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Abstract—We introduce the concept of bi-square-mean al-
most automorphic functions and Stepanov-like square-mean
pseudo almost automorphic functions for stochastic processes.
Using the results, we also study the existence and uniqueness
theorems for Stepanov-like square-mean pseudo almost auto-
morphic mild solutions to a class of nonautonomous stochastic
functional evolution equations in a real separable Hilbert space.
Finally, an application involving a stochastic parabolic system
is considered.

Index Terms—square-mean pseudo almost automorphic,
stepanov-like pseudo almost automorphic, nonautonomous sto-
chastic evolution equations, exponential dichotomy.

I. INTRODUCTION

THE concept of pseudo almost automorphic functions
is a natural generalization of almost automorphic func-

tions, and the concept of almost automorphic functions was
first created by Bochner in [1]. Since then, those functions
have been widely studied and developed. For more on those
functions we refer the reader to [2], [3], [4]. The existence
of pseudo-almost automorphic solutions is among the most
attractive topics in qualitative theory of differential equations
because of their significance and applications in physics,
mechanics and mathematical biology. In recent years, much
attention has been paid to the existence of pseudo almost
automorphic solutions on different kinds of differential equa-
tions in Banach spaces; see [5], [6], [7], [8], [9] and the
references therein. On the other hand, N’Guérékata and
Pankov [10] introduced the concept of Stepanov-like almost
automorphy functions, which is another generalization of
almost automorphic functions. Such a notion was, subse-
quently, utilized to study the existence of weak Stepanov-
like almost automorphic solutions to some parabolic evo-
lution equations. Very recently, Diagana in [11] introduced
the notion of Stepanov-like pseudo almost automorphy as
a natural generalization of the concept of pseudo almost
automorphy as well as the one of Stepanov-like almost
automorphy. He also studied the existence and uniqueness
of Stepanov-like pseudo almost automorphic solutions to
semilinear differential equations in a Banach space. Further,
we refer the reader to [12], [13], [14], [15], [16], [17]
and references therein for more contributions concerning the
Stepanov-like almost automorphy function theory.

In many cases, deterministic models often fluctuate due to
noise, which is random or at least appears to be so. Therefore,
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we must move from deterministic problems to stochastic
ones. Recently, the existence results for square-mean almost
automorphy solutions to some stochastic differential equa-
tions in Hilbert spaces have been studied in many publica-
tions. For example, Fu et al. [18] introduced a new concept
of a square-mean almost automorphic stochastic process. The
paper deal with the existence and uniqueness of square-mean
almost automorphic mild solutions for stochastic differential
equations in Hilbert spaces, which further generalized the
almost automorphic theory from the deterministic version to
the stochastic one. The papers [19], [20], [21] investigated
the same issue for some stochastic differential equations. The
authors in [22] also studied the existence and uniqueness
of a Stepanov-like almost automorphic mild solution to a
class of nonlinear stochastic differential equations in a real
separable Hilbert space. Chen and Lin [23] introduced the
concept of square-mean pseudo almost automorphy for a
stochastic process and obtained the existence, uniqueness and
global stability of square-mean pseudo almost automorphic
solutions for a class of stochastic evolution equations. For
the case of fractional stochastic differential equations; see
[24]. Yan et al. [25] introduced the concept of Stepanov-like
square-mean pseudo almost automorphic functions, and dis-
cussed the existence and uniqueness of Stepanov-like square-
mean pseudo almost automorphic mild solutions to a neutral
stochastic functional differential equation. They results are
more general and complicated than the almost periodic mild
solutions or pseudo almost periodic mild solutions to some
stochastic differential equations. One can refer to Bezandry
and Diagana [26], [27], [28], in which the authors made
extensive use of the almost periodicity to study the existence
and uniqueness of almost periodic mild solutions to the class
of semilinear stochastic differential equations. We would like
to point out that other interesting results on almost periodicity
and square-mean almost periodic mild solution to stochastic
evolution equations have been obtained in [29], [30], [31],
[32], [33], [34], [35].

In this paper, we investigate the existence and uniqueness
of Stepanov-like square-mean pseudo almost automorphic to
the following nonautonomous stochastic functional evolution
equations:

dx(t) = A(t)x(t)dt + h(t, x(t− r))dt

+f(t, x(t− r))dW (t), t ∈ R, (1)

where A(t) : D((A(t)) ⊆ L2(P, H) → L2(P, H) is a
family of densely defined closed linear operators satisfying
the so-called “Acquistapace-Terrani ” conditions, W (t) is
a two-sided standard one-dimensional Brownian motion de-
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fined on the filtered probability space (Ω,F , P,Ft), where
Ft = σ{W (u)−W (v);u, v ≤ t}. r ≥ 0 is a fixed constant
and h, f are appropriate functions to be specified later.

We introduce the notion of bi-square-mean almost auto-
morphic and Stepanov-like square-mean pseudo almost auto-
morphic for stochastic processes, which, in turn generalizes
all the above-mentioned concepts, in particular, the notion of
square-mean pseudo almost automorphy and Stepanov-like
square-mean almost automorphic. Using the new concepts,
the theory of evolution family and exponential dichotomy, we
study the existence and uniqueness of Stepanov-like square-
mean pseudo almost automorphic mild solutions to the partial
stochastic evolution equations of the form Eq. (1). To the best
of our knowledge, there is no work reported on the interesting
problem, which in fact is the main motivation of the present
paper.

The paper is organized as follows. In Section 2, we recall
briefly some basic notations and definitions, lemmas related
with evolution system and Stepanov-like square-mean pseudo
almost automorphic functions. Section 3 is devoted to the
existence and uniqueness of the Stepanov-like square-mean
pseudo almost automorphic solutions for the problem (1).
Finally in Section 4, for illustration, we propose to study
the existence and uniqueness of Stepanov-like square-mean
pseudo almost automorphic solutions for the model arising
in physical systems.

II. PRELIMINARIES

In this section, we introduce some basic definitions, nota-
tions and lemmas which are used throughout this paper.

Throughout the paper, we assume that (H, ‖ · ‖) is as-
sumed to be a real and separable Hilbert space. Let (Ω,F , P )
be a complete probability space. The notation L2(P, H)
stands for the space of all H-valued random variables x
such that E ‖ x ‖2= ∫

Ω
‖ x ‖2 dP < ∞, which is a

Banach space with the norm ‖ x ‖2= (
∫
Ω
‖ x ‖2 dP )

1
2 .

It is routine to check that L2(P, H) is a Hilbert space
equipped with the norm ‖ · ‖. We let L(K, H) be the space
of all linear bounded operators from K into H, equipped
with the usual operator norm ‖ · ‖L(K,H); in particular,
this is simply denoted by L(H) when K = H. W (t)
is a two-sided standard one-dimensional Brownian motion
defined on the filtered probability space (Ω,F , P,Ft), where
Ft = σ{W (u)−W (v);u, v ≤ t}.

A. Square-mean pseudo almost automorphy

Let C(R, L2(P, H)), BC(R, L2(P, H)) stand for the col-
lection of all continuous functions from R into L2(P, H),
the Banach space of all bounded continuous functions from
R into L2(P, H), equipped with the sup norm ‖ · ‖∞,
respectively. Similarly, C(R × L2(P, H), L2(P, H)) and
BC(R × L2(P, H), L2(P, H)) stand, respectively, for the
class of all jointly continuous functions from R×L2(P, H)
into L2(P, H) and the collection of all jointly bounded
continuous functions from R× L2(P, H) into L2(P, H).
Definition 1 ([23]). A stochastic process x(t) : R →
L2(P, H) is said to be stochastically bounded if there exists
M̂ > 0 such that E ‖ x(t) ‖≤ M̂ for all t ∈ R.

