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Jacobi Elliptic Function Solutions For Fractional
Partial Differential Equations

Qinghua Feng*

Abstract—In this paper, we are concerned with seeking exact
solutions expressed in the Jacobi elliptic functions for fractional
partial differential equations, where the fractional derivative
is defined in the sense of the modified Riemann-Liouville
derivative. Based on a fractional complex transformation,
certain fractional partial differential equation is converted into
another ordinary differential equation of integer order, and
the exact solutions of the latter are assumed to be expressed
in a polynomial in the Jacobi elliptic functions including the
Jacobi sine function, the Jacobi cosine function, and the Jacobi
elliptic function of the third kind. The degree of the polynomial
can be determined by the homogeneous balance principle.
As for applications, we apply this method to seek Jacobi
elliptic function solutions for the space-time fractional KP-
BBM equation and the (2+1)-dimensional space-time fractional
Nizhnik-Novikov-Veselov System.

Index Terms—Fractional differential equation; Jacobi elliptic
function; Exact solution; Fractional complex transformation

I. INTRODUCTION

It is well known that nonlinear partial differential equa-
tions are widely used to describe many complex phenomena
in various fields including either the scientific work or
engineering fields. During the past few decades, searching for
explicit solutions of nonlinear partial differential equations
by using various methods has been the main goal for many
researchers, and many powerful methods for constructing
exact solutions of nonlinear partial differential equations have
been established and developed. Some of these methods
include the homogeneous balance method [1,2], the tanh-
method [3-5], the inverse scattering transform [6], the gen-
eralized Riccati equation method [7-9], the (G’/G) method
[10-13], the Jacobi elliptic function method [14-15] and so
on.

Fractional differential equations involving fractional
derivatives are generalizations of classical differential equa-
tions of integer order, and are widely used as models to
express many important physical phenomena such as fluid
mechanics, plasma physics, optical fibers, biology, solid state
physics, chemical kinematics, chemical physics and so on
(See [16,17] for example). In order to illustrate better the
described physical phenomena, one need to obtain their
analytical solutions. So the research on how to extend those
methods suitable for solving differential equations of integer
order to be suitable for solving fractional differential equa-
tions has been paid an increasing attention. Recently, under
the definition of the modified Riemann-Liouville derivative
[18-21], many authors have extended some efficient methods
from differential equations of integer order to fractional
differential equations. For example, in [22], Zhang et al.
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generalized the traditional Riccati sub-equation method to
be suitable for seeking exact solutions of partial differential
equations in fractional case, and proposed a new fractional
Riccati sub-equation method, where the sub-equation used
is the fractional Riccati equation Dg¢ = o + ¢?, and
D% denotes the modified Riemann-Liouville derivative of
a— order. This method got improved in [23-26]. In [27-
29], the authors extended the (G’/G) method to be suitable
for solving fractional partial differential equations, while
in [30], the simplest equation method is extended to seek
exact solutions of fractional partial differential equations. The
most important point in these methods lies that based on a
certain fractional complex transformation or a traveling wave
transformation, certain fractional differential equation can be
converted into another differential equation in different form,
which can be solved based on an auxiliary equation named
sub-equation. With these methods, a variety of fractional
differential equations arising in mathematical physics have
been investigated, and analytical solutions in various forms
for these equations were found. These obtained solutions
have contributed much in understanding better the physical
effects that the fractional differential equations demonstrate.

In this paper, we extend the traditional Jacobi ellip-
tic function method to seek exact solutions for fractional
partial differential equations in the sense of the modified
Riemann-Liouville derivative. First by a fractional complex
transformation, certain fractional partial differential equation
is converted into another ordinary differential equation of
integer order. Then the exact solutions of the converted
ordinary differential equation are assumed to be expressed
in a polynomial in the Jacobi elliptic functions, where the
coefficients are unknown. By use of the concept of the sub-
equation methods and the properties of the Jacobi elliptic
functions, the coefficients can be determined with the aid of
mathematical software.

For the definition and theoretic investigations of the
modified Riemann-Liouville fractional derivative, we refer
the reader to [31-34]. Some important properties for the
modified Riemann-Liouville derivative are listed as follows
[18,22-30]:

Ir'l+r)

DOCtT —
¢ r'l+r—a)

e (1)
Di(f(t)g(t)) = g(t) D f(t) + f(t)Dig(t).  (2)

D fla()] = fola®IDg(?). 3)

Dy flg(t)] = Dg flg(®)I(g' (1)) @
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The rest of this paper is organized as follows. In Section
2, we give the description of the Jacobi elliptic function
method for solving fractional partial differential equations.
Then in Section 3 and Section 4, we apply this method to
seek exact solutions for the space-time fractional KP-BBM
equation and the (2+1)-dimensional space-time fractional
Nizhnik-Novikov-Veselov System respectively. In Section 5,
we present some concluding comments.

