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Existence of A New Class of Impulsive
Riemann-Liouville Fractional Partial Neutral
Functional Differential Equations with Infinite
Delay

Zuomao Yan and Fangxia Lu

Abstract—In this paper, a new class of abstract impulsive
Riemann-Liouville fractional partial neutral functional differ-
ential equations with infinite delay is introduced. We apply
the suitable fixed point theorem together with the Hausdorff
measure of noncompactness to investigate the existence of mild
solutions for these equations in Banach spaces. Finally, two
examples to illustrate the applications of main results are also
given.

Index Terms—impulsive fractional partial neutral functional
differential equations, Hausdorff measure of noncompactness,
infinite delay, Riemann-Liouville fractional integral operator,
fixed point theorem.

I. INTRODUCTION

RACTIONAL differential equations occur more fre-
quently in different research areas and engineering,
such as physics, chemistry, aerodynamics, electrodynamics
of complex medium, polymer rheology, control of dynamical
systems etc. (see [1], [2], [3]). Recently, many researchers
paid attention to existence results of solution of fractional
differential equations involves Riemann-Liouville as well as
Caputo derivatives, such as [4], [5], [6], [7] and the references
therein. The existence of mild solutions for fractional semi-
linear differential or integro-differential equations in Banach
spaces is one of the theoretical fields that investigated by
many authors [8], [9], [10], [11], [12], [13], [14], [15], [16].
The study of impulsive functional differential systems is
linked to their utility in simulating processes and phenomena
subject to short-time perturbations during their evolution.
The perturbations are performed discretely and their duration
is negligible in comparison with the total duration of the
processes and phenomena. For the basic theory of impulsive
differential equations the reader can refer to [17]. Now,
the existence, uniqueness and other quantitative and quali-
tative properties of solutions to various fractional impulsive
semilinear differential and integro-differential systems have
been extensively studied in Banach spaces. For example,
Shu et al. [18] investigated the existence and uniqueness
of mild solutions for a class of impulsive fractional partial
semilinear differential equations. Chauhan and Dabas [19]
obtained the local and global existence of mild solution for an
impulsive fractional functional integro-differential equations

Manuscript received Aprill 27, 2015; revised June 15, 2015. This
work was supported the National Natural Science Foundation of China
(11461019), the President Found of Scientific Research Innovation and
Application of Hexi University (xz2013-10).

Z. Yan and F. Lu are with the Department of Mathematics, Hexi Univer-
sity, Zhangye, Gansu 734000, P.R. China, e-mail: yanzuomao@163.com.

with nonlocal condition. The results concerned with the
nonlinear function F' is a Lipschitz continuous or completely
continuous function, and A is a sectorial operator such that
the operators families {S,(¢) : t > 0} and {T,(¢) : t > 0}
are compact. Balachandran et al. [20] established some suf-
ficient conditions for the existence of solutions of fractional
differential equation of Sobolev type with impulse effect in
Banach spaces, where the nonlinear function F' is a Lipschitz
continuous or continuous and the operator B~! is compact.
For the nonlinear function F' only satisfies the Lipschitz
condition, Debbouche and Baleanu [21] proved the con-
trollability result of a class of fractional evolution nonlocal
impulsive quasilinear delay integro-differential systems. The
existence and uniqueness of solutions of impulsive neutral
fractional integro-differential equation with infinite delay is
also presented in [22]. When the linear operator A generates
a compact semigroup {7'(¢) : ¢ > 0}, Balasubramaniam et
al. [23] derived the approximate controllability of impulsive
fractional integro-differential systems with nonlocal condi-
tions in Hilbert spaces. Li and Liu [24] studied the solvabil-
ity and optimal controls of impulsive fractional semilinear
differential equations. Suganya et al. [25] investigated the ex-
istence of mild solutions for an impulsive fractional integro-
differential equation with state-dependent delay. Moreover,
we know that these abstract fractional impulsive differential
or integro-differential systems considers basically problems
for which the impulses are abrupt and instantaneous.
However, many impulsive systems arising from realistic
models can be described as partial differential equations with
not instantaneous impulses. Herndndez and O’Regan [26]
introduced a new class of first order abstract impulsive differ-
ential equations for which the impulses are not instantaneous.
In the model, the impulses start abruptly at the points ¢; and
their action continue on a finite time interval [¢;, s;]. This
situation as an impulsive action which starts abruptly and
stays active on a finite time interval. Pierri et al. [27] studied
the existence of solutions for a class of first order semi-
linear abstract impulsive differential equations with not in-
stantaneous impulses by using the theory of compact analytic
semigroup {7T'(t) : ¢ > 0} and fractional power of closed
operators. Pandey et al. [28] investigated existence of mild
solution of second order partial neutral differential equation
with state dependent delay and non-instantaneous impulses.
The compactness condition of the operator families generated
by A and other restrictive conditions have been omitted. For
the nonlinear function F' is a Lipschitz function, Gautam and
Dabas [29], Kumar et al. [30] established the existence and
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uniqueness of mild solution for abstract fractional functional
differential and integro-differential equations with not instan-
taneous impulse. Yu and Wang [31] discussed the periodic
boundary value problems for nonlinear impulsive evolution
equations with not instantaneous impulse on Banach spaces.
In this paper we consider the existence of mild solutions for
the following impulsive Riemann-Liouville fractional partial
neutral functional differential equations with infinite delay
and not instantaneous impulse

d
i () =t w) = ¢(0) + £(0, )]
te (Si,tH_l],i =0,1,..., N,

‘T(O) = (p(t)v te (_0070]7 )
x(t) = gi(t,zy), t€ (tiys:],i=1,...,N, 3)

where the unknown z(-) takes values in a Banach space
X with norm || - |, and 0 < o < 1, J'™% is the
(1 — a)-order Riemann-Liouville fractional integral operator,
A is the infinitesimal generator of an analytic semigroup of
bounded linear operators {T'(¢)};>¢ on X. The time history
xp ¢ (—00,0] — X given by z,() = z(¢t + 6) belongs to
some abstract phase space B defined axiomatically; and let
O0=th =50 <t <851 <ta <..<tny_1<sy <ty <
tn41 = b, are prefixed numbers, g; € C((t;,s;] x B; X)
forall ¢ = 1,...,N, and f,F : [0,b] x B — X are suitable
functions.

Among the previous works, the most authors supposed
that the impulsive systems with the compactness assumption
on associated operators and the nonlinear function F' is a
Lipschitz function or completely continuous, However, the
above conditions are stronger restrictions, which are not sat-
isfied usually in many practical problems [32], [33]. We can
use measure of noncompactness to remove the assumptions
for compactness of the operator and Lipschitz continuity
of the nonlinear item F. This is one of our motivations.
Although the papers [26], [27], [28], [29], [30], [31] obtained
sufficient conditions for the existence of mild solution of the
systems with not instantaneous impulses, besides the fact that
these papers applies to the results by using the completely
continuous assumptions and Lipschitz conditions, the class
of systems is also different from the one studied here. To
the best of our knowledge, there are no relevant reports
on the impulsive fractional differential equations with not
instantaneous impulses via the techniques of the measure of
noncompactness. This is another of our motivations.