Definition 2 ([23]). A stochastic process x : R → L2(P, H)
is said to be stochastically continuous if

lim
t→s

E ‖ x(t)− x(s) ‖2= 0.

Denote by BC(R, L2(P, H)) the collection of all the
stochastically bounded and continuous processes. Then sev-
eral properties of the space BC(R, L2(P, H)) are listed as
follows.
Remark 1 ([23]). BC(R, L2(P, H)) is a linear space.
Remark 2 ([23]). BC(R, L2(P, H)) is a Banach space with
the norm

‖ x ‖∞:= sup
t∈R

(E ‖ x(t) ‖2) 1
2 ,

for E ‖ x(t) ‖2= (
∫
Ω
‖ x(t) ‖2 dP )

1
2 .

Definition 3 ([18]). A stochastically continuous stochastic
process x : R → L2(P, H) is said to be square-mean almost
automorphic if for every sequence of real numbers (s′n)n∈N

there is a subsequence (sn)n∈N and a stochastic process y :
R → L2(P, H) such that

lim
n→∞

E ‖ x(t + sn)− y(t) ‖2= 0,

lim
n→∞

E ‖ y(t− sn)− x(t) ‖2= 0

holds for each t ∈ R. This limit means that

lim
m→∞

lim
n→∞

E ‖ x(t + sn − sm)− x(t) ‖2= 0

for each t ∈ R. Denote the set of all such stochastically
continuous processes by AA(L2(P, H)).
Remark 3 ([18]). If x(t) ∈ AA(R, L2(P, H)), then x(t) is
bounded, that is,‖ x ‖∞< ∞.

Refer to Lemma 2.3 of [18] for the detailed proof of
Remark 3.
Lemma 1 ([2]). Let f, g : R → L2(P, H)) are square-mean
almost automorphic and λ is any scalar. Then the following
holds true:
(1) f + g, λf, fτ (t) = f(t + τ), f̂(t) := f(−t) are square-

mean almost automorphic.
(2) The range Rf of f is precompact, so f is bounded.
(3) If {fn} is a sequence of almost automorphic functions

and fn → f uniformly on R, then f is almost automor-
phic.

Definition 4 A continuous function f(t, s) : R × R →
L2(P, H) is called bi-square-mean almost automorphic if
for every sequence of real numbers {s′n}n∈N there exists
a subsequence {sn}n∈N and a stochastic process f̃(t, s) :
R×R → L2(P, H) such that

lim
n→+∞

E ‖ f(t + sn, s + sn)− f̃(t, s) ‖2= 0

is well defined in t, s ∈ R, and

lim
n→+∞

E ‖ f̃(t− sn, s− sn)− f(t, s) ‖2= 0

for each t, s ∈ R. Denote the set of all such stochastically
continuous processes by bAA(R×R, L2(P, H)).

In other words, a function f(t, s) : R×R → L2(P, H) is
said to be bi-square-mean almost automorphic if for any se-
quence of real numbers {s′n}n∈N there exists a subsequence
{sn}n∈N such that

lim
m→+∞

lim
n→∞

E ‖ f(t+sn−sm, s+sn−sm)−f(t, s) ‖2= 0
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for each t, s ∈ R.

We set

PAP0(L2(P, H)) =
{

f ∈ BC(R, L2(P, H)) :

lim
T→∞

1
2T

∫ T

−T

E ‖ x(t) ‖2 dt = 0
}

.

Definition 5 ([23]). A stochastically continuous process
f(t) : R → L2(P, H) is said to be square-mean pseudo
almost automorphic if it can be decomposed as f = g + ϕ,
where g ∈ AAL2(P, H) and ϕ ∈ PAP0(L2(P, H)). Denote
the set of all such stochastically continuous processes by
PAA(L2(P, H)).
Remark 4 ([23]). PAA(L2(P, H)) is a linear closed sub-
space of BC(R, L2(P, H)).
Remark 5 ([23]). PAA(L2(P, H)) is a Banach space with
the norm ‖ · ‖∞.
Definition 6 ([18]). A function f : R × L2(P, H) →
L2(P, H), (t, x) → f(t, x), which is jointly continuous,
is said to be square-mean almost automorphic in t ∈ R
for each x ∈ L2(P, H) if for every sequence of real
numbers {s′n}n∈N there exists a subsequence {sn}n∈N and
a stochastic process f̃ : R × L2(P, H) → L2(P, H) such
that

lim
n→∞

E ‖ f(t + sn, x)− f̃(t, x) ‖2= 0,

lim
n→∞

E ‖ f̃(t− sn, x)− f(t, x) ‖2= 0

for each t ∈ R and each x ∈ L2(P, H). Denote the set
of all such stochastically continuous processes by AA(R ×
L2(P, H)).
Lemma 2 ([18]). Let f : R × L2(P, H) → L2(P, H),
(t, x) → f(t, x) be square-mean almost automorphic in
t ∈ R for each x ∈ L2(P, H), and assume that f satisfies a
Lipschitz condition in the following sense:

E ‖ f(t, φ)− f(t, ψ) ‖2≤ M̃E ‖ φ− ψ ‖2

for all φ, ψ ∈ L2(P, H) and for each t ∈ R, where
M̃ > 0 is independent of t. Then for any square-mean almost
automorphic process x : R → L2(P, H), the stochastic
process F : R → L2(P, H) given by F (·) = f(·, x(·)) is
square-mean almost automorphic.

Denote

AA0(R× L2(P, H))

=
{

f ∈ BC(R× L2(P, H), L2(P, H)) :

lim
T→∞

∫ T

−T

E ‖ f(t, x) ‖2 dt = 0
}

.

Definition 7 ([23]). A function f(t, x) : R × L2(P, H) →
L2(P, H), which is jointly continuous, is said to be square-
mean pseudo almost automorphic in t for any x ∈ L2(P, H)
if it can be decomposed as f = g + ϕ, where g ∈
AA(R × L2(P, H)) and ϕ ∈ AA0(R × L2(P, H)). Denote
the set of all such stochastically continuous processes by
PAA(L2(R× L2(P, H)).

B. Stepanov-like square-mean almost automorphy

Definition 8 ([32]). The Bochner transform xb(t, s), t ∈
R, s ∈ [0, 1], of a stochastic process x : R → L2(P, H)
is defined by

xb(t, s) := x(t + s).

Remark 6 ([32]). A stochastic process ψ(t, s), t ∈ R, s ∈
[0, 1], is the Bochner transform of a certain stochastic process
f ,

ψ(t, s) = xb(t, s),

if and only if

ψ(t + τ, s− τ) = ψ(s, t)

for all t ∈ R, s ∈ [0, 1] and τ ∈ [s− 1, s].
Definition 9 ([10]). The Bochner transform F b(t, s, u), t ∈
R, s ∈ [0, 1], u ∈ L2(P, H), of a function F : R ×
L2(P, H) → L2(P, H) is defined by

F b(t, s, u) := F (t + s, u)

for each u ∈ L2(P, H).
Definition 10 ([32]). The space BS2(L2(P, H)) of all
Stepanov bounded stochastic processes consists of all mea-
surable stochastic processes x : R → L2(P, H) such that

xb = L∞(R;L2(0, 1;L2(P, H))).

This is a Banach space with the norm

‖ x ‖S2=‖ xb ‖L∞(R;L2)= sup
t∈R

( ∫ t+1

t

E ‖ x(τ) ‖2 dτ

) 1
2

.

Definition 11 ([19]). A stochastic process x ∈ BS2

(L2(P, H)) is called Stepanov-like square-mean almost au-
tomorphic (or S2-almost automorphic) if

xb ∈ AA(R;L2(0, 1;L2(P, H))).

