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Analysis of Stochastic Gilpin-Ayala Model in
Polluted Environments

Zongjie Geng, Meng Liu*

Abstract—In this paper, we consider a stochastic Gilpin-Ayala
model in polluted environments. Firstly, sufficient conditions
for extinction, non-persistence in the mean, weak persistence
and stochastic permanence of the species are established. The
threshold between extinction and weak persistence is obtained.
Then global attractivity of the model is studied. Finally, several
numerical figures are introduced to validate the results.

Index Terms—environmental pollution, stochastic noises, per-
manence, extinction.

I. INTRODUCTION

ITH the rapid development of industries and agricul-
Wture, many toxins are emitted into the environment.
These toxins have let lots of species go to extinction and let
many be on the verge of extinction. This motivates scholars
to investigate the effects of toxins on populations and to
establish theoretical persistence-extinction thresholds of the
species.

In recent years, many authors have investigated the effects
of toxins on species by using mathematical models. Hallam
and his colleagues did pioneering work in [1], [2], [3], where
the authors proposed some deterministic population models
with toxin effect and established the theoretical persistence-
extinction thresholds for their models. From then on, many
interesting and important population models with toxin effect
were proposed and analyzed. The authors in [4], [5], [6],
[71, [8], [9], [10], [11] considered single-species population
models in a polluted environment; The authors in [12], [13],
[14] investigated the effected of toxins on the persistence
and extinction of multi-species models; The studies [15],
[16] analyzed the population models with impulsive toxi-
cant input; Stage-structured population models in a polluted
environment were studied by [17], [18].

However, the growth of species in the natural world
is inevitably affected by environmental noises (May [19]).
Therefore several authors considered stochastic population
models in a polluted environment, see e.g. [20]-[26]. Espe-
cially, Liu and Wang [21] have investigated the following
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stochastic single-species model with toxin effect:

dx(t) = z(t)[ro — 11 Co(t) — ax(t)]dt + o1x(t)d By (t)
dCo(t) = [kC.(t) — (g +m)Co(t)]dt

dC.(t) = [-hCe(t) + u(t)]dt

ey
where x(t) is the size of the population; r9 > 0 stands for
the intrinsic growth rate of the population without toxicant;
r1 > 0 denotes the population response to the pollutant
present in the organism; Cy(t) and C.(t) represent the con-
centration of toxicant in the organism and in the environment,
respectively; B (t) is a standard Brownian motion defined on
a complete probability space (2, F,P); o7 is the intensity of
the white noise; £ > 0 stands for the organism’s net uptake
rate of toxicant from the environment; g > 0 and m > 0
represent the egestion and depuration rates of the toxicant in
the organism, respectively; A > 0 denotes the toxicant loss
rate from the environment by volatilization and so on; u(t)
is a non-negative bounded continuous function defined on
[0, +00) representing the exogenous rate of input of toxicant
into the environment. Liu and Wang [21] have obtained the
persistence-extinction threshold and established the sufficient
conditions for stochastic permanence of the species.

Based on the study [21], some interesting and important
questions arise naturally:

(Q1) Model (1) is based on the classical Logistic equation.
Gilpin and Ayala [27] have pointed out that Logistic
equation has some limitations to describe the reality
in some cases and have proposed Gilpin-Ayala model.
Then what happens if the model in [21] is replaced by
Gilpin-Ayala model?

Model (1) assumes that only the growth rate rq is
affected by random noise. Then what happens if all
parameters are affected by random noise? In fact, May
[19] have pointed out that due to environmental noise,
the growth rate, competition rate and other parameters
in population models should be stochastic.

The conditions of stochastic permanence in [21] are
too restricted, can we improve them?

In the study of population models, global attractivity
of the solution is one of the most important topics.
Then, is the solution of the underlying model globally
attractive?

(Q2)

(Q3)
(Q4)

The aims of this paper are to study these problems. Suppose
that 1 and @ in model (1) are also affected by random noises,
and then by Gilpin-Ayala model, we obtain the following
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stochastic single-species model with toxicant effect:

da(t) = z(t)[ro — 11 Co(t) — ax® (t)]dt 4+ or2(t)d By (t)
+ O'QCO(t)x(t)ng(t) + 0'3.Z‘1+9(t)d33(t),

dCo(t) = [kC.(t) — (g +m)Co(t))dt,

dC,(t) = [-hC.(t) + u(t)]dt, -
where § > 0 is a constant, B;(t), B2(t) and Bs(t) are inde-
pendent standard Brownian motions defined on (Q, F, P). It
is easy to see that if § = 1 and 02 = o3 = 0, then model
(2) becomes model (1).

In Section 2, we carry out the survival analysis for model
(2). Sufficient conditions for extinction, non-persistence in
the mean, weak persistence and stochastic permanence of
the species are established. The threshold between extinction
and weak persistence is obtained. The results in [21] are
improved and extended. In Section 3, we show that model
(2) is globally attractive. In Section 4, we extend these
results to a n—species model. In Section 5, some numerical
simulations are given to illustrate the main results. In the last
section, we give conclusions.