In this article, we shall study the existence of mild
solutions of (1)-(3) by using the Hausdorff measure of
noncompactness and fixed point theorems with the theory of
Riemann-Liouville fractional integral operator and fractional
power of closed operators. We do not assume {T'(¢),t > 0}
is a compact semigroup, and instead we assume that F'
satisfies a compactness condition involving the Hausdorff
measure of noncompactness. Thus the compactness of T'(t)
or F' and the Lipschitz condition of F' are the special cases
of our conditions. The known results are generalized to the
fractional functional neutral impulsive settings and the case
of infinite delay without the assumptions of compactness.

Therefore, the obtained results can be seen as a contribution
to this emerging field.

The rest of this paper is organized as follows. In Section
2, we introduce some notations and necessary preliminaries.
In Section 3, we give our main results. In Section 4, two
examples are given to illustrate our results.

II. PRELIMINARIES

Let (X, || - ||) be a Banach space. C(J, X),J = [0,b], is
the Banach space of all continuous functions from J into X
with the norm || z ||co= sup{|| z(t) ||: t € J} and L(X)
denotes the Banach space of bounded linear operators from
X to X. A measurable function z : J — X is Bochner
integrable if and only if || || is Lebesgue integrable. For
properties of the Bochner integral see Yosida [34]. L(.J, X)
denotes the Banach space of measurable functions x : J —
X which are Bochner integrable normed by || = ||1= fob I
x(t) || dt for all x € L'(J, X). The notation, B, (z,X)
stands for the closed ball with center at x and radius » > 0
in X.

Definition 1. Let A be the infinitesimal generator of an
analytic semigroup T'(¢). For every § > 0, we define
(—A)P = ((-A)A)"L For 3=0,(-A) =1.

We note that D((—A)?) is a Banach space equipped with
the norm || = ||s=| (—A)Px ||,z € D((—A)?). By Xz, we
denote this Banach space. We collect some basic properties
of fractional powers (—A)? appearing in Pazy [35].
Lemma 1 ([35]). Let A be the infinitesimal generator of an
analytic semigroup T'(¢). If 0 € p(A), then

(i) f B> a>0then X3 C X,.
(i) If B, > 0 then

(—A)x = (-A)’(-A)%w

for every « € D((—A)") where = max(f3, o, 8 + ).

(iii) For every * € D((—A)?), then T(t)(—A)’z =
(AT (t)x.

(iv) For every 8 > 0, there exists a positive constant Mg
such that

My

| (4°T() 1< 33

We say that a function =z : [u,7] — X is a nor-
malized piecewise continuous function on [u,7] if = is
piecewise continuous and continuous on [y, 7]. We denote by
PC([u, 7], X) the space formed by the normalized piecewise
continuous from [y, 7] into X . In particular, we introduce the
space PC formed by all the functions z : [0,b] — X such
that (-) is continuous at t # ¢;, z(t;) = x(t; ) and z(t]) ex-
ists for all ¢ = 1, ..., N. In this paper, we always assume that
PC is endowed with the norm || || pe= sup,¢jo 4 Il 2(t) || -
Then (PC, || - ||pc) is a Banach space.

We assume that the phase space (B, - ||5) is a semi-
normed linear space of functions mapping (—oc, 0] into X,
and satisfying the following fundamental axioms due to Hale
and Kato (see e.g., in [36]).

(A) If x: (—o0,0+b] — X, b> 0, is such that z|[, 544 €
C([o,0+b],X) and z, € B, then for every t € [0, 0+b]
the following conditions hold:

() x; isin B;
(D) [ z(t) [|< H || 2t |55
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(i) || z¢ [[p< K(t — o) sup{| z(s) || 0 < s <t} +
M(t—o0) || z» ||g, where H > 0 is a constant;
K, M :[0,00) — [1,00), K is continuous and M
is locally bounded, and H,K,M are independent
of z(-).
(B) For the function x(-) in (A), the function ¢ — z; is
continuous from [0, o + b] into B.
(C) The space B is complete.
X be a Banach space, we recall some basic definitions in
fractional calculus (see [3]).
Definition 2. The Riemann-Liouville fractional integral of
the order a« > 0 of g : J — X is defined by

Jeg(t) = ﬁ / (t— )21 g(s)ds.

Definition 3. The Riemann-Liouville fractional derivative of
the order o € (0,1) of g : J — X is defined by

d

Dglt) = 57 g(t).

Definition 4. The Caputo fractional derivative of the order
a € (0,1) of g: J — X is defined by

“Dg(t) = Dy (g(t) — 9(0)).
Definition 5 ([37]). The Mittag-Leffler function is defined
by

REC Zm

), a,3 >0, zeC, (4

where C' denotes the complex plane. When 3 = 1, set
Ey(z) = Eq1(2).
Definition 6 ([3]). The Mainardi’s function is defined by

e (=2)" -
Ma(z)_;n!F(—an—a+l)7 O<a<l zeC. (5

The Laplace transform of the Mainardi’s function M, (£)
is (see [38]):

/ h e MM (£)dE = Ea(—N). (6)
0
By (4) and (6), it is clear that
/ M,(§)dé=1, 0<a <. @)
0

On the other hand, M, (z) satisfies the following equality
(see[38])

/O %Mau/ga)e—*fdg =, )
and the equality (see [38])
Y, re+1) B
/ &M, (a9+1),9> 1, 0<a<1l 9

According to Definitions 2, 3 and 4, the problem (1)-(3)
can be written as

“Dya(t) — f(t, )] = Az(t) + F(t, ),  (10)
te (Si,tiJrl],i =0,1,..., N,
z(0) = ¢(t), t € (—o0,0], (1)

x(t) = gi(t, ), te (ti,si],i=1,...,N,

and it is suitable to rewrite the problem (10)-(12) in the
equivalent integral equation

12)

z(t) = 0(0) — £(0,¢) + f(t, z¢)
T .
+F(oc)/o (t = )" [Az(s) + F(s,25)]ds (13)

for all ¢ € [0,¢1] and

x(t) = gi(si,x(si)) — f(si,2(s:)) + f(t,2)

t
+ﬁ / (t — $)°L[Aa(s) + F(s,z,)]ds (14)
for all t € (s;,t;41],2=1,..., N, and
z(t) = ¢(t), te€ (~o0,0], (15)

provided that the integral in (13)-(15) exists.
Lemma 2. If (13)-(15) holds, then we have

/ Mo ()T(t*€)[0(0) = f(0, p)JdE + f(t, 1)

[

x f(s,xs)dEds

of [

x F(s,xs)dEds
for all ¢ € [0,¢1] and

/ Ma(€)T((t — 5)7)[gi(si, x(5:))
f(si,x }d§+f(t 74)

o / / £(t — 5)* T Mo () AT((t — 5)°€)

x f(s,x5)dEds

+a//£

x F(s,xs)dEds
for all ¢t € (s;,ti41],i=1,....,. N
.’b(i) = Qﬁ(t), te (—OO, 0]7

where M, is the Mainardi’s function defined on (0, c0).