In other words, a stochastic process

x ∈ L2
loc(R, L2(P, H))

is said to be Stepanov-like almost automorphic if its Bochner
transform

xb : R → L2(0, 1;L2(P, H))

is square-mean almost automorphic in the sense that for
every sequence of real numbers {s′n}n∈N , there exist a
subsequence {sn}n∈N , and a stochastic process

y ∈ L2
log(R, L2(P, H))

such that
∫ t+1

t

E ‖ x(s + sn)− y(s) ‖2 ds → 0,

∫ t+1

t

E ‖ y(s− sn)− x(s) ‖2 ds → 0

as n → ∞ pointwise on R. Denote the set of all such
stochastically continuous processes by AS2(L2(P, H)).
Remark 7 ([19]). It is clear that, if x : R → L2(P, H)
is a square-mean almost automorphic stochastic process,
then x is S2-almost automorphic, that is, AA(L2(P, H)) ⊂
AS2(L2(P, H)).
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C. Stepanov-like square-mean pseudo almost automorphy

Definition 12. A stochastic process f ∈ BS2(R,
L2(P, H)) is said to be Stepanov-like square-mean
pseudo almost automorphic (or S2-pseudo almost au-
tomorphic) if it can be decomposed as f = h +
ϕ, where hb ∈ AA(L2(0, 1;L2(P, H))) and ϕb ∈
PAP0(L2(0, 1;L2(P, H))). Denote the set of all such sto-
chastically continuous processes by PAA2(L2(P, H)).

In other words, a stochastic process

f ∈ L2
loc(R, L2(P, H))

is said to be Stepanov-like square-mean pseudo almost
automorphic if its Bochner transform

f b : R → L2(0, 1;L2(P, H))

is square-mean pseudo almost automorphic in the sense that
there exist two functions h, ϕ : R → L2(P, H) such that
f = h + ϕ, where hb ∈ AA(L2(0, 1;L2(P, H))) and ϕb ∈
PAP0(L2(0, 1;L2(P, H))).

Obviously, the following inclusions hold:

AP (L2(P, H)) ⊂ AA(L2(P, H)) ⊂ PAA(L2(P, H))

⊂ PAA2(L2(P, H)),

where AP (L2(P, H)) stands for the collection of all
L2(P, H)-valued almost periodic functions.
Definition 13. A stochastic process f ∈ BS2(R ×
L2(P, H), L2(P, H)) is said to be Stepanov-like square-
mean pseudo almost automorphic (or S2-pseudo almost
automorphic) if it can be decomposed as f = h + ϕ, where
hb ∈ AA(R × L2(0, 1;L2(P, H))) and ϕb ∈ PAP0(R ×
L2(0, 1;L2(P, H))) Denote the set of all such stochastically
continuous processes by PAA2(R× L2(P, H)).
Lemma 3. Assume f ∈ PAA2(R×L2(P, H)). Suppose that
f(t, u) is Lipschitz in u ∈ L2(P, H) uniformly in t ∈ R, in
the sense that there exists L > 0 such that

‖ f(t, u)− f(t, v) ‖≤ L ‖ u− v ‖
for all t ∈ R, u, v ∈ L2(P, H). If φ(·) ∈ PAA2(L2(P, H))
then f(·, φ(·)) ∈ PAA2(L2(P, H)).

Lemma 3 can be proved by using Definition 11, Definition
12 and Lemmas 2. One may refer to Theorem 3.5 in [11]
for more details about the proof of Lemma 3.

D. Evolution family and exponential dichotomy

We also need the following concepts concerning evolution
family and exponential dichotomy. For more details, we refer
the reader to [36].
Definition 14. A set U(t, s) : t ≥ s, t, s ∈ R of bounded
linear operators on L2(P, H) is called an evolution family if
(a) U(s, s) = I, U(t, s) = U(t, τ)U(τ, s) for t ≥ τ ≥ s

and t, τ, s ∈ R;
(b) {(τ, σ) ∈ R2 : τ ≥ σ} 3 (t, s) 7→ U(t, s) is strongly

continuous.
Definition 15. An evolution family U is called hyperbolic (or
has exponential dichotomy) if there are projections P (t), t ∈
R, uniformly bounded and strongly continuous in t, and
constants M, δ > 0 such that
(a) U(t, s)P (s) = P (t)U(t, s) for all t ≥ s;

(b) the restriction

UQ(t, s) : Q(s)L2(P, H) → Q(t)L2(P, H)

is invertible for all t ≥ s (and we set UQ(s, t) =
UQ(t, s)−1);

(c) ‖ U(t, s)P (s) ‖≤ Me−δ(t−s) and ‖ UQ(s, t)Q(t) ‖≤
Me−δ(t−s) for all t ≥ s.

Here and below Q := I − P.
Remark 8. Exponential dichotomy is a classical concept in
the study of the long-term behavior of evolution equations,
see [37], [38], [39]. If P (t) = I for t ∈ R, then (U(t, s))t≥s

is exponentially stable, see [36], [37], [38], [39], for example.
Definition 16. If U is a hyperbolic evolution family, then

Γ(t, s) :=
{

U(t, s)P (s), t ≥ s, t, s ∈ R,
−UQ(t, s)Q(s), t < s, t, s ∈ R

is called Green’s function corresponding to U and P (·).

III. EXISTENCE RESULTS

In this section, we prove that there is a unique mild
solution for the problem (1). For that, we make the following
hypotheses:

(H1) There exist constants λ0 > 0, θ ∈ (π
2 , π), K0,K1 ≥ 0,

and α1, α2 ∈ (0, 1] with α1 + α2 > 1 such that

Σθ∪{0} ⊂ ρ(A(t)−λ0), ‖ R(λ,A(t)−λ0) ‖≤ K1

1 + |λ| ,

and

‖ (A(t)− λ0)R(λ,A(t)− λ0)[R(λ0, A(t))
−R(λ0, A(s))] ‖≤ K0|t− s|α1 |λ|−α2

for t, s ∈ R, λ ∈ Σθ := {λ ∈ C \ {0} : | arg λ| ≤ θ}.
(H2) The evolution family U(t, s) generated by A(t) has an

exponential dichotomy with constants M, δ > 0, di-
chotomy projections P (t), t ∈ R, and Green’s function
Γ.

(H3) Γ(t, s)x ∈ bAA(R × R, L2(P, H)) uniformly for all x
in any bounded subset of L2(P, H).

(H4) The functions h, f are Lipschitz with to the second
argument uniformly in the first argument in the sense
that: there exist Lh, Lf > 0 such that

E ‖ h(t, x)− h(t, y) ‖2≤ LhE ‖ x− y ‖2,
and

E ‖ f(t, x)− f(t, y) ‖2≤ LfE ‖ x− y ‖2

for all t ∈ R and each x, y ∈ L2(P, H).
(H5) The functions h, f ∈ PAA2(R × L2(P, H)) ∩ C(R ×

L2(P, H), L2(P, H)).
Remark 9. Assumption (H1) is usually called
“Acquistapace-Terreni” conditions, which was firstly
introduced in [40] and widely used to investigate
nonautonomous evolution equations in [5], [36], [37].
If (H1) holds, t hen there exists a unique evolution family
{U(t, s), t ≥ s > −∞} on L2(P, H).