II. PERSISTENCE AND EXTINCTION

Both Cy(t) and C.(t) in model (2) are concentrations, so
we should give some conditions under which 0 < Cy(t) <
1, 0 < C,(t) < 1. In fact, we have

Lemma 1. (/21]) If0 < k < g+m, limsupu(t) < h, then
t—+oo
0<Coh(t) <1, 0<C(t) <1 forallt>0.

From now on, we always suppose that 0 < £k < g +

m, limsupu(t) < h. Note that the last two equations in
t——+o0

model (2) are linear with respect to Cy(t) and C,(t), it is
easy to obtain their explicit solutions. So in the following

study, we need only to consider the first equation in model
(2), that is

dz(t) = x(t)[ro — r1Co(t) — ax?(t)]dt + o2 (t)d By (t)
+O’2C’O(t)$(t)d32(t) + 0'3(E1+0(t)dB3(t).
3)
Note that x(¢) in Eq.(3) represents the population size,
then z(t) should be nonnegative. So first of all, we must
show that for any given positive initial value, Eq. (3) has a
unique global positive solution.

Lemma 2. For any initial data ©(0) = zo > 0, Eq. (3) has
a unique global positive solution x(t) almost surely (a.s.).

Proof: The proof is similar to that of Theorem 4.1 in

[28] and hence is omitted. [ |

Before we state and prove our main results, we recall some
important definitions.

Definition 1. (i) x(t) is said to go to extinction if
lim z(t) =0.

t——+o0

(ii) (t) is said to be non-persistent in the mean if there is

a positive constant 3 such that

t
lim t_l/ 2P (s)ds = 0.
0

t—+oo

(iii) x(t) is said to be weakly persistent ([4]) if

lim sup z(¢t) > 0.
t—+o00

(iv) x(t) is said to be stochastically permanent ([29]), if

for every 0 < € < 1, there are positive constants 3

and M such that 1tim_gan{x(t) > B} > 1—¢ and
— 400

liminf P{x(t) < M} >1—e.

t——+o0

Theorem 1. If limsupt—? f(f b(s)ds < 0, then x(t) goes to
t——+oo
extinction a.s., where

b(t) = ro — 0.50%2 — 11 Co(t) — 0.503C2(t).

Proof: By 1t6’s formula
t

Infz(t) /zo] = / [b(s)axf’(s)o.wg(s)x%(s)}ds

+O_10B1 (t) + Mg(t) + Mg(t), A
“4)

where

Mg(t):/o 026‘()(8)d32(8),Ju'g(t):\/0 Ugl'G(S)ng(S).

The quadratic variation of Ms(t) is

(Ms(t), Ma(t)) = /O/USCg(s)ds < o2t

It then follows from the strong law of large numbers for
martingales(see e.g., [30], P.16) that

tlgrnoo My(t)/t=0, a.s. %)

The quadratic variation of M;(t) is

t
(Mg,Mg):/ o222 (s)ds.
0

In view of the exponential martingale inequality,
1
P{ sup {Mg(t) - <M3,M3>} > 21nk} < 1/K%.
0<t<k 2

An application of the Borel-Cantelli lemma (see e.g. [30],
P.10), for almost all w € (2, there is a stochastic integer
ko = ko(w) such that for k > ko,

1
sup I:Mg(t) — 2<M3,M3>:| S 2Ink.

0<t<k
In other words, M3(t) < 2Ink + 0.5 fg 0222%(s)ds for all
0 <t <k, k> ko almost surely. Substituting this inequality
into (4) gives

Inz(t) — Inxg

< /t(b(s) —az¥(s))ds + 01 By (t) + My(t) + 2Ink
0

t
< [ b(s)ds+ o1Bi(t) + My(t) +2Ink
0
(6)
for all 0 < t < k, k > ko almost surely. Hence for 0 <
k—1<t<kEk, k>ky we have
t~Hnz(t) —Inxzg} <t ! fg b(s)ds
+o1B1(t)/t + Ma(t)/t +2(k — 1)t In k.
Then by (19) and t_lg+moo Bi(t)/t =
limsupt~!'Inz(t) < limsupt™! fot b(s)ds < 0. Therefore
t—-+o0 t—+o0

lim z(t) =0. [ |

t—+oo

0, we get
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1

Theorem 2. If limsupt~ fo
t—+o0

persistent in the mean a.s.

ds = 0, then x(t) is non-

Proof: 1t is easy to see that for arbitrarily given € > 0,
we can find a positive constant 77 such that

¢ ¢
til/ b(s)ds < limsupfl/ b(s)ds+e/2=¢/4
0 0

t——+oo
for ¢ > T4. Substituting this inequality into (6) gives
In x(t)

—lnxo
t

<et/4— a/ 2%(s)ds + o1 By (t) + My(t) + 2Ink
0

forall Ty <t <k, k> k. Let t be sufficiently large such
that Tm <T <k—-1<t<k, k>kyand

o1B1(t)/t <e/4, (Ink)/t <e/8, Ma(t)/t <e/4.