The proof of Lemma 2 is similar to the proof of [9]
for Lemma 3.1, and we omit the details here. We notice
that v, is the one-sided stable probability density [9],
whose Laplace transform is given by fo e N, (6)dE =
e*", a € (0,1). Combined with (8), we deduce that
Mo (€) = SE7 171 pa (671 ).

Based on Lemma 2, we give the following definition of
the mild solution of (1)-(3).
Definition 7. A function = : (—o00,b] — X is called a mild
solution of the problem (1)-(3) if 29 = ¢ € B, x(:)|j0,) €
PC and x(t) = g;(t, z(t)) for all ¢ € (t;,5;],4 = 1,..., N,
and for each s € [0,¢) the function (¢t — s)*"1AS,(t —
s)f(s,xs) is integrable and

z(t) = Ta(@)[p(0) — £(0, )] + f (¢, 2¢)
+/ (t— )" LAS,(t — 5)f(s,z5)ds
0

$)* T Ma(§AT((t — 5)7¢)

)T Mo (OT((t — 5)7€)

)T Mo ()T ((t - 5)€)

, and

—|—/O (t —8)* 7 S, (t — s)F(s,x4)ds
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for all ¢ € [0,¢1] and
z(t) = Tolt — 5:)[gi(si, 2(s:)) — f(si,2(s:))]
+f(t, @) + / (t—8)*LAS,(t — 8)f(s,zs)ds

+ / (t —5)* 1S, (t — 8)F(s,2,)ds

for all t € (s;,ti41], 1 =1,.

xf/ M, (
and

&@xZAM@MJQﬂﬁ@mgtzaxex.an

., N, where

T(*¢)zde, t>0, x € X, (16)

It is easy to see that T,,(t) and S, (t) are strongly continuous
on RT.

Now, we introduce the Hausdorff measure of noncompact-
ness xy defined by

Xy (B)

for bounded set B in any Banach space Y. Some basic
properties of xy (-) are given in the following lemma.
Lemma 3 ([39]). Let Y be a real Banach space and B,C C
Y be bounded, the following properties are satisfied:

ey
@)

= inf{e > 0; B has a finite ¢ — net inY'},

B is pre-compact if and only if xy (B) = 0;

Xy (B) = xy(B) = xy(conv B), where B and convB
are the closure and the convex hull of B respectively;
Xy (B) < xy(C) when B C C;

Xy (B+C) < xy(B)+xy(C) where B+C = {z+y:
x € B,y e C};

Xy (B UC) =max{xy(B),xy(C)};

Xy (AB) < |A|xy (B) for any A € R;

If the map @ : D(®) C Y — Z is Lipschitz continuous
with constant x then xz(®B) < kxy(B) for any
bounded subset B C D(®), where Z is a Banach space;
If {W,,}22, is a decreasing sequence of bounded closed
nonempty subset of Y and lim,, .o xy (W, ) = 0, then
Moo, Wy, is nonempty and compact in Y.

Definition 8 ([40]). Themap ® : W C Y — Y issaid to be a
Xy -contraction if there exists a positive constant x < 1 such
that xy (®(C)) < kxy(C) for any bounded close subset
C C W where Y is a Banach space.

In this paper we denote by x ¢ the Hausdorff’s measure of
noncompactness of C([0,b], X') and by xp¢ the Hausdorff’s
measure of noncompactness of PC. To discuss the existence
we need the following results.

Lemma 4 ([40]). If W C C([a,b], X) is bounded, then
x(W(t)) < xc(W), for any t € [a,b], where W (t) =
{u(t) : w € W C X}. Furthermore, if W is equicontinuous
on [a,b], then W(t) is continuous for ¢t € [a,b], and
xc(W) = sup{W(t) : t € [a, b]}.

Lemma 5 ([39]). If W C C([a,b],X) is bounded and
equicontinuous, then x W(t)) is continuous for ¢ € [a, b,
and x ([ W(s)ds) < [, x(W (s))ds for all ¢ € [a,b], where
EW(@_U (s)ds : x € W}

Obviously, the following lemma holds.

Lemma 6. If W C PC([0,b],X) is bounded, then

x(W(t)) < xpc(W), for any ¢ € [0,b], where W (t) =
{u(t) : v € W C X}. Furthermore, if W is piecewise

3
“

&)

(6)
)

®)

equicontinuous on [0,b], then W (¢) is continuous for ¢ €
[0,0], and xpc(W) = sup{W (¢) : t € [0,b]}.

Proof. Let W C PC, and W = (UX,W;)U(UX.,U;), where
W, C C(JZ,X) J = [Si,ti+1], 1=0,1,...,N, and U; C

C(I;, X), I; = [t;,s;], = 1,..., N. Using Lemmas 3 and
4, we have
X(W (1) = x(UZWi(t) U (UL, Ui(1)))
= max{max{x(W;(t)) : i =0,1,..., N},
max{x(U;(¥)) :i=1,...,N}}
< max{max{xc(W;):i=0,1,...,N},
max{xc(U) i =1,..., N}}
= max{max{xpc(W; ) i=0,1,...,N},
max{xpc(U) i=1,...,N}}

= max{xpc(ULoWi), xpe (Uil Ui)}
= xpe (U W3) U (UL, Uh)) = xpe(W).

From Lemma 4, if W is piecewise equicontinuous on [0, ],
then W (¢) is continuous for ¢ € [0, b]. In addition, we have

xpc(W) = max{max{xpc(W;):i=0,1,...,N},

N

Wi(t)),

:i=0,1,...,N}},
max{sup{x(U;(t)),t € [; :i=1,...

— max{sup{x(W(1)),t € [0,]}}

— sup{x(W (D), £ € [0,5])

Lemma 7 ([41] Darbo). If W C Y is closed and convex
and 0 € W, the continuous map ® : W — W is a xy-
contraction, if the set {x € W : x = A®zx} is bounded for
0 < A < 1, then the map ® has at least one fixed point in
w.

Lemma 8 ([39] Darbo-Sadovskii). If W C Y is bounded
closed and convex, the continuous map ® : W — W is a
Xy -contraction, then the map ® has at least one fixed point
in W.

max{xpc(U;) :i=1,...
= max{max{sup{x(
teld;
N}

ITI. MAIN RESULTS
In this section we shall present and prove our main result.
Let us list the following hypotheses:

(H1) The analytic semigroup 7'(¢) generated by A and there
exists a constant M > 1 such that | T'(¢) ||< M.

(H2) For 8 € (0,1), the function f is Xz -valued, and there
exist positive constants Lq, Lo > 0 such that

I (=A)P f(t, 1) = (A f(t,2) < Ly | 1=z |5,

€ [Oab]awlan € B,

|| (_A)Bf(t7w) ||S L1 || ¢ HB +L27 te [Ovb]aw €B.
(H3) The function F : [0,b] x B — X satisfies the following
conditions:

(i) For each t € [0,b], the function F(¢,-) : B — X
is continuous and for each = € B, the function
F(-,9) :[0,b] — X is strongly measurable.