II. DESCRIPTION OF THE JACOBI ELLIPTIC FUNCTION
METHOD FOR SOLVING FRACTIONAL PARTIAL
DIFFERENTIAL EQUATIONS

In this section, we give the description of the Jacobi elliptic
function method for solving fractional partial differential
equations.

Suppose that a fractional partial differential equation, say
in the independent variables ¢, x1, z2, ..., Ty, i given by

ouq Ouy,
« «
P(uq,...ux, Dffuy, ..., D ug, 92, 9y ,DP ul,...Dgzul,
87.61 8uk
S TR 8xn_1’D‘"Z”ul""’Dz”uk’m) =0, (5
where u; = wu;(t,z1,22,...,25), i = 1,...,k are unknown

functions, P is a polynomial in wu; and their various partial
derivatives including fractional derivatives in the sense of the
modified Riemann-Liouville derivative.

Step 1. For Eq. (5), suppose that w;(¢,z1,22,...,Tn) =
Ui(§), and a fractional complex transformation for £ as
follows:

ct® kol

§: 7+k1731+m

kn n—
Tl +a) +.. 1Tn—1+

+&o,

(6)
where ¢, ki,..., kn_1, kn, & are all nonzero constants.
Based on the transformation above, for the terms in (5)
containing fractional derivative, such as D{*uy, using (1) and
(3) one can obtain that

DyUL(E) =

‘r(l )

Duy = Ui(§) Dy = cUL(8).

For the terms in (5) containing derivative of integer order,
Uy

such as Oz, oOne has
€1
aul 8U1 ’ ’
—_— = — = kU .
axl 85 1 1 1(5)

So by this transformation for &, Eq. (5) can be turned into
the following ordinary differential equation of integer order

with respect to the variable &:
P(Uy, ..U, UL, UL, UV, U, ) =0. ()

Step 2. Suppose that the solution of (7) can be expressed
by a polynomial in the Jacobi elliptic functions as follows:

Uj©) =a + 3" al"PVsnn(€)en? (€)dni(€),
n+p+q=1
J=12,..k, ®)

where n, p, ¢ are nonneggatwe integers with 1 < n +
p+q < my, aj (n-pa) 5 — 19 .k are constants
to be determined later the positive 1nteger m; can be de-
termined by considering the homogeneous balance between

the highest order derivatives and nonlinear terms appearing

in (7), sn(§), en(&), dn(€) denote the Jacobi elliptic sine
function, Jacobi elliptic cosine function, and the Jacobi
elliptic function of the third kind respectively.

For the Jacobi elliptic functions, one has

sn'(§) = en(§)dn(§), cn’(§) = —sn(§)dn(E),

dn’(€) = —m?%sn(&)en(€), 9)
where m is the modulus, and
_en(§) sn(§) _dn(§)
1 1
O e P
cd(€) = g5 O = gy 1) = sy mel) = oo
n?(§) = —sn?(€§) + 1, dn®(§) = —m*sn?(€) + 1,
dn?(&) = m*en®(€) + 1 —m?, ns*(£) = cs*(€) + 1,
ns®(€) = ds*(&) + m?, ds*(€) = cs*(€) + 1 —m?
nc?(€) = sc®(€) + 1, de*(€) = (1 — m*)nc?(€) + m?,
2 Ja—
4 () = (1-m)s(Q) 1, ed?(€) = " AndP(€)
(€)= (m® — 1)sd(€) + 1, nd(€) = m?sd®(€) + 1.

Step 3. Substituting (8) into (7) and using (9), the
left-hand side of (7) is converted into another polynomial in
sn™(&)en® (€)dni(€). Collecting all coefficients of the same
power and Equating them to zero, yields a set of algebraic

(© ) (n,p,q) .
equations for a; , 7 =12, k.

Step 4. Solving the equations system in Step 3, we can
construct a variety of Jacobi elliptic function solutions for

Eq. (9).

ITI. APPLICATION OF THE JACOBI ELLIPTIC FUNCTION
METHOD TO THE SPACE-TIME FRACTIONAL KP-BBM
EQUATION

In this section, we apply the Jacobi elliptic function
method to seek exact solutions for the space-time fractional
KP-BBM equation, which is denoted as follows:

DE[Dfu+DSu—aDiu?~bDg (D2 u)|+eD2 = 0, (10)

where 0 < «, 8, v <1, a, b, e are constants, u = u(x,y, t)
is unknown, and the concerned fractional derivative is defined
by the modified Riemann-Liouville derivative. When o =
B8 =~ = 1, Eq. (10) becomes the following known KP-

BBM equation of integer order:
(ug + ugy — a(u2)z — bugat)s + etyy = 0.