Consequently for T'< k—1<t <k and k > ko,
t
Inz(t) —lnxy <et — a/ 2%(s)ds.
0

Denote (¢ fo s)ds. Therefore,
0~ In(d\/dt) < et — a\(t) +In z.

Hence, /1) (d\/dt) < x8et. In other words, we have
shown that

eﬁa)\(t) < et?a)\(T) + xgasflert _ Z‘ga&‘il@aET.
Taking the logarithm yields
A(t) < (fa)™'In {chas_legst + NI _ xgas_leggT}.
Therefore,

¢
lim sup {t_l/ xe(s)ds} <limsupf ta=!
0

t—+o0 t——+oo

t~!ln xgasfleast + efNT) _ xgaeleasT}}.

It then follows from the L'Hospital rule that

t
lim sup {tl/ Jjg(s)ds} <e/a.
t——4o0 0

By the arbitrariness of e that limsup¢~! f s)ds < 0.
t—+o00
Note that x(t) > 0, then 11+m t=1 t 29(s )ds =0. ]

Theorem 3. If limsupt ! fo

t——+o0
weakly persistent a.s.

s)ds > 0, then x(t) is

Proof: : To begin with, let us prove

t
lim sup n(t) <1, a.s. (7
t—+oo 1N
In fact, by Itd’s formula,

d(etlnz) = et [lnaﬁ +b(t) — az? — 0.5022% | dt
+€t0'1dBl (t) + €t0'200(t)dB2(t) + 6t0'3566d33(t).

Consequently,
etInz(t) —

—/Otes[lnx(s)er(s)ax (5) — 0.5022%% (s )}ds
+N1(t) + Na(t) + N3(1),

In zg

®)

where

Nl(t):/o 6801(1.81(8)7 Ng(t)z/o GSUQCO(S)dBQ(S),

Na(t) = / oy (5)dBa ().

0
Let N(t) = N1(t)+ Na(t)+ N3(t). Note that N(t) is a local
martingale, whose quadratic variation is

t
V.N) = [0t 4 BCR(s) + oFa(s)ds,
0
By the exponential martingale inequality,
P{ sup {N(t) — 0.5¢ *F(N, N)] > pet* lnk} < k™",
0<t<puk

where p > 1 and p > 0 is arbitrary. By virtue of the Borel-
Cantelli lemma, for almost all w € €, there is a ko(w) such
that for every k > ko(w),

N(t) <0.5e (N (t), N(t)) + pe"* Ink,
When this inequality is used in (8), one can see that
e!Inz(t) —

t
< / e’ [ln z(s) 4 b(s) — ax’(s) — 0.5a§x20(s)} ds
0
t t
+0.56_”k/ e*olds + O.5€_Hk/ e*02C2(s)ds
0 0

t
+O.56_“k/ e*022% (5)ds + pe' Ink
0

0<t< k.

In zg

t
:/ es[lnx( )+ 0.5e° g2 1 0.5e5 R G202 (s)
0
+b(s) — az? — 0.5022%°[1 — es“k]] ds + petFIn k.
Note that for arbitrary 0 < ¢ < pk and x > 0, there is a

constant C' independent of k£ such that
Inx + b(t) + 0.5 #F g2 + 0.5¢! = *k62C2(t)
—ax? — 0.5a§x29[1 et=Hk < C.
That is to say, for arbitrary 0 < ¢ < upk, we have
e!Inz(t) —Inzg < Clet — 1] + pet* Ink.
Thus if u(k — 1) <t < pk and k > ko(w), then
Inz(t)/Int <e'lnzg/lnt+C[l—e ]/Int
+peHE=Derkn k /Int.

lnz( )

Letting kK — 400 yields hm 5up < pet. Letting p — 1

and p — 0 gives the requlred assertion (21).

Now suppose that limsupb(t) > 0, we prove

t—+oo
limsupx(t) > 0 almost surely. If it is false, set F =
t——+00
{limsup z(¢t) = 0}, and suppose that P(F') > 0. By (4),
t—+4o00
t=LIn(z(t)/xo) = t71 fo s)ds —t~! fo az?(s)ds
t
—0.5¢t* / 0222 (s)ds 4 (01 By (t) + Mo + M3)/t.
0
€))
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For arbitrary w € F, we have lim x(¢t,w) = 0, it then
t—+oo

follows from the law of large numbers for local martingales

that tligl M;(t)/t = 0. When this identity and (5) are
—+o00
used in (9), one can observe that limsup[t~! Inx(t,w)] =
t——+o0
limsup¢—! fo s)ds > 0. Hence P{limsup[t~!Inz(t)] >
t—+00 t—+400
0} > 0, which is a contradiction with (7). [ ]

Remark 1. From Theorems 1, 2 and 3, one can observe

that limsupt—! fo s)ds is the threshold between weak
t—-+00
persistence and extinction of the species.

In the study of population system, permanence is one
of the most important topics. So let us now consider the
permanence of z(t).