(Advance online publication: 14 November 2015)
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(i) There exist a continuous function m : [0,b] —
[0,00) and a continuous nondecreasing function
© : [0,00) — (0,00) such that

V) I m@®)O(| ¥ ||8), tel0,b],v e B.

(iii) There exists a continuous function ¢ : [0,b] —
[0, 00) such that for each bounded D C B,

D)) <((t) sup_ X(D(e))

—oo<6
for a.e. t € [0,b], where D(0) = {u(&) :u € D}

I F(t,

X(F(t,

(H4) The functions g; : (t;,s;] x B — X,i = 1,...,N, are
continuous, and
(i) There exist constants ¢;,d; > 0,7 = 1,..., N, such
that
gt ) S cill ¥l +di, te€ (tisi], v €B.

(i1) There exist constants 7; > 0 such that for each
bounded D C B,

x(gi(t, D)) <~; sup x(D(9))

—00<0<0

for ae. t € (t;,8],¢ = 1,...,N, where D(f) =

{u(f) : v € D}.
(HS) There exist constants v; > 0,2 = 1, ..., N, such that
1 9i(t1, 1) = gi(b2, o) [|< willts —t2l+ | Y1 =2 [|8],

t1,t2 € (ti, s3], 901,12 € B.

(H6) maxi<;<n{(M +1)v; + (%é’:) fo s)ds} < 1.
Theorem 1. If the assumptions (H1)-(H6) are satisfied, then
the problem (1)-(3) has at least one mild solution on [0,b],
provided that fl @(s) ds = 0o, and

max
1<i<N

{m @ ane+ (041 a7

aMy_gT(B + 1)b°8
ety <t om

Proof. We introduce the space B, of all functions z :
(—00,b] — X such that zp € B and the the restriction
x|j,5 € PC. Let|| - ||, be a seminorm in B, defined by

[z [[s=Il zo s +sup{]| 2(s) |: 0 < s <b}, = €By.

We consider the operator ® : B, — B, defined by

@(t)at € (*O0,0],
Ta(®)[p(0) = F(0, )] + f (1, 20)
—|—f0 (t—8)*LAS,(t — s)f(s,z5)ds
-|-f0 (t—8)271S,(t — s)
X F(s, xs)ds te[0,t1],4=0,
gi(tamt)a te (tl,Sl],Z Z 1a
NG » si)gi(sisws;) — f(si, )] + [t @)
+ [, (t = 5)*TTASL(t — ) f(s,25)ds
+ L (t—5)2"LS8u(t — 5)
xF(s,xs)ds, t€ (sitip1],t> 1.

For ¢ € B, we define ¢ by

) (t),
“”:{%wwm»

—o0<t<0,
0<t<hb,

then @ € By. Set z(t) = y(t)+@(t), —oo < t < b. It is clear
to see that x satisfies Definition 7 if and only if y satisfies
1o = 0 and

To(@)f(0,0) + f(tye + P1)
—l—fot(t —8)* LAS,(t — 8)f(s,ys + @s)ds
[t —5)1S, (t—s)
X F(s,ys —|—<pé)ds € 10,¢1],4
(t) = gi(t,ye + 1), te€ (thv] 1>1,

Y - Ta(t - Si)[gi(szaysi + ‘ps ) f(817y5i + 9057)]
+f(t Yt + 9515)
+f YOTLASL(t — 8)f(s,ys + Ps)ds
+f )18, (t — 5)
><F(s Ys + <ps)ds7 t € (si,tiy1],7 > 1.

Let BY = {y € By : yo = 0 € B}. For any y € BY),

Il v o=l o |8 +supq{]| y(s) ||: 0 < s < b}
= sup{|| y(s) [[: 0 < s < b},

thus (Bg, Il - Il») is a Banach space. By (7), (9), (16), (17)
and (H1), we get that
M
T,(t) ||< M, Sa —_—
[ Ta(t) || [ Sa(t) [I< T(a)

For y € B,(0,B)), we have

|yt + & ls<llye I8 + [| #¢ ||
< Kpr + (KbMH+Mb) || %) ||B
=r*, t€]0,b].

Define the map ® : B) — BY defined by (®y)(t) = 0,t €
[—00,0] and

—Tu(t )f( ®) + f(tye + )
-|-f0 (t —5)*"TAS,(t — 5)f(8,ys + Ps)ds
-|-f0 (t—s)>718, (t—s)
x F(s, ys—i—gos)ds e
- gi(t,ye + o1), te€ (tz,sl] i
To(t — Si)[gi(su Ys, + 3051')
*f(Suye, + @)+ (6 ye + Pr)
+ L (= 5)0 T ASG(t — 5) (5,5 + Ps)ds
+f )18, (t — 5)
><F(s Ys + gos)ds, t € (sitiv1],i > 1.

st
> 1,

Obviously, the operator ® has a fixed point if and only if
operator ® has a fixed point, to prove which we shall employ
Lemma 7. For better readability, we break the proof into a
sequence of steps.
Step 1.For 0 < A\ < 1,set {y € PC : y = ®y} is bounded.
Let g, be a solution of y = ®y for 0 < A < 1. We have

I yae+ @ l18< Ky |y lle HIEGMH+M,) || ¢ |5, (19)

where || yx [li= supp< < | ya(s) [| -
Let vp(t) = Ky || yx ||t +(KpMH + M) || ¢ || - From
(9), (17), and Lemma 1, it is easy to show that for 5 € (0,1),

aM;_gT(B + 1)teB=1

FSa(t) 1< FaB 1 1)

I (=4)""
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Then, by (H1)-(H4), and Young inequality ([42], Page 6),

from the above equation, we have for ¢ € [0, ¢1]

| ya(t) ||
<|| Ta(£)(—A) P (=A)P £(0,¢) |
+11 (- >‘5( )ﬁf(t,ytwt)ll

o carsis

x(—A)P f(s,ys + @s)ds

t
n H =90 Sl = )P+ s
0

<M | (=A)P | (L1 || ¢ I +L2)
+ 1 (AT | (L1 | yae + @2 |5 +L2)
O[legr(ﬂﬂ‘ ].) ¢ aBf—1
T(aB +1) /0 (t=2)
X(Ll || Yxs + 955 ||B +L2)d8
M ! a—1 ~
oy / (t = )2 ()0 yas + B |15)ds
<M || (AP (L1 || ¢ I +L2)
+ | (AP (L1 || yae + @ s +L2)
aM;_gD(B+1) 157
MNap+1) ap

Mto‘/
m(s

——(L1 || yae + @4 |8 +Lo2)

O(|l yas + @5 ||l5)ds

SM| (A (L1 ¢l +L2)
+1 (= ) PN (Lyoa(t) + L)
aM;_gD(B+1) 157

F(aB+1) ozﬂ(Ll vAt) + L2)
L getonos

For any ¢ € (t;,s;],i=1,...,

(@) |

<¢ |l yne + @1 B +di < ciua(t) + d;.