In this section, we investigate the existence of a Stepanov-
like square-mean pseudo almost automorphic mild solution
for the problem (1). To do this, we first consider the existence
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of square-mean Stepanov-like pseudo almost automorphic
mild solutions to the linear stochastic differential equation

dx(t) = A(t)x(t)dt + h(t)dt + f(t)dW (t), t ∈ R, (2)

where A(t) : D((A(t)) ⊆ L2(P, H) → L2(P, H) is a family
of densely defined closed linear operators satisfying the so-
called “Acquistapace-Terrani” conditions. W (t) is a two-
sided standard one-dimensional Brownian motion defined
on the filtered probability space (Ω,F , P,Ft), where Ft =
σ{W (u) − W (v);u, v ≤ t}. h, f ∈ PAA2(L2(P, H)) ∩
C(R, L2(P, H)).
Definition 17. An Ft-progressively measurable stochastic
process x : R → L2(P, H) is called a mild solution of the
system (3.1) if x(t) satisfies

x(t) = U(t, s)x(s) +
∫ t

s

U(t, τ)h(τ)dτ

+
∫ t

s

U(t, τ)f(τ)dW (τ) (3)

for all t ≥ s and all s ∈ R.

Now we are ready to state the first main result.
Theorem 1. Suppose that (H1), (H2) and (H3) hold. If
h, f ∈ PAA2(L2(P, H))∩C(R, L2(P, H)), then there exists
a unique solution x ∈ PAA(L2(P, H)) of equation (2) such
that

x(t) =
∫ t

−∞
U(t, τ)P (τ)h(τ)dτ

+
∫ +∞

t

UQ(t, τ)Q(τ)f(τ)dW (τ), t ∈ R. (4)

Proof. Firstly, we show that Eq. (2) admits a unique bounded
solution given by Eq. (4), which is similar to the proofs
of Theorem 4.28 in [39]. See also [5]. From exponential
dichotomy of U(t, s)t≥s, we deduce

x(t) =
∫ t

−∞
U(t, τ)P (τ)h(τ)dτ

−
∫ +∞

t

UQ(t, τ)Q(τ)h(τ)dτ

+
∫ t

−∞
U(t, τ)P (τ)f(τ)dW (τ)

−
∫ +∞

t

UQ(t, τ)Q(τ)f(τ)dW (τ) (5)

is well defined for each t ∈ R.

To prove that x satisfies equation (2) for all t ≥ s, all
s ∈ R, we let

x(s) =
∫ s

−∞
U(t, τ)P (τ)h(τ)dτ

−
∫ +∞

s

UQ(t, τ)Q(τ)h(τ)dτ

+
∫ s

−∞
U(t, τ)P (τ)f(τ)dW (τ)

−
∫ +∞

s

UQ(t, τ)Q(τ)f(τ)dW (τ), s ∈ R. (6)

Multiply both sides of (6) by U(t, s) for all t ≥ s, then

U(t, s)x(s)

=
∫ s

−∞
U(t, τ)P (τ)h(τ)dτ

−
∫ +∞

s

UQ(t, τ)Q(τ)h(τ)dτ

+
∫ s

−∞
U(t, τ)P (τ)f(τ)dW (τ)

−
∫ +∞

s

UQ(t, τ)Q(τ)f(τ)dW (τ)

=
∫ t

−∞
U(t, τ)P (τ)h(τ)dτ

−
∫ t

s

U(t, τ)P (τ)h(τ)dτ

−
∫ +∞

t

UQ(t, τ)Q(τ)h(τ)dτ

−
∫ t

s

UQ(t, τ)Q(τ)h(τ)dτ

+
∫ t

−∞
U(t, τ)P (τ)f(τ)dW (τ)

−
∫ t

s

U(t, τ)P (τ)f(τ)dW (τ)

−
∫ +∞

t

UQ(t, τ)Q(τ)f(τ)dW (τ)

−
∫ t

s

UQ(t, τ)Q(τ)f(τ)dW (τ)

= x(t)−
∫ t

s

U(t, τ)h(τ)dτ

−
∫ t

s

U(t, τ)f(τ)dW (τ).

Hence x is a mild solution to Eq. (2).
To prove the uniqueness, let y ∈ PAA(L2(P, H)) satisfy

equation (4). Then, exponential dichotomy of U(t, s)t≥s

imply that

P (t)y(t) =
∫ t

−∞
U(t, τ)P (τ)h(τ)dτ

+
∫ t

−∞
U(t, τ)P (τ)f(τ)dW (τ), t ∈ R,

Q(t)y(t) =
∫ t

+∞
UQ(t, τ)Q(τ)h(τ)dτ

+
∫ t

+∞
UQ(t, τ)Q(τ)f(τ)dW (τ), t ∈ R.

Thus,

y(t) = P (t)y(t) + Q(t)y(t) =
∫ t

−∞
U(t, τ)P (τ)h(τ)dτ

+
∫ t

+∞
UQ(t, τ)Q(τ)h(τ)dτ

+
∫ t

−∞
U(t, τ)P (τ)f(τ)dW (τ)

+
∫ t

+∞
UQ(t, τ)Q(τ)f(τ)dW (τ) = x(t).
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Now, we will prove that x ∈ PAA(L2(P, H)). Since

h, f ∈ PAA2(L2(P, H)) ∩ C(R, L2(P, H),

write
h = h1 + h2, f = f1 + f2,

where

hb
1, f

b
1 ∈ AA(L2(0, 1;L2(P, H)))
∩C(R, L2(0, 1;L2(P, H)))

and

hb
2, f

b
2 ∈ PAP0(L2(0, 1;L2(P, H)))
∩C(R, L2(0, 1;L2(P, H))),

then x(t) can be decomposed as

x(t) =
∫ t

−∞
U(t, τ)P (τ)h1(τ)dτ

+
∫ t

−∞
U(t, τ)P (τ)h2(τ)dτ

+
∫ t

+∞
UQ(t, τ)Q(τ)h1(τ)dτ

+
∫ t

+∞
UQ(t, τ)Q(τ)h2(τ)dτ

+
∫ t

−∞
U(t, τ)P (τ)f1(τ)dW (τ)

+
∫ t

−∞
U(t, τ)P (τ)f2(τ)dW (τ)

+
∫ t

+∞
UQ(t, τ)Q(τ)f1(τ)dW (τ)

+
∫ t

+∞
UQ(t, τ).Q(τ)f2(τ)dW (τ).

Set

H1(t) =
∫ t

−∞
U(t, τ)P (τ)h1(τ)dτ

+
∫ t

+∞
UQ(t, τ)Q(τ)h1(τ)dτ,

H2(t) =
∫ t

−∞
U(t, τ)P (τ)h2(τ)dτ

+
∫ t

+∞
UQ(t, τ)Q(τ)h2(τ)dτ,

and

F1(t) =
∫ t

−∞
U(t, τ)P (τ)f1(τ)dW (τ)

+
∫ t

+∞
UQ(t, τ)Q(τ)f1(τ)dW (τ),

F2(t) =
∫ t

−∞
U(t, τ)P (τ)f2(τ)dW (τ)

+
∫ t

+∞
UQ(t, τ)Q(τ)f2(τ)dW (τ).

Next we show that H1, F1 ∈ AA(L2(P, H)) and H2, F2 ∈
PAP0(L2(P, H)).