Theorem 4. Ifltimjnf b(t) >0 and 0 < 0 <1, then x(t) is
—r+00

stochastically permanent.
Proof: Define V;(z) = 1/2'*? where = > 0. By Itd’s
formula,

dVi(z(t)) = (1 4+ 0)Vi(x) [ — 1o +711Co(t) + ax? | dt

+0.5(1 + 6)(2 + 0)02V; (z)dt

+0.5(1 + 0)(2 + 0)o3C3(t) Vi (z)dt

+0.5(1 + 0)(2 + 0)o32?1dt

—(14 0)01 Vi (2)dBy (t) — (1 + 0) Vi (2)Co(t)dBy(t)
—(1+4 0)osz'dBs(t).

(
1
1
1

Since hm 1nf b(t) > 0, we can let 0 < k < 1 be sufficiently
small such that

liminf b(t) > 0.5k(0 4+ 1)(07 + 03).

t—+oo

(10)

Define Va(z) =
ciently large ¢,

(1 + Vi(z))". By Ito’s formula, for suffi-

dVa(z) = w(1+ Vi(a)) > x

(14 Vi@)(1+6) [le — o+ 1 Co(t) + aa?
+0.5(2 + 0)o Vi () + 0.5(2 + 0)05C3 (1) Vi (x)
+0.5(2 + 0)o2a2’~ }—F 5(k —1)(1+6)2

x{olVl (z) + 03CE(t) V2 () + o3x~ }}dt
—H(l + ‘G(l‘))ﬁ’_l(l 9) [alVl( )dBl t)
+O'QCO( ) ( )dBQ( )+031’1d83(t):|

<k(1+0)(1+ Vi(x))"2x
liminf b(t) — e — 0.55(0 + 1) (0 + 0‘%):| V3 (z)

t—-+00

- |:T0 -1 —0.5(2+0)(0? + O'%):| Vi(x)

+a(Vi(z) + 1)zt + (14 0.50)03 (271 + x—2)}dt
Rl Vi(@) (11 6) [alvl(@dBl (t)
+02C0(t)V1(2)dBa(t) + o327 1dBs (t)] ,

where ¢ is sufficiently small satisfying

liminf b(t) — 0.56(0 + 1)(07 + 03) > €.

t—+oo

In the proof of the last inequality, we have used the facts
that Cp(¢t) < 1 and k < 1. Let > 0 be sufficiently small
such that

n ..
— <1 fb(t) —
Rl < iminfo(t)

Define V3(z) = "' Va(x). By Itd’s formula, for sufficiently
large t,

AVs(e(t) = neVa(a)dt +eMdVa()
< (L4 0)rem(1+ V1<x)>”‘2{77(1+V1<>)

0< 0.56(0 +1)(c7 + 02) —&.

k(14 06)
- 13314215()()—5—05&(9—1—1(0 —|—a2)] 2(z)
—|To—T1

~0.5(2+0)(03 + 03 }vl

+a(Vi(z) + 1)zt + (1 4+ 0.50)02 (297 + 2~ 2)}(17:
—e" k(1 + Vi(2))" 1 (1 +6) {011/1(x)d31 (t)
+02Co (1) Vi (2)dBs(t) + nglng(t)}

= " J(z)dt — e"r(1+ Vi(x))" (1 +6) [
(01dBy(t) + 02Co(t)dBa(t)) Vi () + nglng(t)}

where

J(@)=1+0)r(1+ Vl(:v))”z{ -
_n
k(1 +6)
- {ro —r1 —0.5(2+0)(0} +03) —

(ln+ 0)
)

lim inf b(t)

t——+oo

—&—0.56(0 4+ 1)(0? + 03) — } V3 (x)

2n
)

+aVy(z)z~t + +ax™!

+(1+0.50)0

(1)

Now we are in the position to prove if 0 < 6 < 1, then J(x)
is upper bounded in R, . Let

-6 —26
K =min«{ 1, & , ﬁ ,
4a 6032

n/[k(1+06)].

(a) If = > K, then by the definition of Vi(z), J(x) is
upper bounded, that is to say, there is a constant J; > 0

such that sup J(x) < Jp.
> K
b)) Ifz < K,thenby 0 <x <1and0< 6 <1, one can

obtain that

where

K; = liminf b(t) —e —0.56(0 + 1) (0% +03) —

t——+oo

0—1

2971 = %70 < V(). (12)
—0
K
On the other hand, by z < (4) , we get
a
—0.25K,VZ(x) + aVi(z)z™t < 0. (13)

—20
—12 one can show that
603

+ (14 0.50)02272 < 0.

In the same way, by z < <

—0.25 K,V (x) (14)

(Advance online publication: 24 April 2015)
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When (12),(13) and (14) are used in (11), we derive that

Jx) < (1+0)k(1+ Vl(:zc))"‘_z{ — 05K, V2 (x)

+ﬁ - {To =11 =052+ 0)(o7 +03)
_ﬁ — (1 +0.50)05 — a} Vl(:v)}-

Hence if * < K, there is a positive constant Jo such that
sup, . i J(z) < Ja. Therefore, J(x) is upper bounded in
Ry, ie, J3 i= Sup,cp, J(x) < +oo. Consequently, for
sufficiently large ¢,

AV (x(t)) < Jae'dt
—eMr(14+ Vi(x))" (1 +0) [UlVl (x)dBi(t)

+O’200(t)V1(1‘)dBQ(t) =+ 0'31‘1dB3(t):| .