N, we have

Similarly, for any ¢ € (s;,t;4+1],2 =1,..., N, we have

| ya(®) ||
<[ To(t — 84)[9:i(86,ys; + Ps;)
—(=A) P (A f(si,ys, + @) |
+ (AP (=A)Pf(t,ye + &) |l

+ ’ /sj(t —5)* N (=A)PS, (t — )

X(fA)Bf(Sv Ys + @s)d‘s

t
+\ / Sult — $)F(s,ys + 3s)ds

< Mlei || yns; + @s; |8 +d;
(AN (L1 | yas, + B, |8 +L2)]
+ 1 (=A) P (L1 | yre + @ |8 +L2)
aM,_gT(B+1) /t af1
P t _
gty )Y
X(Ll || Yxrs T+ 9278 ||B +L2)d8

t
iy 900 e+ 6 )
< Mlei || yrs, + &5, |8 +di
+ [ (A (L1 | yas; + Ps, 18 +L2)]
+ 1 (A7 (L1 || yae + @ |8 +L2)
O[legr(ﬂ + 1) (tiJrl — Si)aﬁ
Tap+1) af
(Ll l yAt + &4 ||B +Ls)

_|_F z+1 S’L / m

< M[Cm(sl) +dit || (=A) 7 || (L1va(s:) + La)]
+ {1 (=A) 77 || (Lyoa(t) + La)
aMy_gD(B+1) (tig1 — 5:)*P

Ol yxs + @s 15)ds

(L1va(t) + L2)

(aﬂ +1) af
+F( (i1 = 51) / m(s ds.
Then, for all ¢ € [0, b], we have

Fya(e) |
< M* + cua(t) + Mcua(t)

+(=A)7" Ll“/\(gH I (=A)~ || Lyoa()
O‘Ml(of’;f;“ ”ba—ﬁLl uA(t)

Mbo‘/
m(s ds,

M* = max {M D A) 2 | (L [0 lls +L2) + s

where

1<i<N
+M(di+ || (—A) 7P | Ls)

s aMy_ (8 + 1) b8 }
D

It is easy to see that
ux(t) < KpM* + (KyMH + M) | ¢ |5
#6014 20+ (041 | (-7 |

aM;_ (B + 1)baﬁ>L1} ()

afl(af +1)
Kbea/
m 3
Since L* = max1<7<N{Kb[( + M)e; + (M + 1) |
aM N b
(-4 +%) 1} <1, we have
1 ~
uA(t) < 77 G M + (KoM H + M) || ¢ 5]
L Kbea/
1—L* al m ds.

Denoting by 7 (t) the right-hand side of the above inequality,
we have v (t) < na(t) for all ¢ € [0,b], and

nx(0) = [KyM* + (KyMH + M) || ¢ ||5),

1—-L*
1 KpyMb™

/

m(t) = 1—L* ol'(«)

m(t)© (1),
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which implies that

/m“) ds - 1 KyMb® / Wds <
m S 0.
nx(o) @(S) 1—L* aF

This inequality shows that the functions 7, (¢) are bounded
on [0, b]. Thus, the functions v, (¢) are bounded on [0, b], and
yx(+) are bounded on [0, b].

Step 2. ® : BY — BY is continuous.

Let {y(™}22 ) C BY with y™) — y(n — oo) in BY. Then
there is a number 7 > 0 such that || 4™ (¢) ||< r for all n
and a.e. t € [0,b], so y™ € B,.(0,B)) and y € B,(0, ).
Again, similarly to (19), we have || y§”> + @ |IBS r*,t €
[0, ]. Furthermore, from axiom (A), we know that

™ = v l1s
< K(t)sup{]| y"(s) —y(s) [0 < s <t}
M) | ys"” o lIs
= K(t)sup{[| y"(s) —y(s) [: 0 < s <t}
<Ky | y" =y |lb— 0(n — o0),t € [0,0].

Thus, by (H3), we have for ¢ € [0, ]

F(tay§n)+<ﬁt)—>F(t,yt+cﬁt) as n — oo,

| F(t, 5™ + @) — Flt,ye + @) ||< 2007 )m(t).

By (H2), (H4), Young inequality and the dominated conver-
gence theorem we have that for ¢ € [0, ¢4]

| (@y™)(t) — (@y)(1) |
sn < AN (AP fty™ + @)
ﬁf(t Yyt + <Pt) [

e Carsas

x[(=A)° f (5,9 +@s) = (=

o fre-

X[F(s,y{™ + @) — F(s,ys + @5)]ds

<| (=AY (AP ft,y™ + @)
—(=A)Pftye + 1) ||
oMy _gT(B+1) ) 57
Faf + 1) / I=
~(~A)P f(s, ysw)u ds

Mta
T /nFsy;“w)

_F(57ys+<,03) | ds — 0 as n — occ.

A)° f(s,ys + @s)]ds

) 1S, (t — 5)

5,98 + @)

For any ¢ € (t;,8;],i =1, ...,

| (@y™)(t) — (@y)(1) |
=l gi(t, 5™ + @)

N, we have

—gi(t,ye +&1) ||— 0 as n — oo.

Similarly, for any ¢ € (s;,t;4+1],4=1,..., N, we have

| (@y™)(t) — (Dy)(t) |
<|| Tt — 5:) {19 (50, u$™ + Ba.) — Gi (52 Ys, + Bs)]
H(=A) P~ A)8 f(50, 58 + @s,)
(= A)° f (50,95, + Bo)]} |
AP (AP FE ™ + @)
—<—Aff<t, ye+ @) |l
+ /& (t—s8)* 1 (=AY PS8, (t - s)

i

X[(=A)7 (5,98 + @) = (A f(s,y, + @o)lds

+ /:(t R - ()

i

X[F s,y + @) — F(s,ys + @5))ds

IN

M| gz(sz,ygfl) + @s;) = 9i(8i,Ys; + Ps,) ||

1 (AP (AP F (50,58 + Bs,)
—(=A)Pf (55, s + o) ]
1 AT (AP Ft,y™ + Ge)

—(=A)Pf(tye+ &) |
aMy_gD(B+1) (tip1 — 5:)°°

PB+1)  af
/H 4 (5,5 + 3,)

)5f(s ys+sos | ds
+F( Gt =0 [y Bt + 6

F( ays‘i’ﬁ,@)”desg’o as n — oQ.

Then

| ®y™ — By [[b— 0 as n — oo.
Thus ® is continuous.

Step 3. ® is y-contraction.

To clarify this, we decompose ® in the form ® = & + &,
for ¢ € [0,b], where

_Ta(t)f(()? 50) + f(t’ Yt + @t)
+ fot(t —5)*"LAS,(t — )
X f(s,ys + @s)ds, t€]0,t1],i=0,
(q)ly)(t) = O’ te (ti75i]ai > 17
7T ( )f(517y57 +¢31)+f(tayt+¢t)
+ 4t = 5)2 L ASu(t — )
Xf(S Ys + SDS)dS, te [Si,tiJrl],i > ].,

fo )18, (t — s)
F(s ys + ps)ds, €10,t1],i =
T gZ(tayt + @t)’ te (tlvsl]a Z )
P t
( Qy)( ) Toz(t - si)gi(Sz,ysi + SDS,,)
+ [l (t—s5)271Sa(t = 5)
XF(s,ys + @s)ds, t € [si,tip1],4> 1.