To prove that H1 ∈ AA(L2(P, H)), we consider

H1,k(t)

=
∫ t−k+1

t−k

U(t, τ)P (τ)h1(τ)dτ

+
∫ t+k−1

t+k

UQ(t, τ)Q(τ)h1(τ)dτ

=
∫ k

k−1

U(t, t− τ)P (t− τ)h1(t− τ)dτ

+
∫ k−1

k

UQ(t, t + τ)Q(t + τ)h1(t + τ)dτ

for each t ∈ R and k = 1, 2, 3, . . . . Then, using exponential
dichotomy of U(t, s)t≥s and Hölder’s inequality, it follows
that

E ‖ H1,k(t) ‖2

≤ 2E

wwww
∫ t−k+1

t−k

U(t, τ)P (τ)h1(τ)dτ

wwww
2

+2E

wwww
∫ t+k−1

t+k

UQ(t, τ)Q(τ)h1(τ)dτ

wwww
2

≤ 2E

( ∫ t−k+1

t−k

‖ U(t, τ)P (τ) ‖‖ h1(τ) ‖ dτ

)2

+2E

( ∫ t+k−1

t+k

‖ UQ(t, τ)Q(τ) ‖‖ h1(τ) ‖ dτ

)2

≤ 2M2E

( ∫ t−k+1

t−k

e−δ(t−τ) ‖ h1(τ) ‖ dτ

)2

+2M2E

( ∫ t+k−1

t+k

eδ(t−τ) ‖ h1(τ) ‖ dτ

)2

≤ 2M2

( ∫ t−k+1

t−k

e−2δ(t−τ)dτ

)

×
( ∫ t−k+1

t−k

E ‖ h1(τ) ‖2 dτ

)

+2M2

( ∫ t+k−1

t+k

e2δ(t−τ)dτ

)

×
( ∫ t+k−1

t+k

E ‖ h1(τ) ‖2 dτ

)

≤ 2M2

( ∫ k

k−1

e−2δτdτ

)
‖ h1 ‖2S2

+2M2

( ∫ −k+1

−k

e2δτdτ

)
‖ h1 ‖2S2

≤ 2M2

δ
e−2δk(e2δ − 1) ‖ h1 ‖2S2 .

Since 2M2

δ (e2δ − 1) ‖ h1 ‖2S2

∑∞
k=1 e−2δk < ∞, we

deduce from the well-known Weierstrass test that the series∑∞
k=1 H1,k(t) is uniformly convergent on R. Furthermore,

H1(t) =
∫ t

−∞
U(t, τ)P (τ)h1(τ)dτ

+
∫ t

+∞
UQ(t, τ)Q(τ)h1(τ)dτ =

∞∑

k=1

H1,k(t).

Let us take a sequence (s′n)n∈N and show that there exists
a subsequence (sn)n∈N of (s′n)n∈N such that

lim
m→∞

lim
n→∞

E ‖ H1,k(t + sn − sm)−H1,k(t) ‖2= 0
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for each t ∈ R. Let ε > 0, Nε > 0. By hb
1 ∈

AA(L2(0, 1;L2(P, H))) and (H3), there exists a subse-
quence (sn)n∈N of (s′n)n∈N such that, for each t ∈ R,

∫ t+1

t

E ‖ h1(s + sn − sm)− h1(s) ‖2 ds < ε, (7)

‖ U(t + sn − sm, t + sn − sm − τ)
×P (t + sn − sm − τ)
−U(t, t− τ)P (t− τ) ‖2< ε, (8)

‖ UQ(t + sn − sm, t + sn − sm + τ)
Q(t + sn − sm + τ)
−UQ(t, t + τ)Q(t + τ) ‖2< ε (9)

for all n,m ≥ Nε. On the other hand, using the inequality
(7)-(9), exponential dichotomy of U(t, s)t≥s and Hölder’s
inequality, we obtain that

E ‖ H1,k(t + sn − sm)−H1,k(t) ‖2

≤ 2E

wwww
∫ k

k−1

[U(t + sn − sm, t + sn − sm − τ)

×P (t + sn − sm − τ)h1(t + sn − sm − τ)

−U(t, t− τ)P (t− τ)h1(t− τ)]dτ

wwww
2

+2E

wwww
∫ k−1

k

[UQ(t + sn − sm, t + sn − sm + τ)

×Q(t + sn − sm + τ)h1(t + sn − sm + τ)

−UQ(t, t + τ)Q(t + τ)h1(t + τ)]dτ

wwww
2

≤ 4M2E

( ∫ k

k−1

e−δτ ‖ h1(t + sn − sm − τ)

−h1(t− τ) ‖ dτ

)2

+4E

( ∫ k

k−1

‖ U(t + sn − sm, t + sn − sm − τ)

×P (t + sn − sm − τ)

−U(t, t− τ)P (t− τ) ‖‖ h1(t− τ) ‖ dτ

)2

+4M2E

( ∫ k

k−1

e−δτ ‖ h1(t + sn − sm + τ)

−h1(t + τ) ‖ dτ

)2

+4E

( ∫ k

k−1

‖ UQ(t + sn − sm, t + sn − sm + τ)

×Q(t + sn − sm + τ)

−UQ(t, t + τ)Q(t + τ) ‖‖ h1(t + τ) ‖ dτ

)2

≤ 4M2

( ∫ k

k−1

e−2δτdτ

)( ∫ k

k−1

E ‖ h1(t + sn − sm

−τ)− h1(t− τ) ‖2 dτ

)

+4
( ∫ k

k−1

‖ U(t + sn − sm, t + sn − sm − τ)

×P (t + sn − sm − τ)

−U(t, t− τ)P (t− τ) ‖2 dτ

)

×
( ∫ k

k−1

E ‖ h1(t− τ) ‖2 dτ

)

+4M2

( ∫ k

k−1

e−2δτdτ

)( ∫ k

k−1

E ‖ h1(t + sn − sm

+τ)− h1(t + τ) ‖2 dτ

)

+4
( ∫ k

k−1

‖ UQ(t + sn − sm, t + sn − sm + τ)

×Q(t + sn − sm + τ)

−UQ(t, t + τ)Q(t + τ) ‖2 dτ

)

×
( ∫ k

k−1

E ‖ h1(t + τ) ‖2 dτ

)

≤ 2M2

δ
e−2δk(e2δ − 1)

( ∫ t−k+1

t−k

E ‖ h1(s + sn − sm)

−h1(s) ‖2 ds

)

+4
( ∫ k

k−1

‖ U(t + sn − sm, t + sn − sm − τ)

×P (t + sn − sm − τ)

−U(t, t− τ)P (t− τ) ‖2 dτ

)
‖ h1 ‖2S2

+
2M2

δ
e−2δk(e2δ − 1)

( ∫ t+k

t+k−1

E ‖ h1(s + sn − sm)

−h1(s) ‖2 ds

)

+4
( ∫ k

k−1

‖ UQ(t + sn − sm, t + sn − sm + τ)

×Q(t + sn − sm + τ)

−UQ(t, t + τ)Q(t + τ) ‖2 dτ

)
‖ h1 ‖2S2

< 4
[
M2

δ
e−2δk(e2δ − 1) + 2 ‖ h1 ‖2S2

]
ε.

Thus, we immediately obtain that

lim
m→∞

lim
n→∞

E ‖ H1,k(t + sn − sm)−H1,k(t) ‖2= 0

for each t ∈ R. Therefore, we get that H1,k ∈
AA(L2(P, H)). Applying Lemma 1, we deduce that the
uniform limit

H1(t) =
∞∑

k=1

H1,k(t) ∈ AA(L2(P, H)).

Next, we will prove that H2 ∈ PAP0(L2(P, H)). It is
obvious that H2 ∈ BC(R, L2(P, H), the left task is to show
that

lim
r→∞

1
2T

∫ T

−T

E ‖ H2(t) ‖2 dt = 0.