That is to say

E[e”t(l—f—vl(x))ﬁ] < <1+V1(x0))n+J3 <e"t—1>/n.

Hence

limsupIE{Vl"(x(t))} < J3/n. (15)

t——+o0
Therefore

limsupE {x””e(t)} < Jg/n=:Jy.

t——+o0

For arbitrary ¢ > 0, let 8 = (¢/J4) " %% It then follows

from Chebyshev’s inequality that

Elz—*~(1)]
ﬁ*ﬁ*NO

In other words, limsup P{x(t) < B} < prteiJ, = ¢

t——+o0

Therefore, lfiminfp{x(t) >pt>1—e
[——+00

To complete the proof, it suffices to show that for arbitrary
given € > 0, there exists a constant M > 0 such that
1tim+inf P(z(t) < M) > 1 — . The proof is similar to that
— 400
of [31] (Lemma 3.2). Define V(z) = z9, where z € R,
0 < q < 1. By Ito6’s formula

d(e'V(z)) = 'V (x)dt + e'dV (z

)
= e'z?914q|ro — 0.5(1 — q)(of + 03CF (1))

P{x‘“"’“e(t) > ,B—HG} <

—r1Co(t) — az’ — 0.5(1 — q)agx%} }dt

—I—ethq |:0'1dBl (t) + O’QCO(t)dBQ(t) + nggng(t>:|
§ €tK2dt
+6tql'q |:O'1dBl (f) + O'QCO(t)dBQ(t) + Ugl'gng(t):| 5

where K is a positive constant. Hence

t
Ele'z?(t)] — xd < IE/ e’ Kods < Ko(e! — 1),
0

That is to say

limsup E[z9(¢)] < K.

t—+oo

(16)

Then the desired assertion follows from Chebyshev’s
inequality. [ |

Remark 2. Liu and Wang [21] have studied model (1) and
have shown that

() If limsupt—! fg bi(s)ds < 0, then the species, z(t),
t—+o0
represented by model (1), goes to extinction, where
bl(t) =70 — 050’% - Tlco(t).
(ii) If limsup¢—* fg b1(s)ds > 0, then the species, z(t),
t—+oo
represented by (1) is weakly persistence a.s.;
(iii) If ltim Jinf ba(t) > 0, then x(t) is stochastic permanent,
—+o00
where bz(t) =70 — O’% — Tlco(t).
As said above, model (1) is a special case of our model
(2). Therefore our Theorems 1 and 3 extends the results (i)
and (ii), respectively. On the other hand, note that bs(t) =

b(t) + 0.50% > b(t), Thus our conditions of Theorem 4 are
much weaker than that of (iii).

III. GLOBAL ATTRACTIVITY.

In the previous section, we have studied the persistence
and extinction of the population. Now let us consider the
global attractivity of the positive solution of Eq. (3). Before
we state and prove our main result of this section, let us give
the definition of global attractivity and recall an important
lemma.

Definition 2. Let z(t), y(t) be two arbitrary solutions of
Eq. (3) with initial values o > 0, yo > 0 respectively. If
t_l}HlOOE\x(t) —y(t)| = 0, then we say model (3) is globally
attractive.

Lemma 3. ([/32]) If f is a non-negative, integrable, and
uniformly continuous function defined on Ry = [0, 00), then

Theorem 5. If 1t1§ Jinf b(t) > 0 and 0 < 6 < 1, then model
(3) is globally attractive.

Proof: Define V(t) = | Inx(t) —lny(t)|. It then follows
from It6’s formula that

dtV(t) = sgn (x(t) - y(t)) d(Inz(t) — Iny(t))

= —ale?(t) — 0 )t — o3| (0) - y”(t»\dt

+ 03

(1) — <t>|d33 (0

20 (t) — ¥ (t) ‘ng,(t).

Integrating and then taking the expectation, we have

< —alx?(t) — 4O (t)|dt + oo

B(V(1) < B(V) ~a | E|s"(s) ~(5)]ds
0
Consequently,
E(V(t)) + a/o E|2?(s) — 4% (s)|ds < E(V(0)) < oo.

Note that V' (¢) > 0, hence E|z%(t) — y%(t)| € L]0, 00).
By (3),

E(z?(t)) = zo + 9/0 9:9(5) |:T0 —71Co(s) —a

—0.5(1 — 0)(03 + 03C3(s)) — 0.5(1 — 9)a§x9] ds,
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Consequently, E(z%(t)) is continuously differentiable with
respect to t. On the other hand, in view of (16),

dE(2(t
% < roB(a? (1)) < Ks,
where K3 is a positive constant. Therefore, E(z?(¢)) is uni-
formly continuous. By Lemma 3, . 1121 E|zf(t)—y?(t)] = 0.
—r+00
lim E|z(t) —
t——+o00
t)] = 0. |

Note that model (3) is permanent, hence

IV. GENERALIZATION.

In the above sections, we have investigated some dynamics
of model (3). As matter of fact, some results can be extended
to the multi-dimensional cases. Consider the following n-
species model:

dx;(t) = z;(t) <mo —ri1Col(t
+Uzlxz( )dBi1 (t )+Ui200( )
+ZUU3$ )dBZJ?’( )

(17)

where a;; > 0, 8;; > 0; B;1(t), By2(t) and B,;3(t) are in-
dependent standard Brownian motions defined on (€2, 7, P),
1<4,5 <n.