Claim 1. ®; is Lipschitz continuous.
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Let t € [0,¢1] and u,v € BY. From (H2), we have

| (@1u)(t) — (®10)() ||
<I (AP Il (A7t ue + 31)
—(-4 Bf(t vt + <Pt) |

| forcarsis

x[(= )5]0(3 Us + Ps) — (—A)ﬁf(s, vs + @s)ds

<Ly || (A7 I e — v s
aly gl (B+1) 7"
Flaf+1) af

B L MipT(B )t‘w)
S O R e e 12
><||u—v||b.

L, || Ut — Vg HB

Similarly, for any ¢ € (¢;,t;11],4 =1,..., N, we have

| (@1u)(t) — (®10)() ||
< Ta(t = s:)(—A) (= A)° f(si,us, + Bs,)
—(=A) f(sius, + &5,)] |
+ || (=AM (A7 £t ue + @)
AP f(t v+ @) ||

| fier e

x[(—A)ﬁf(s,uS + Ps) — (—A)ﬁf(s, vs + @s)ds

<MLy || (AP I w — v ||
+Ly | (—A) 2 |l we — vt I8
aMi_pl(B+1) (tix1 —5)*°
I'(af+1) af
< w1400 | (4 |

aMi_pD(B +1) (tig1 — 5:)*”
L'(af+1) af

Thus, for all ¢ € [0, b], we have
1 (@1u)(t) = (P1v) (1) I< Lo [ u—v [|s -
Taking supremum over ¢,
| 1w — @0 [[p< Lo || w— v s,

where

aMy_gL(B+ 1) b8

Ly = K, <(1+M) I (=A)~" || + T(af+1) af

By (18), we see that Ly < 1. Hence, ®; is Lipschitz

continuous.

Claim 2. ®, maps bounded sets into equicontinuous sets

of By.

M * n a—1 _
< @) [ =)

Ly [ u — v |5

>L1 luw—vls.

Let 0 < 71 < 72 < t;. For each z € B,.(0,B)), we have

1 (@2y)(72) — (P2y)(71) H

H / 7 — 8)* (1 — )F(s,ys + @u)ds

/o (11— 8)* 1S (11 — 8)F(s,ys + @s)ds

< H RCER A CE R

XS@(TQ - S)F(Svys + ‘faa)ds

+| [ (= 97 [Sa(m2 — 5)

Sa(r — ) F(s,ye + Bo)ds \

+ /T2 (T2 — 8)* S0 (12 — 8)F(s,ys + ps)ds
(11— 5)* |m(s)ds
+6(r*)/0 (11 —8)*~
X || Sa(12 — 8) = Sa(r1 — 5) || m(s)ds

M * " a—1
+m@(r )/7'1 (1o — 5)* " m(s)ds.

For any 71,72 € (t;, 8;], 71 < T2, = 1,..., N, we have

[ (@2y)(72) — (D29)(7) |

:H gi(TQayTz + 857’2) - gi(TlayT1 + ()57'1) ||
<villre = il+ | Yo = yr I8 + || &7, — @y 18]

Similarly, for any 71,72 € (t;,ti41], 71 < 72,0 = 1,..., N,
we have

1 (@2y)(72) = (P29)(7) |
<|| [Sa(r2 = 8i) = Sa(T

1= Si)]gi(siay&t + ()59,) ||
n H [ = s = F G+ 21

_ / (71— 8)* 1 Sa(my — 8)F(5,ys + 3s)ds

SH Sa(T2 — Si) — Sa(Tl — Sl) H [Ci’l"* + dt]

+

JACEEIaE e

XS@(TQ - S)F(S,ys + @s)ds

[ =9 Sutr = 9) = Sl - o)

XF(s,ys + ¢s)ds

+ / (72— 8)° 1 Su (12 — 8)F(s,ys + 3s)ds

SH Sa(T2 — Si) — Sa(Tl — Sz) H [Ci’l"* + dz]

M r* " To —8)* L — (1 — 8)* Lm(s)ds
) [l =97 = (= ()

i

+O(r) / (n —s)*"
X || Sa(12 — 8) = S (71 — 8) || m(s)ds
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5)*Im(s)ds.

Mo L

o [
The right-hand side tends to zero as 72 — 71, since T'(¢) is
equicontinuous for ¢ > 0, it is easy to show that S, (¢), T (t)
are equicontinuous for ¢ > 0 implies the continuity in the
uniform operator topology, and in view of hypotheses (H3)-
(HS). The equicontinuities for the cases 77 < 70 < 0 or
71 < 0 < 7o are very simple. Hence Dy maps BT(O,BS)
into an equicontinuous family of functions.

Claim 3. ®, is y-contraction.

Let arbitrary bounded subset W C Bg. Since (H1) and
the definition of S,(-), we get that the operator S,(-) is
equicontinuous, so S, (t — s)F(s,Ws + ps) is piecewise
equicontinuous on each J; = [s;,t;1+1],4=0,1,..., N. Then
for each bounded set W € PC. From (H3), (H4), Young
inequality and Lemmas 5, 6, we have for ¢ € [0, ;]

X(®2W)(t))

= X(/Ot(t —5)* 1 Sa(t — 8)F (s, W, + sés)dS)

M ‘ a-1 %
o /0 (t— )" "x(F(s,Ws + ¢s))ds

M t—s“_ls
/0<t )1 ()

= o)
x sup x(W(s+0)+ @(s+0))ds

—00<0<0
M ! a—1
< m/0 (t —s)*71¢(s) Oztigsx(W(T))ds

M [ _
f [ =9 s s ()

0<s<b
M ¢
/ C(s)dsxpe ().

For any t € (ti,si]w =1,..,

X(P2W)(t))
= x(9i(t, Wi + 1))
<7 _i‘fng(W(t +0) + 4t +0))

<7 sup x(W(r))
t1',<7'St

<5 sup x(W(1)) < vixpe(W).
0<7r<b

N, we have

Similarly, for any ¢ € (s;,t;41],4 =1,..., N, we have

X(@2W)(t))
< X(Ta(t - Si>gi(8i7 WSi + @SL))

+X</‘ (t— S)a—lsa(t —8)F(s, W, + (ﬁs)d8>
< MX(gi(SiaW% +¢97))

Mo N
Jrf(a) /31 (t—9)*""x(F(s,Ws + @s))ds
<M~ sup  x(W(s; +6) +@(si +0))
—00<0<0
M t -
+F(a)/si(t_5) ¢(s)
x sup x(W(s+0)+ @(s+0))ds
—00<0<0
< M sup x(W(7))
5; <7<t

(Advance online publication:

M ! a—1
e / (87w XW()ds

< M~; sup x(W(7))
0<7<b

+ﬂjﬁﬂﬁw@wﬂmﬂ

F(Oé) 0<s<b

SM(%-+F(1& i1 — /C dS>X7>c w).

Thus, for all ¢ € [0,b], we have

X(@W)(t))
<(M+ )y + / (s dS>X7>c w),
and ~ .
X(@W) < Lxpe(W) < xpe(W),
where I = max;<;<n{(M + 1)7; + (%é): fo s)ds} < 1.