For this, we consider

H2,k(t)

=
∫ t−k+1

t−k

U(t, τ)P (τ)h2(τ)dτ
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+
∫ t+k−1

t+k

UQ(t, τ)Q(τ)h2(τ)dτ

=
∫ k

k−1

U(t, t− τ)P (t− τ)h2(t− τ)dτ

+
∫ k−1

k

UQ(t, t + τ)Q(t + τ)h2(t + τ)dτ

for each t ∈ R and k = 1, 2, 3, . . . . Then, using exponential
dichotomy of U(t, s)t≥s and Hölder’s inequality, it follows
that

E ‖ H2,k(t) ‖2

≤ 2E

wwww
∫ t−k+1

t−k

U(t, τ)P (τ)h2(τ)dτ

wwww
2

+2E

wwww
∫ t+k−1

t+k

UQ(t, τ)Q(τ)h2(τ)dτ

wwww
2

≤ 2M2E

( ∫ t−k+1

t−k

e−δ(t−τ) ‖ h2(τ) ‖ dτ

)2

+2M2E

( ∫ t+k−1

t+k

eδ(t−τ) ‖ h2(τ) ‖ dτ

)2

≤ 2M2

( ∫ t−k+1

t−k

e−2δ(t−τ)dτ

)

×
( ∫ t−k+1

t−k

E ‖ h2(τ) ‖2 dτ

)

+2M2

( ∫ t+k−1

t+k

e2δ(t−τ)dτ

)

×
( ∫ t+k−1

t+k

E ‖ h2(τ) ‖2 dτ

)

≤ 2M2

( ∫ k

k−1

e−2δτdτ

)( ∫ t−k+1

t−k

E ‖ h2(τ) ‖2 dτ

)

+2M2

( ∫ −k+1

−k

e2δτdτ

)

×
( ∫ t+k−1

t+k

E ‖ h2(τ) ‖2 dτ

)

≤ M2

δ
e−2δk(e2δ − 1)

[(∫ t−k+1

t−k

E ‖ h2(τ) ‖2 dτ

)

+
( ∫ t+k−1

t+k

E ‖ h2(τ) ‖2 dτ

)]
.

Since hb
2 ∈ PAP0(L2(0, 1;L2(P, H))), the above inequality

leads to H2 ∈ PAP0(L2(P, H)). The above inequality leads
also to

E ‖ H2,k(t) ‖2≤ 2M2

δ
e−2δk(e2δ − 1) ‖ h2 ‖2S2 .

By using 2M2

δ (e2δ − 1)
∑∞

k=1 ‖ h2 ‖2S2 e−2δk < ∞, we
deduce from the well-known Weierstrass test that the series∑∞

k=1 H2,k(t) is uniformly convergent on R. Furthermore,

H2(t) =
∫ t

−∞
U(t, τ)P (τ)h2(τ)dτ

+
∫ t

+∞
UQ(t, τ)Q(τ)h2(τ)dτ =

∞∑

k=1

H2,k(t).

Applying H2,k ∈ PAP0(L2(P, H)) and the inequality

1
2T

∫ T

−T

E ‖ H2(t) ‖2 dt

≤ 1
T

∫ T

−T

E

wwwwH2(t)−
n∑

k=1

H2,k(t)
wwww

2

dt

+
n

T

n∑

k=1

∫ T

−T

E ‖ H2,k(t) ‖2 dt,

we deduce that the uniform limit H2(t) =
∑∞

k=1 H2,k(t) ∈
PAP0(L2(P, H)).

To prove that F1 ∈ AA(L2(P, H)), we consider

F1,k(t)

=
∫ t−k+1

t−k

U(t, τ)P (τ)f1(τ)dW (τ)

+
∫ t+k−1

t+k

UQ(t, τ)Q(τ)f1(τ)dW (τ)

=
∫ k

k−1

U(t, t− τ)P (t− τ)f1(t− τ)dW (τ)

+
∫ k−1

k

UQ(t, t + τ)Q(t + τ)f1(t + τ)dW (τ)

for each t ∈ R and k = 1, 2, 3, . . . . Then, by using an
estimate on the Ito integral established in [41], it follows
that

E ‖ F1,k(t) ‖2

≤ 2E

wwww
∫ t−k+1

t−k

U(t, τ)P (τ)f1(τ)dW (τ)
wwww

2

+2E

wwww
∫ t+k−1

t+k

UQ(t, τ)Q(τ)f1(τ)dW (τ)
wwww

2

≤ 2M2

∫ t−k+1

t−k

e−2δ(t−τ)E ‖ f1(τ) ‖2 dτ

+2M2

∫ t+k−1

t+k

e2δ(t−τ)E ‖ f1(τ) ‖2 dτ

≤ 2M2

∫ k

k−1

e−2δτE ‖ f1(t− τ) ‖2 dτ

+2M2

∫ −k+1

−k

e2δτE ‖ f1(t + τ) ‖2 dτ

≤ 2M2 sup
τ∈[k−1,k]

e−2δτ

∫ k

k−1

E ‖ f1(t− τ) ‖2 dτ

+2M2 sup
τ∈[−k,−k+1]

e2δτ

∫ −k+1

−k

E ‖ f1(t + τ) ‖2 dτ

≤ 2M2e−2δ(k−1) ‖ f1 ‖2S2 +2M2e2δ(−k+1) ‖ f1 ‖2S2

≤ 4M2e−2δke2δ ‖ f1 ‖2S2 .

Since 4M2e2δ ‖ f1 ‖2S2

∑∞
k=1 e−2δk < ∞, we deduce from

the well-known Weierstrass test that the series
∑∞

k=1 H1,k(t)
is uniformly convergent on R. Furthermore,

F1(t) =
∫ t

−∞
U(t, τ)P (τ)f1(τ)dτ

+
∫ t

+∞
UQ(t, τ)Q(τ)f1(τ)dτ =

∞∑

k=1

F1,k(t).
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Let us take a sequence (s′n)n∈N and show that there exists
a subsequence (sn)n∈N of (s′n)n∈N such that

lim
m→∞

lim
n→∞

E ‖ F1,k(t + sn − sm)− F1,k(t) ‖2= 0

for each t ∈ R. Let ε > 0, Nε > 0. By f b
1 ∈

AA(L2(0, 1;L2(P, H))) and (H3), there exists a subse-
quence (sn)n∈N of (s′n)n∈N such that, for each t ∈ R,

∫ t+1

t

E ‖ f1(s + sn − sm)− f1(s) ‖2 ds < ε (10)

for all n,m ≥ Nε. On the other hand, using the inequality
(8)-(10), exponential dichotomy of U(t, s)t≥s and the Ito
integral, we obtain that

E ‖ F1,k(t + sn − sm)− F1,k(t) ‖2

≤ 2E

wwww
∫ k

k−1

[U(t + sn − sm, t + sn − sm − τ)

×P (t + sn − sm − τ)f1(t + sn − sm − τ)

−U(t, t− τ)P (t− τ)f1(t− τ)]dW (τ)
wwww

2

+2E

wwww
∫ k−1

k

[UQ(t + sn − sm, t + sn − sm + τ)

×Q(t + sn − sm + τ)f1(t + sn − sm + τ)

−UQ(t, t + τ)Q(t + τ)f1(t + τ)]dW (τ)
wwww

2

≤ 4M2

∫ k

k−1

e−2δτE ‖ f1(t + sn − sm − τ)

−f1(t− τ) ‖2 dτ

+4
∫ k

k−1

‖ U(t + sn − sm, t + sn − sm − τ)

×P (t + sn − sm − τ)
−U(t, t− τ)P (t− τ) ‖2 E ‖ f1(t− τ) ‖2 dτ

+4M2

∫ k

k−1

e−δτE ‖ f1(t + sn − sm + τ)

−f1(t + τ) ‖2 dτ

+4E

∫ k

k−1

‖ UQ(t + sn − sm, t + sn − sm + τ)

×Q(t + sn − sm + τ)
−UQ(t, t + τ)Q(t + τ) ‖2 E ‖ f1(t + τ) ‖2 dτ

≤ 4M2 sup
τ∈[k−1,k]

e−2δτ

∫ k

k−1

E ‖ f1(t + sn − sm − τ)

−f1(t− τ) ‖2 dτ

+4ε2

∫ t−k+1

t−k

E ‖ f1(τ) ‖2 dτ

+4M2 sup
τ∈[k−1,k]

e−2δτ

∫ k

k−1

E ‖ f1(t + sn − sm

+τ)− f1(t + τ) ‖2 dτ

+4ε2

∫ t+k−1

t+k

E ‖ f1(τ) ‖2 dτ

≤ 4M2e−2δke2δ

∫ t−k+1

t−k

E ‖ f1(s + sn − sm)

−f1(s) ‖2 ds + 4ε2 ‖ f1 ‖2S2

+4M2e−2δke2δ

∫ t+k

t+k−1

E ‖ f1(s + sn − sm)

−f1(s) ‖2 ds + 4ε2 ‖ f1 ‖2S2

< 8(M2e−2δke2δ+ ‖ f1 ‖2S2 ε)ε.