Theorem 6. Ifhm supt ! fo

XL
()de2()
i1=1,2,...n

s)ds < 0, then the species,

x;(t), modeled by (17) goes to extinction a.s., it = 1,....n

where bz(t) =Ti0 — %O’,Lzl — Tilco(t) - 70%200( )
Proof: By 1t6’s formula
t n
Infz;(t)/xi0] = / {bi(s) = > aial (s)
j=1

2%3 )2 ( )}ds (18)
+0oi1 B (t) + Mia(t) + Z M;js(t),
j=1
where M;o(t) = fot 0i2C0(8)dBia(s), Mijz(t) =

f(f O'ijgl'?ij (s)dB;;3(s). The quadratic variation of M;o(t)

is
t

(Mia(0). Miolt)) = [ 03,CR(5)ds < ot
0

By the strong law of large numbers for martingales,

t—lblinoo M (t)/t =0, a.s. (19)

The quadratic variation of M;;3(t) is

t
20,
(Mijs, Mij3) = / 075wy " (s)ds.
0
By virtue of the exponential martingale inequality,

1
P{ sup |:Mij3(t) — <Mij3aMij3>:| > 2In k} < 1/k‘2
0<t<k 2

It then follows from the Borel-Cantelli lemma that, for almost
all w € Q, there is a stochastic integer ko = ko(w) such that
for k > k()7

L), Mij?,(t»] <ok

sup 3

0<t<k

{Miﬁ(t) -

That is to say, M;;3(t) < 2Ink+ 0.5 fg 07,32°% (s)ds for
all 0 <t <k, k> ko almost surely. When this inequality
is used in (18), we have

In Z; (t) —1In Z;0

t noot
< / bi(s)ds — Z/ aijx?” (s)ds
0 =Jo

+0i1Bi1 () + Mia(t) + 2n* Ink
t
< / bi(s)ds + 01 Bt (t) + Mia(t) + 2n° Ink
0

(20)

forall 0 <t <k, k > ko almost surely. The following proof
is similar to that of Theorem 1 and hence is omitted. [ |

Ifhmsupt 1f0 s)ds = 0, then x;(t) is

non-persistent in the mean a.s.

Theorem 7.

Proof: By (20), for arbitrarily given ¢ > 0, there is
a positive constant 7' such that for 7' < k — 1 <t<k
and k > ko, Inz;(t) — Inxjp < et — ay fo (s)ds. The
following proof is a slight modification of that in Theorem
2 and hence is omitted. ]

Theorem 8. The solution of model (17) obeys
In3 i @i(t)

lim sup <1, a.s. 21
t— 400 Int
Proof: Define W (z) = Y. | ;. By Itd’s formula,
el ln Z z;i(t) — In Z z;(0)
i=1 i=1

= /Ot e’ [ln W(J:(s;) + m zn:%(s)

where

Ni(t) = oinzi(s)dBii(s),

o Wi(x(s))

Niao(t) = /01 ﬁL»Uizxi(S)Co(S)dBiz(S),

Nij3(t):/0 esﬁs(s))gij{gxi(s)m?ﬁ(S)dBijg(S).

Denote N(t) = Z:;l(Nll(t) + NZQ(t) —+ Z;vl:l ng(t))
The following proof is similar to that of Theorem 3 by using
the exponential martingale inequality and the Borel-Cantelli
lemma and hence is omitted. ]

Theorem 9. Ifminlgign{ltir_)njnf bi(t)} >0, and 0 < 0;; <
oo
1 for all 1 < 4,5 < n, then model (17) is stochastically

permanent, i.e., for every 0 < & < 1, there are positive
constants 3 and M such that ltim+inf P{lz(t)| > p} > 1—
—+00

im i < >1—e.
E,Itlin_grolofP{|:v(t)| <M}>1-¢
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Proof: (i) Define Vi(z) = 1/>°" ;;, x; > 0. By Define

1t6’s formula, Vs(z) = e"Va(x).
Vi () n By It6’s formula, for sufficiently large ¢,
~ |- > (o = raCt Zaw ) AV (a(t) = e Vala)d + eV ()
n < ke (1 4V, ”2{< in {lim inf b; (¢
HﬂmZﬁﬁ+W@§kﬁhmi = et i) 22 Ol O)
n K

S0 e (o2 032)) VP (a)

