTAJ%
— U%,t%q o TP Uk—4.2t,_4—4
TP VR Loy a7 VLS 95 UL%J,RL%J -3
Y U%,2t@—4 — ULM%J,QtLMJ 4
2 4

Uk+11
7
— s = Vk+1
2

> Vg—3,1 = V4,1 = Vkfl 5 —> V42 —2 Vp—3,2
=,

G —2 7 Vdta—2 77 Uk—3,ty_5—2

*)'U571—)Um1—)'“—)1)57t5_2*>1)m
2 2

Jt5—2
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— = Uk 9J)1—)’U|_3k;5J)1*>“-*>
-2

UL#NVMJ

R E i

— ULSkISJ’tL#J _9
—WL%NLB@;J*Q -

> > Vk=1  —7 Vg—4,1
7>

=Y s

V| 3k—1
3

— = Uk;lﬁtk74_2 — Vk—4,tp_y—2 —

V| k+13 — Vk+3 — =
| 222t -1 S t5—1

‘Lo

Uk 1 _4—>UL¥J¢

tk— 2—>Uk—30

3k—5 |~ =
4

— ’U%?O — ’U%,O — Uk+370.
Similar as Case 1, we can show that f is a multi-level
distance labelling of G.

By definition of f, if £ = 7, then there is no vertex sat-
isfying Claim 1, so o(f) = 0, thus rn(G) < f(ujy|-1) =
(3k — 12)tres + K — Tk + 1.

If £ > 9, then there is only one vertex
ur € {v1,0,V4,5, V-3, Vk,0/2ta —3 < j < 3ty — 6}

such that w;_1,usy1 belong to the same branch,
Hue-1) = Wvage—6) = 50, Wuesr) = Wves oy, | _5) =
2

4 and w41 is not the ancestor of u;_1, thus

—3}=1.

O(t—1,Uusg1) = min{l(ue—1) — 3, (e 1)

By Theorem 2.8 and the above algorithm, we have
o(f) =1, hence

+ (3k — 12)tsia

Case 4. If k is odd and t; is even, then t4 = tr41 = tp_3
2

— >typyforl1 <j< LHJ The algorithm is

defined as following:

and tr41
2

Ug = U%,O — Vg0 —> V1,0 — ’U%,%Mrl _3 7 V4,2¢4-3
2

_o "7 Uk—32t)_3—2

- vk_372tk—3_3 - v%,Qt k-2¢—1
— V4,2¢,—2 — U%th;l 1 — s = Uk+173tk42r1 _6

= Uk—33t5_5-6 = Va3ta—6 = (Vs o 5 =
2

V2,0 = Vk—1,0 — Ukl oty 1 -3 — Vk—4,2t),_4—3
2

—>7)k

Lotp_y -2 7 Vka20am2 T D Ukl gy g

— Uk—4,3tk,4—6 — 1)%70 — Vk—2.,0 — v%ﬂtkfs _3 —

Vk—52t)_5—3 —7 " *
Vk=7 g —> Vg—3,0 —7 " *
2

T Uk=8 3, g ™ Uk—53t,_5—6

_WL%J’%L%J*R’

—>--~—>’UI—%J7

’UL%J’O—) 5%*)

V6,3t6—6 —7 Vkis g4

© = V62tg—3 7 U%,Zt ks

6 " V4,0 — ’U%,O — U52¢5—3 —7
Uk;—s 72tk§3 _o T Us2t5—2 —7 Uk;372tk;3_1 —
— U5,3t5—6 — Vits gy
UL%J&LS"”’IJ_G — v#ﬁts_él — =
I
UL%%SJ73t|_3k75J -7 v%»?’tkgl -6 Uktl )y —1
1

> V4 t,—1 7 Vk—3 t)_3—1 —* U%)tkﬂ — Vk—3.tp_3
2

5 > V4,0 = Vkto o —
) =2,

—>'U47t4—>"'—>'Uk;—1 2% 1,4_>Uk 32t,_3—4
=

— V4,2t,—4 — U%ﬂfkﬁa—l — V5451 —> " =
2

Vs oy g U5 265—4 = 0
UL | s =1 7 Y[R g 1
vLSk;f’J,th#J 4 V| age 2] g |4 —
ULt )1 T UL e 1
UL%‘IIJ’%L?”%IJ 4 UL%J’%L"*"%J% N

Vk—d,t)_4—1 —7 Vklyy 21 > > Vk—4.2t,_4—4 —7
2

Vk—1 — Vk+3 — V| k+13
R S T2t =3 | =]

,QtL%J -3 -

. _>U|—3k-4—5 —>’Uk;1y2tk71_4 —>Uk;171
7

J72t|_3k47_5j —4

> V41 —> Vg—3,1 =7 Vk+l 5 2 Up—32 —> V42 — *
2 ’ ’

— U%JkJrl 9 > Vk—3,tp_5—2 7 U4 t,—2 —7 ’U#J —

Vsl —> ' > Vkt3 4 o 7 U5 t5—2 —7 * " —7 ULSk—SJ 1
2 5 4 s

%UL#JJ—)-“—)ULM SJt —

_> “ e
2—)UL% 1J L 3J’1—> —

L
ULM;lJ’tLS’%lJ o 7 ULszJ’tL%;lJ e A o

c = VUk— Adtp_a— 2—>Uk 1

Vk—4,1 = Vk=1 1 =7 *
2
— ULk+13

Ap_a—2
— Uk;—s ts—1

I

T UL%JV’&LMJ*Q - U%vt%ﬂ —

Vk+5 o 7 Vk=3 o —> Vk+3 5 — Vk=1 (.
=0 =0 =0 =0

Similar as Case 3, we can show that f is a multi-level
distance labelling of G.

If k =7, then
rn(G) < (3k —12)trn + k* — Tk + 1.
If £ > 9, then
g
n(G) <63 [(2i—5)(ti — 2)] + 3k — 12)txns
i=4 2
+3(k—T7)2+2.

Applying Theorems 2.4-2.6, and 2.8, we have shown that
the theorem holds. O
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