Thus, we immediately obtain that

lim
m→∞

lim
n→∞

E ‖ F1,k(t + sn − sm)− F1,k(t) ‖2= 0

for each t ∈ R. Therefore, we get that F1,k ∈
AA(L2(P, H)). Applying Lemma 1, we deduce that the
uniform limit

F1(t) =
∞∑

k=1

F1,k(t) ∈ AA(L2(P, H)).

Next, we will prove that F2 ∈ PAP0(L2(P, H)). It is
obvious that F2 ∈ BC(R, L2(P, H), the left task is to show
that

lim
T→∞

1
2T

∫ T

−T

E ‖ F2(t) ‖2 dt = 0.

For this, we consider

F2,k(t)

=
∫ t−k+1

t−k

U(t, τ)P (τ)f2(τ)dτ

+
∫ t+k−1

t+k

UQ(t, τ)Q(τ)f2(τ)dτ

=
∫ k

k−1

U(t, t− τ)P (t− τ)f2(t− τ)dτ

+
∫ k−1

k

UQ(t, t + τ)Q(t + τ)f2(t + τ)dτ

for each t ∈ R and k = 1, 2, 3, . . . . Then, by using the
exponential dichotomy of U(t, s)t≥s and the Ito integral, it
follows that

E ‖ F2,k(t) ‖2

≤ 2E

wwww
∫ t−k+1

t−k

U(t, τ)P (τ)f2(τ)dτ

wwww
2

+2E

wwww
∫ t+k−1

t+k

UQ(t, τ)Q(τ)f2(τ)dτ

wwww
2

≤ 2M2

∫ t−k+1

t−k

e−2δ(t−τ)E ‖ f2(τ) ‖2 dτ

+2M2

∫ t+k−1

t+k

e2δ(t−τ)E ‖ f2(τ) ‖2 dτ

≤ 2M2

∫ k

k−1

e−2δτE ‖ f2(t− τ) ‖2 dτ

+2M2

∫ −k+1

−k

e2δτE ‖ f2(t + τ) ‖2 dτ

≤ 2M2 sup
τ∈[k−1,k]

e−2δτ

∫ k

k−1

E ‖ f2(t− τ) ‖2 dτ

+2M2 sup
τ∈[−k,−k+1]

e2δτ

∫ −k+1

−k

E ‖ f2(t + τ) ‖2 dτ

≤ 2M2e−2δ(k−1) ‖ f2 ‖2S2 +2M2e2δ(−k+1) ‖ f2 ‖2S2

≤ 4M2e−2δke2δ ‖ f2 ‖2S2 .

Since f b
2 ∈ PAP0(L2(0, 1;L2(P, H))), the above inequality

leads to F2 ∈ PAP0(L2(P, H)). The above inequality leads
also to

E ‖ F2,k(t) ‖2≤ 4M2e−2δke2δ ‖ f2 ‖2S2 .
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By using 4M2e2δ
∑∞

k=1 ‖ f2 ‖2S2 e−2δk < ∞, we
deduce from the well-known Weierstrass test that the series∑∞

k=1 F2,k(t) is uniformly convergent on R. Furthermore,

F2(t) =
∫ t

−∞
U(t, τ)P (τ)f2(τ)dτ

+
∫ t

+∞
UQ(t, τ)Q(τ)f2(τ)dτ =

∞∑

k=1

F2,k(t).

Applying F2,k ∈ PAP0(L2(P, H)) and the inequality

1
2T

∫ T

−T

E ‖ F2(t) ‖2 dt

≤ 1
T

∫ T

−T

E

wwwwF2(t)−
n∑

k=1

F2,k(t)
wwww

2

dt

+
n

T

n∑

k=1

∫ T

−T

E ‖ F2,k(t) ‖2 dt,

we deduce that the uniform limit F2(t) =
∑∞

k=1 F2,k(t) ∈
PAP0(L2(P, H)), which ends the proof.

Next, we establish the existence and uniqueness theorem
of pseudo almost automorphic mild solutions to evolution
equation (1).
Definition 18. An Ft-progressively measurable stochastic
process x : R → L2(P, H) is called a mild solution of the
system (1) if x(t) satisfies

x(t) = U(t, s)x(s) +
∫ t

s

U(t, τ)h(τ, x(τ − r))dτ

+
∫ t

s

U(t, τ)f(τ, x(τ − r))dW (τ)

for all t ≥ s and all s ∈ R.

Lemma 4. If x(·) ∈ PAA(L2(P, H)), then x(· − r) ∈
PAA(L2(P, H)), where r ≥ 0 is a fixed constant.

The proof is similar to the proof of Lemma 3.2 in [5], and
we omit the details here.
Theorem 2. Assume that (H1)-(H5) hold. If

8M2

δ2
Lh +

4M2

δ
Lf < 1, (11)

then Eq. (1) admits a unique pseudo almost automorphic
mild solution on R.

Proof. Using similar arguments as in the proof of Theorem
1, it is easy to see that each mild solution x to Eq. (1) is
given by

x(t) =
∫ t

−∞
U(t, s)P (s)h(s, x(s− r))ds

−
∫ +∞

t

UQ(t, s)Q(s)h(s, x(s− r))ds

+
∫ t

−∞
U(t, s)P (s)f(s, x(s− r))dW (s)

−
∫ +∞

t

UQ(t, s)Q(s)f(s, x(s− r))dW (s), t ∈ R.

Now consider the nonlinear operator on BC(R, L2(P, H))
defined by

(Ψx)(t) =
∫ t

−∞
U(t, s)P (s)h(s, x(s− r))ds

−
∫ +∞

t

UQ(t, s)Q(s)h(s, x(s− r))ds

+
∫ t

−∞
U(t, s)P (s)f(s, x(s− r))dW (s)

−
∫ +∞

t

UQ(t, s)Q(s)f(s, x(s− r))dW (s), t ∈ R.

Let x(·) ∈ PAA(L2(P, H)) ⊂ PAA2(L2(P, H)). From
Lemma 4 it is clear that x(· − s) ∈ PAA(L2(P, H)) ⊂
PAA2(L2(P, H)). Using (H4), (H5) and composition the-
orem on Stepanov-like pseudo almost automorphic func-
tions, we deduce that h(·, x(· − s)), f(·, x(· − s)) ∈
PAA2(L2(P, H)). It is easy to check that h(·, x(· −
s)), f(·, x(· − s)) ∈ C(R, L2(P, H)). Applying Theorem
1 for h(·) = h(·, x(· − s)), f(·) = f(·, x(· − s)) ∈
PAA2(L2(P, H)), it follows that the operator Ψ maps
PAA(L2(P, H)) into PAA(L2(P, H)).