26;, Kk 21<i<n
Y et :

il . 2 | 2
i=1 j=1 +W (x)( p + 0aX Ti1 + rga<x (o5 + 012))
—V2 l‘) (UildBil t —|—O’1‘2C0(t)dBi2 t ){IJZ i
v ; ®) (®) +(1+ Vi) Vi ( ) max a”Zme
=1 j5=1
~Vi(x Z Z oijati(t dBZJ3( ). 3 2,205
i=1 j=1 +V1 ( 1321?}<(n 0133 lelx
Since min;<;<,{liminfb;(¢)} > 0, we can let 0 < k < 1 Tl
- - t——4o0 4 2 291]
be sufficiently small such that +V7i (@)  nax ol Z Zx }
. o K 2 2 . i=1j=1
min (Qiminfb(0) > § max (0h +0B). @) (L Vi) )
Define Va(x) = (1 4+ Vi(x))". By Ito’s formula, X Z {O’ZldBu + 042CH(t)dB;2(t)

dVa() = w(1 + v1<x>>”-2{ (14 @)V (a)

n

X sz (TZO T’LICO i )

=1

+ Z%sx (t)dBijs(t )} i(t)

Denote

+VE ()Y ( of + oGy (t) Z%sw >:v J(z) = k(1 + Vi(z))" 29 — < min {liminf b;(¢)}

1<i<n t—+4o0

i=1
Kk+1 " _n_k 2
T Vi(x) Z (‘%‘21 +05C3 (t)>x7, k2 1<z<n( i o) Vi)
=1 2n 2 2
V; i - :
H Y ot ‘“Wh+@wﬁ@mu”0
i=1 j=1 . _|_(1_|_V1(g:))V1 max awzzxz -
K14 V@) VR Y (andBalt) =t
i=1 3 2 291]
. V() mZZ
+O'ZQCQ(t)£L’ldBZQ(t) -+ Za-ij?)x_j” dBljg(t) xX; i= 1 ] 1
Jj=1 4 2 29L
Vi) max 0% YD el }
<ol + (o) 2] - VE(e) s B
. .. Then similar to the proof of Theorem 4 we can show that
lim inf S 2 4 52 P
. <1I§nz'1£n P50 bi()} 2 lrga<xn( ate )> J(z) is upper bounded in R, ie., J3 1= sup,cg, J(z) <

+o00. Consequently, for sufficiently large ¢,

+Vi(x) ( max 7y + max (041 + o7 ))
= dVs(z(t)) < Jgevtdt — ke (14 Vi(x))" V2 (z)

+(1+V; VE( Ois
( + 1( )) 1 1éna)<(n Aij Z; Z;l‘ J? X Z {Uzldel —+ O—»LQCO( )dBlz(t)
i=1j
+V3 max o; xix 20”
1 ( 1<i,j<n 33;]21 —‘,—202]31' dBmg( ) (t)
4 2,.20;
+Vi (@) 12?2(” 0133 sz J} The following proof is similar to that of Theorem 4 and
i=1j=1 hence is omitted.
k(1 + Vi (2)"V2(2) Z (U“dB,»l(t) The.: following proof is similar to tgat of Theorem 4 by
=1 applying Itd’s formula to V(z) = > | 2%, where = > 0,
" g 0 < ¢ < 1, and hence is omitted. [ ]
+UZQC0(t)x1dBZQ(t) —+ Z Jijgl‘??’] dBijg(t))(EZ 7=
j=1
Let n > 0 be sufficiently small such that V. NUMERICAL SIMULATIONS
i .. 9 9 In this section, we introduce some numerical figures to
Kk(1+6) < lthmig b(t) = 0.56(0 + 1)(01 + 03) — . illustrate our main results. To begin with, let us consider
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model (3). For the sake of simplicity, we choose 6 = 1.
Then Eq. (3) becomes

dx(t) = z(t)[ro — r1Co(t) — ax(t)]dt + o12(t)d B (¢)
+ 02Co(t)z(t)dBa(t) + o3z?(t)dBs(t).
23)
By virtue of the Milstein methods given in [33] (see also
[34]), consider the discretization equation of Eq. (23):

Tpy1 = Tp + T [ro —r1Co(kAt) — axk] At

+o1xp VAL + 02Co (kKAL) xk vV Aty + 0'3%% VAt
+0.501 21 (2 — 1)V AL + 0.505Co (kA zk (v — 1)V AL
+0.5052% (n7 — 1)V At,

where &, v and g, k = 1,2, ...,n, are Gaussian random
variables.

X(t)

60 80 100

(a)

0.4 T

0.35 i

0.3 1
0.25 1

0.2 i

01 ) X(s)ds ]

e

0.05 1

0 1000 2000 3000 4000 5000

(b)

Fig. 1: Solution of Eq.(23). (a) shows that the population goes
to extinction (o7 = 0.65); (b) shows that the population is
non-persistent in the mean (o1 = 1/0.4); (c) shows that the
population is weakly persistent (o7 = 0.6); (d) indicates that
the population is stochastically permanent (o; = 0.5).