Therefore, ® is y—contraction. By Lemma 7, we conclude
that ® has at least one fixed point y* € W C BY. Let z(t) =
y*(t) + ¢(t),t € (—o0,b]. Then, z is a fixed point of the
operator ¢, which implies that = is a mild solution of the
problem (1)-(3) and the proof is complete.

Theorem 2. If the assumptions (H1)-(H6) are satisfied, then
the problem (1)-(3) has at least one mild solution on [0, b,
provided that

max Kb{ [(1—|—M)ci + ((M+ 1) || (-4~

1<i<N
aMy_gT(B+1)p*8 I
aﬁF aﬂ +1)

m(s)dslim sup —=

S—o0

o)
. }<1 (20)

Proof. Let ®, ® be defined as in the proof of Theorem 1. We
claim that there exists an k > 0 such that ®(By(0,BY)) C
(Br(0,BY)). If we assume that this assertion is false, then
for each k > 0 we can choose y* € By, (0,8)) and t* € [0, b]
such that k <|| (®y*)(t*) ||, Consequently, using (H1)-(H4)
and Young inequality, we have for t* € [0, ;]
k<l (@y")(") ||
< Tult)(~A) P (~ AV £(0,9) |
+ | (=4) (= )ﬁf(tk,yfk + @) |l

oo

x(=A) f(s,ys + @s)ds

\/ (t — )18 — 5)F (5,9 + $.)ds

<M A (T ¢ s +L2)
+ 1 (AP (L || yii + Gux N5 +L2)
WWW“V%th
Iaf+1) o
(L1 || yxs + @s |l +L2)ds
T - (O 1+ e )
L(a) Jo ’

SM | (=A)7 (Lall ¢ lls +L2)

aF
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+ 1 (A | (L1 || ysi + @e |8 +L2)

aMy_gT(B+1) 99
oM TBED 7y ok 4 G s +Lo)

Flaf+1) apB
k
M
S O v + @. ||s)d
s [ 6601 -+ 4 s
For any t* € (t;,s;],4=1,..., N, we have

k<[l (@y) (") 1< e | ysic + Gor s +di.

Similarly, for any t* € (s;,t;41],i =1,..., N, we have

k<]l (") (%) |
< To(t® = si)[gi(si yl, + @s,)
—(=A) (A f(si, k. + @) |
+ | (A=A F(E*, yh + @) |

+|/ fk<t’“ e (A B, (¢ )

X (=A)° f(s,95 + ¢s)ds

H / VP(s, ¥ + 32)ds
+ | (—A) ||*ﬁ (L1 H yii + @s; |5 +Lo)]
F (AT (L | yh + e ||s +Lo)

aM,_gT(B+1) [© s
+1"(ofﬁ:—ﬁl))/5i (th — s)of-1
X(L1 || yas + @5 |5 +Lo)ds

M ¢ k a—1 k ~
g [ 0 =m0+ G s
< Mlei || vk, + &5, | +d;

+ (AP (L1 || vk + @, |8 +L2)]

+ [ (=A) N (L1 | yfe + @ov 18 +L2)

alMy_pl'(B+1) (ti?-&-l — ;)P
I'aB+1) aof
X (La || g + Ber I8 +L2)

M (t§+1_si)a o E o, ~
f s [ el + g ls)as

+

Then, for all ¢ € [0, b], we have

k<|| (@y*)(°) |
< M* + ¢;[Kok + (KeMH + M) || ¢ ||s]

+M{ei(Kyk + (KoMH + M,) || ¢ ||)]

| (AP | Ly[Kok + (KuMH + M) || ¢ ||5)

+ | (—A) || Li[Kyk + (KoM H + M,) || ¢ ||5]
aM;_gT(B+1) b*°
CT(eB+1) af

x Ly [Kpk + (KyMH + M) || ¢ ||5]

Mba/
m(s

+(KyMH + M) || ¢ ||lg)ds

O(Kpk

and hence,

| < max Kb{ [(1+M)c,- + ((M+ [ (4 |

1<i<N
+()4.2\41 ﬁr(ﬁ + )baﬁ
aﬁF aﬁ +1) !
m(s)dslim sup @(g)}7
aF ¢—00 S

which is contrary to our assumptlon (20). The proofs of the
other steps are similar to those in Theorem 1. Therefore, we
omit the details. By means of Lemma 8, we conclude that
(1)-(3) has at least a mild solution and the proof is complete.

IV. EXAMPLES

Example 1. Consider the following fractional impulsive
partial neutral functional differential equations
d
dt[‘]tl “ (t 33) f(t,Z(t—T,ﬂ]‘))
_90(07 l‘) + f(07 Z(_Ta Jj))]
52
=9 z(t,x) + F(t, z(t — 7, 2)), 21
T > 0 (t QC) S Uz 1[5“ H—ﬂ [0 1]
z(t,0) = 2(¢,1) =0, te]0,1], (22)
Z(t,I) = (p(tax)v (t7$) € (_OO7O]X € [07 1]3 (23)

t
2(t,x) = / w;(t,s —t, z(s,x))ds, (24)

) € (b si] % [0.1],

where 0 < o < 1, Jtl_"‘ is the (1 — «)-order Riemann-
Liouville fractional integral operator. Let X = L*([0,1])
with the norm || - || and define the operators A : D(A) C
X — X by Au = «” with the domain D(A) := {u € X :

u,u’ are absolutely continuous, u” € X, u(0) = u(1) = 0}.
Then -
Ay = Z —n?(u, up )y, u € D(A),
n=1

where u,, (z) = v/2sin(nmz),n = 1,2, ..., is the orthogonal
set of eigenvectors of A. It is well known that A is the
infinitesimal generator of an analytic semigroup T'(¢),t > 0
in X and T(t)u = Y00 e " "(u, up)u,, u € X. There
exists a constant M > 0 such that || T'(¢) ||< M, this implies
that (H1) is satisfied. If we choose 3 = %, then the operator
(—A)% is given by
(—A)Fu=

where D((—A)3) = {w(-) € X : S n5 (W, zn)zn € X }.
Then

wleo

_n%<u,un>un, u e D((_A) )7

Il
-

aEM T(t“¢)ude

Mg\

—n2 ) (u, up )y, u € X.

n=1

In the sequel, B will be the phase space PCy x L?(h, X)
(see [43]). Then B satisfies axioms (A)-(C). Moreover, when
r=0and p =2 we can take H = 1, M(t) = y(—t)2
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and K(t) = 1+ (f?th(T)dT)%, for t > 0; see Theorem
1.3.8 in [44] for details. Set ¢(0)(z) = ¥(0,x), (0,z) €
(—00,0] x B and let z(s)(x) = z(s,z). Defining the maps
LF:0,1]xB— X, g :(ti,s) xB— X,i=1,...,N, by

ao(t)ar(s)y (s, x)ds,

)

F(t,0)(x) = / bo(£)b1(3)8 (s, 2)ds,
0

gilt, ) (z) = / wilt, 5, 9(s, 2))ds,

where, we will assume that

(i) The functions a; : R — R,i = 0, 1, are continuous, and
b= ([0, @z <1,

(i) The functlons : R — R,7=0,1, are continuous, and

0 by (s

k=0 oo(ilu))) ds)* < L.