Let x, y ∈ PAA(L2(P, H)), then (H2), (H4) and (H5)
yield that

E ‖ (Ψx)(t)− (Ψy)(t) ‖2

≤ 4E

wwww
∫ t

−∞
U(t, s)P (s)[h(s, x(s− r))

−h(s, y(s− r))]ds

wwww
2

+4E

wwww
∫ +∞

t

UQ(t, s)Q(s)[h(s, x(s− r))

−h(s, y(s− r))]ds

wwww
2

+4E

wwww
∫ t

−∞
U(t, s)P (s)[f(s, x(s− r))

−f(s, y(s− r))]dW (s)
wwww

2

+4E

wwww
∫ +∞

t

UQ(t, s)Q(s)[f(s, x(s− r))

−f(s, y(s− r))]dW (s)
wwww

2

.

By using the Cauchy-Schwarz inequality, we first evaluate
the first second term of the right-hand side

4E

wwww
∫ t

−∞
U(t, s)P (s)[h(s, x(s− r))− h(s, y(s− r))]ds

wwww
2

+4E

wwww
∫ +∞

t

UQ(t, s)Q(s)[h(s, x(s− r))

−h(s, y(s− r))]ds

wwww
2

≤ 4M2E

( ∫ t

−∞
e−δ(t−s) ‖ h(s, x(s− r))

−h(s, y(s− r)) ‖ ds

)2

+4M2E

( ∫ +∞

t

eδ(t−s) ‖ h(s, x(s− r))
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−h(s, y(s− r)) ‖ ds

)2

≤ 4M2

( ∫ t

−∞
e−δ(t−s)ds

)( ∫ t

0

e−δ(t−s)

×E ‖ h(s, x(s− r))− h(s, y(s− r)) ‖2 ds

)

+4M2

( ∫ +∞

t

eδ(t−s)ds

)( ∫ t

0

eδ(t−s)

×E ‖ h(s, x(s− r))− h(s, y(s− r)) ‖2 ds

)

≤ 4M2Lh

( ∫ t

−∞
e−δ(t−s)ds

)( ∫ t

−∞
e−δ(t−s)

×E ‖ x(s− r)− y(s− r) ‖2 ds

)

+4M2Lh

( ∫ +∞

t

eδ(t−s)ds

)( ∫ +∞

t

eδ(t−s)

×E ‖ x(s− r)− y(s− r) ‖2 ds

)

≤ 4M2Lh

( ∫ t

−∞
e−δ(t−s)ds

)2

sup
s∈R

E ‖ x(s)− y(s) ‖2

+4M2Lh

( ∫ +∞

t

eδ(t−s)ds

)2

× sup
s∈R

E ‖ x(s)− y(s) ‖2

≤ 8M2

δ2
Lh ‖ x− y ‖2∞ .

As to the last second term, by the Ito integral, we get

4E

wwww
∫ t

−∞
U(t, s)P (s)[f(s, x(s− r))

−f(s, y(s− r))]dW (s)
wwww

2

+4E

wwww
∫ +∞

t

UQ(t, s)Q(s)[f(s, x(s− r))

−f(s, y(s− r))]dW (s)
wwww

2

≤ 4M2

∫ t

−∞
e−2δ(t−s)E ‖ f(s, x(s− r))

−f(s, y(s− r)) ‖2 ds

+4M2

∫ +∞

t

e2δ(t−s)E ‖ f(s, x(s− r))

−f(s, y(s− r)) ‖2 ds

≤ 4M2Lf

∫ t

−∞
e−2δ(t−s)

×E ‖ x(s− r)− y(s− r) ‖2 ds

+4M2Lf

∫ +∞

t

e2δ(t−s)

×E ‖ x(s− r)− y(s− r) ‖2 ds

≤ 4M2Lf

∫ t

−∞
e−2δ(t−s)ds sup

s∈R
E ‖ x(s)− y(s) ‖2

+4M2Lf

∫ +∞

t

e2δ(t−s)ds sup
s∈R

E ‖ x(s)− y(s) ‖2

≤ 4M2

δ
Lf ‖ x− y ‖2∞ .

Thus, by combining the above inequality together, we obtain
that, for each t ∈ R,

E ‖ (Ψx)(t)− (Ψy)(t) ‖2

≤
[
8M2

δ2
Lh +

4M2

δ
Lf

]
‖ x− y ‖2∞ .

Hence
‖ Ψx−Ψy ‖∞≤

√
L0 ‖ x− y ‖∞,

where L0 = 8M2

δ2 Lh + 4M2

δ Lf < 1, then the operator
Ψ becomes a strict contraction. By the Banach contraction
principle, we draw a conclusion that there exists a unique
fixed point x(·) for Ψ in PAA(L2(P, H)). It is clear that
the fixed point is the mild solution to (1), which ends the
proof.

IV. APPLICATION

Let Γ ⊂ RN (N ≥ 1) be an open bounded subset with
C2 regular boundary ∂Γ and let H = L2(Γ) be equipped
with its natural topology ‖ · ‖L2(Γ) . We study the existence
of Stepanov-like pseudo almost automorphic solutions to the
following nonautonomous stochastic functional differential
equations:

dz(t, x) = a(t, x)∆z(t, x)dt + µ1(t, z(t− r, x))dt

+µ2(t, z(t− r, x))dW (t), (t, x) ∈ R× Γ,(12)

z(t, x) = 0, (t, x) ∈ R× ∂Γ, (13)

where ∆ =
∑N

i=1 ∂2/∂x2
i is the Laplace operator on Γ.

W (t) is a two-sided standard one-dimensional Brownian mo-
tion defined on the filtered probability space (Ω,F , P,Ft).
In this system, µ1, µ2 are Stepanov-like pseudo almost au-
tomorphic continuous functions.

Let A(t) be the linear operator given by

A(t)u = a(t, x)∆u

for all
u ∈ D(A(t)) = H1

0 (Γ) ∩H2(Γ),

where a : R × Γ → R, in addition of being pseudo almost
automorphic satisfies the following assumptions:

(i) inft∈R,x∈Γ a(t, x) = ξ0, and
(ii) there exists L0 > 0 and 0 < µ0 ≤ 1 such that

|a(t, x)− a(s, x)| ≤ L0|s− t|µ0

for all t, s ∈ R uniformly in x ∈ Γ.

Clearly, A(t) is sectorial and invertible. Moreover it can be
shown that the analytic semigroup (e−sA(t))s≥0 associated
with −A(t) is exponentially stable and hence hyperbolic. It
is clear that the operators A(t) defined above are invertible
and satisfy Acquistapace-Terreni conditions.

Let h, f ∈ PAA2(R × L2(P, H)) ∩ C(R × L2(P, H),
L2(P, H)) be defined for x ∈ Γ and t ∈ R by

h(t, u)(x) = µ1(t, u(t− r)(x)),

f(t, u)(x) = µ2(t, u(t− r)(x)).

Then, the above equation can be written in the abstract form
as the system (1). Assume that there exist constants L1, L2

such that

E ‖ µ1(t, u)− µ1(t, v) ‖2L2(Γ)≤ L1 ‖ u− v ‖2L2(Γ),
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E ‖ µ2(t, u)− µ2(t, v) ‖2L2(Γ)≤ L2 ‖ u− v ‖2L2(Γ)

for all t ∈ R and each u, v ∈ L2(P, L2(Γ)).
Consequently all assumptions (H1)-(H5) are satisfied, then

by Theorem 2, we deduce the following result.
Proposition 1. Under the above assumption, if

4M2

δ

[
2
δ
L1 + L2

]
< 1.

Then, Eq. (12)-(13) has a unique pseudo almost automorphic
solution on R.
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