In Fig.1, we choose 79 = 0.32, 1 = 0.5, Co(t) =
0.2 + 0.05sint, a = 0.1, 09 = 03 = 1. The only
difference between conditions of Fig.1(a), Fig.1(b), Fig.1(c)

X(t)

/ X(®)

0 200 400 600 800 1000

(©)

0.1F B

400 600 800 1000

(@

Fig. 1: (Continued)

()
y®)] |

0.9F X(t)

0.2
0

50 100 150 200
Fig. 2: Plot of two solution trajectories for Eq.(23) with two
sets of initial conditions g = 0.8 and yo = 0.6. This figure

shows that model (23) is globally attractive.
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x,®
%,0] |
60 80 100
(@)
012 %01
0
0.1 X,
0.08
0.06
0.04}
0.02}
X0
0 ‘ ‘ ‘
0 500 1000 1500 2000

(b)

Fig. 3: Solution of Eq.(17). (a) shows that all the populations
go to extinction (r1p = 0.08 and 799 = 0.12); (b) shows
that Eq.(17) is stochastic permanent (r1g = 0.11 and roy =
0.153).

and Fig.1(d) is that the value of o, is different. In Fig.1(a),
we let o1 = 0.65. Hence

t

1imsupt_1/ b(s)ds = —0.01 < 0.
t——+oo 0

In view of Theorem 1, z(t) goes to extinction. Fig.1(a)

confirms this. In Fig.1(b), we let o1 = +/0.4. Therefore,

1tim +inf b(t) = 0. It then follows from Theorem 2 that x(t)

—+o00

is non-persistent in the mean. See Fig.1(b). In Fig.1(c), we
choose 7 = 0.6. Thus limsup¢~! fot b(s)ds = 0.04 > 0.

—+00

t
According to Theorem 3, x(t) is weakly persistent, Fig.1(c)
confirms this. In Fig.1(d), we let oy = 0.5. Therefore,
1tim +inf b(t) = 0.025. It then follows from Theorem 4 that
—+00

x(t) is stochastic permanent. See Fig.1(d).

In Fig.2, the parameters are same with that in Fig.1(d).
Then by Theorem 5, model (3) is globally attractive. Fig.2
confirms this.

Now let us turn to model (17). For the sake of simplicity,
we choose n = 2 and 6;; = 1. In Fig.3, we choose r1; =

T91 — 0.5, Oo(t) = 0.2, ai]p = 0.4, a19 — 0.2, a1 = 0.3,
a9 = 0.4, g11 = 0.4, 091 = 05, 0113 = 0123 — 08,
0921 — 05, 0929 — 05, 0213 = 0223 — 0.9. The only
difference between conditions of Fig.3(a) and Fig.3(b) is that
the values of 71y and 79 are different. In Fig.3(a), we choose
10 = 0.08 and T20 = 0.12. Hence

t
lim sup t_l/ b1(s)ds = —0.005 < 0,
0

t—+oo

t

lim sup t_l/ ba(s)ds = —0.01 < 0.
t—+oo 0

By Theorem 6, both x1 and x2 go to extinction. See Fig.3(a).

In Fig.3(b), we let 719 = 0.11 and r99 = 0.153. Therefore,

liminf b, (¢t) = 0.025, liminf by(t) = 0.023.

t—+oo t—+4oo

By Theorem 9, model (17) is stochastic permanent. See
Fig.3(b).

VI. CONCLUSION

In this paper, under the assumptions that all the coefficients
are affected by white noise, we have proposed and investigat-
ed a stochastic single-species Gilpin-Ayala population model
in a polluted environment. We have established the sufficient
conditions for extinction, non-persistence in the mean, weak
persistence and stochastic permanence of the population. The
critical value between weak persistence and extinction have
been obtained. We have also demonstrated that the solution
of the model is globally attractive. Some recent results have
been extended and improved.

Our results indicate that a different type of environmental
noise has a different effect on the persistence and extinction
of the species (see Remark 1). By the definition of b(t),
the white noise alBl(t) is unfavorable for the persistence
of the population, the white noise oy By (t) has no impact
on the persistence or extinction of the population, the white
noise o3B3 (t) is also unfavorable for the persistence of the
population.

Our Theorems 1-4 have some important and interesting bi-
ological meanings. From Theorems 1 and 3 one can observe
that persistence and extinction of the population x(¢) depend
only on the growth rate g, the power of the white noises
o? and 02, the dose-response parameter of the population to
the organismal toxicant concentration r;, the concentration
of toxicant in the organism Cy(t), but are independent of
initial population size x, the parameters 6 and a, as well as
the power of the white noise ¢3. So in order to conserve a
species, one has the following ways.

(i) To reduce the values of o2 and o3.
(i) To reduce the concentration of toxicant in the organism
(i.e., to reduce the pollutant output u(t)).

However, one could not conserve a population by influencing
o2 and 0.

Some interesting topics deserve further investigation. In
Theorem 4 and Theorem 5, our conditions have some lim-
itations on 6. It is of interest to consider whether these
limitations can be dropped. It is also interesting to investigate
other multi-species population models (see e.g. [35], [36],
(371, [38]).
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