(iii) The functions @; : R® - R,i=1,...,
uous and there exist continuous function ¢;
such that

|wi(t7 S, y)| < 61(8)‘y|a

N, are contin-
:R— R

(t7 S7y) e R3’

|wi(t1,s,y1) — wi(ta, s,92)|
< éi(s)[[tr — t2| + ly1 — v2l],
(tj.s,yj) € Rgvj =1,2
with [; =

0 (¢:(s))
(f oo h(s)
1,....N.

Then the problem (21)-(24) can be written as (1)-(3). For
any t € [0, 1], we have

I (—A)f(t,v) ||

:< /O 1( /_ Ooo ao(t)al(s)w(s,x)ds)2dac>
<Nl ao (/Oo (hﬁi)d)
</ ‘;h(s) I os) IP ds)é

SLJI ||w||57 ZZ}EB,

ds)% < oo for every i =

2

N

and

| (—A)T (1) — (AT f(t,2) |

:</01 (/_OOO ap(t)as(s)

x[11(s, ) — a(s, x)]ds)Qda:)

<l ao Il (/_OOO (aégz;de);

0 2
x ( [ H6 1) = valo) I ds)
S Lf || ,(/)1 - wl HBa ,(/)17’(/}2 S Ba

where L; =|| ag ||oo {1. Similarly,

OIS Lr ¢ lls, ¢ € B,

1
2

I E(t,

and

| F(t,41) — F(t,¢2) I< Lr || 1 — 1 ||, 91,92 € B,

we can see that each bounded set D C B,

X(F(t, D)) < Lp ) blip<0><(D(9))

where L =|| by ||oo l2-
Moreover, we have for any ¢ € (¢;,s;],i =1,..., N,

and for tq,ts € (t;,84],i =1,..., N, we get
I 9i(t1,91) — gi(t2,92) ||
< Oil[ty — tal+ || 1 — 1 |IB], Y1, € B,

we can see that for each bounded set D C B,

x(9i(t, D)) <¥; sup  x(D(0)),
—00<0<0

where ¢; = max{l;, fi)oo ¢i(s)ds},i=1,...,N.

Therefore (H2)-(H5) are all satisfied and O(s) =
S f1 1 ds = oo. If also the the associated conditions
(H6) ané (18) hold. Then, by Theorem 1, we can conclude
that the problem (21)-(24) has at least one mild solution on
[0, 1].
Example 2. We consider the following impulsive fractional
partial neutral functional differential equation of the form

%Jl 0‘{(755) / / by(s,v,2)z(t + s,v)dvds

/ / by(s,v,x)z(s,v)dvds

88952 (t,x)—k/_oob(, $)z(t + s,x)ds, (25)
(t,x) € U7]:V [si,tiy1] x [0, 7],
z(t,0) = z(t,m) =0, te€][0,n], (26)
z(r,x) = p(r,z), (1,2) € (—00,0] x [0,7], 27
0
z(t,x) = [ n:(s)z(t + s, x)ds, (28)
(t,x) S (tl,sz] X [0,71'],

where «,J;”“ are the same with those in Example 4.1.
Let X = L?([0,7]) with the norm || - || and define the
operators A : D(A) C X — X by Aw = w” with
the domain D(A4) = {w ¢ w,w” are absolutely
continuous,w” € X, w(0) = ( ) = 0}. Then

Aw = Zn2<w,w">wn, w € D(4),

n=1

where w, (z) = \/gsin(nx), n =1,2,... is the orthogonal

set of eigenvectors of A. It is well known that A is the
infinitesimal generator of an analytic semigroup T'(¢),t > 0
in X and is given by T(Hw = 320%™t (w, wn )wn,w €
X, and || T(2) |[< et for all t > 0. For each w € X,
(—A) o =Y, 2w wn)wn and || (=A)7% ||= 1. The

operator (—A)% is given by

M\»—-

[eS)
E nw wn
n=1
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on the space D((—
X}. Moreover, || (—A)2T

(1) < At

is the space introduced in Example 1.
Additionally, we will assume that

(i) The functions %

bi(s,v,7) = by (s,v,0) = 0 for every (s,v) and

el ([ [ 5

72 =

X <abl(;:]$)> dvdsdx) 11 =0, 1} < o0

(i) The function by : R? — R is continuous with Lp(t) =

(f_ooo (bz,szi’;)))zds)% < oo for all ¢ € [0, b].
(iii) The functions n; : R — R,i = 1,.

tinuous and p; =

i=1,2,...,N.

Defining the maps f,
X,i=1,..,N, by

0 T
= / / Bl(s,v,x)w(s,v)dvds,
—o0 JO

“h(s)

F:[0,1]xB— X, g;:

O -~

F(t,¢)(z) = / ba(t, s)p(s, 2)ds,
0

gi(t,¥) () :/7 ni(s)Y(s, z)ds.

Then the problem (25)-(28) can be written as (1)-(3). Noting

that

(f(t, ), wn)

[ s
(s, v)dvds, \/; cos(mc)>7

and for any ¢ € [0, b],

| (—A)% f(t, ) |

oo

Wi )W,

(LU ()
X || () || d5>2da:]
(/ / / (s) (%S;lx))dedsdx)Q
X(/_m ()Ilw()Hads)z

<

<Li|vs ¢eEB,

[N

A)z) ={w(-) € X Zn 1w, wp)wy €
2 for all £ > 0. In
the next applications, the phase space B = PCy x L*(h, X)

0,1, are measurable,

., N, are con-
(fi)oo (ile))* ds)z < oo for every

(ti, 81] xB —

) ( /0 /W by (s,v,z)(s, v)dvds) da

and

| (=A% f(t, 1) — (—A)2 F(t,42) ||
1/11 f(ta 1/’2), wn>wn

[/:(/_:</0 (sma) )

1

X 1l 61(5) — () | d8>2d4 i

<(f [ ] (M5 o)

( / hs) || ¥ (s) — a(s) | ds)2
< Ly || 91 — o ||, 1,90 € B.

IN

Similarly to the Example 1, for any ¢ € [0, b], we have

| F(t,) |< Le(t) | ¢ |5, ¥ € B,

and

| F (¢, 1)

— F(t,92) |< Lp(t) || 1 — 1 |8, 1,402 € B,

we can see that each bounded set D C B,

X(F(t,D)) < Lp(t) sup x(D(0)).

—00<0<0

Moreover, we have for ¢ € (¢;,s;],i =1,..., N,

and for t1,t5 € (ti,Si],i =1,...,

| gi(t1, 1)

N, we get

— gi(te,¥2) [|< pi || Y1 — Y1 |8, 1,72 € B,

we can see that each bounded set D C B,

x(9i(t,D)) < p; sup x(D(9)).

—00<0<0

Therefore (H1)-(HS) are all satisfied. If also the the associ-
ated conditions (H6) and (20) hold. Then, by Theorem 2, the
problem (25)-(28) admits a mild solution on [0, b].
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