In order to apply the Jacobi elliptic function method to
solve Eq. (10), we suppose u(z,y,t) = U(§), where & =

[ a k B k Y
F(1+a)t +F(1+5)x +F(1+7)y +&o, ¢, k, & are
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all constants with k, ¢ 7 0. Then by use of (1) and (3) one
can deduce that D¢ = ¢, DS¢ = Dj& =k, and

Du = DPU(E) = U'(§) D¢ = cU'(E),

D2u = DIU(€) = U'(6)D2E = kU'(€),
Dyu = DyU(€) = U'(€)Dyé = kU (€).

(1)

Then Eq. (10) can be turned into the following form with
respect to the new variable &:

ckU” (&) + k*U" (&) — 2ak*[(U"(€))* + U (U (€)]

—bekPUM (&) + ek?U" (€) = 0. (12)

Suppose that the solution of Eq. (12) can be expressed by
a polynomial in the Jacobi elliptic functions as follows:

U =a®+ > amPDsn™()en?(€)dni(€). (13)

n+p+q=1

By balancing the order of U (¢) and U (&)U (£) in (12)
one can obtain m = 2. So

U(§) = a® +a®Vsn() + a®Ven(&) + 'V dn(¢)
+al 00502 (€) + a1 Dsn(€)en(€) + ™ Den(€)dn(€)
+a(%20en?(£) + a2 dn2(&) + a1V sn(€)dn(€). (14)

Substituting (14) into (12), using (9) and collecting all
the terms with the same power of sn™(&)en?(£)dn?(€)
together, equating each coefficient to zero, yields a set of
algebraic equations. Solving these equations with the aid of
mathematical software such as Maple, yields the following
values, where ¢ denotes the unit of the imaginary numbers.

Case 1:

k + bek*m? + 4bck? k
a(o): + bck“m” 4 4bck” + e —&—07 a(l’o’o):O,

2ak
010 — (g 4001 _ (200 _ 7@
) ) a 5
2
a(L1,0) — iML qO11) _ 0, Q101 — 0,
a
a(0:2:0) _ ;(0,02) _
Case 2:
) — k + 4bck®m?® + 4bck® + ek + ¢ a(1.0.0) —
2ak ’ ’
L010) 4001 _ g0 _ _Om*hed
bl Pl a y
alb0 = qOLD =g 101 —q
a(0:2:0) _ ;(0,02) _
Case 3:
a® — k + 4bck®m? + bek® + ek + ¢ a(1:0.0) — g
2ak ’ ’
L0100 _ g, 400 _ g ge00 _ _3mkeh
a

a0 — o, qOLD — (101 — i?)cbkmi
a

)

a(0:20) _ ,(0,02) _ o

Case 4:
a(o) _ k + bckaQ =+ bCk‘2 —+ ek +c a(17070) —0
2ak ’ )
a(O,l,O) =0 a(0’071) =0 a(270’0) = _M

)
a

Q010 Z ) 4(010) :i?’mkd” L0 g
a

i

a(0:2:0) _ ;(0,02) _
Case 5:
a0 = k + bek®m? + bek® + ek + ¢ a(10.0) —
2ak ’ )
a01.0) — o 001 — o (200 — ,M
, ’ 2a
a

a0 = L 3PkM - 020) _ 002 _

Substituting the results above into Eq. (14) we can
obtain the following exact solutions in the forms
of the Jacobi elliptic functions for Eq. (10), where

_ o,k k
Craratrarst trar Y T

Family 1:
( b = k + bck®m? 4 4bck® + ek + ¢
uil\r,y, - 2k
3m2keb 3cbkm?i
- sn?(€) £ Tsn(f)cn({). (15)
Family 2:
k + 4bck®m?® + 4bck® + ek +c  6m°keb o
uz(z,y,t) = S0k - ———sn’(&).
(16)
Family 3:
ws(z.y.t) = k + 4bck*m? + bek? + ek + ¢
3\, Y, - 20k
3m2kcb 3cbkm
————sn’(O) £ isn(€)dn(€). (A7)
Family 4:
( t)_k+bck2m2+bck2+6k+c
U4\, Yy, - 2ak
3m?kcb 3mkcb
————— () £ ——en(Qdn(¢).  (8)
Family 5:
(1) = k + bek*m?® + bek® + ek + ¢
5(T, Y, - 2ak
3m2keh 3cbkm?i
— g
I en?(€) + S sn(©en(€)
3mkcb 3cbkmi
+ 5 en(€)dn(§) £ 5y sn(§)dn(§). (19)

Remark 1. We note that the Jacobi elliptic function solu-
tions established in (15)-(19) for the space-time fractional
KP-BBM equation (10) are new exact solutions so far in the
literature.
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IV. APPLICATION OF THE JACOBI ELLIPTIC FUNCTION
METHOD TO THE (2+41)-DIMENSIONAL SPACE-TIME
FRACTIONAL NIZHNIK-NOVIKOV-VESELOV SYSTEM

Consider the (2+1)-dimensional space-time fractional
Nizhnik-Novikov-Veselov System [28]
D&u+ aDPu+ ng”u +ceDPu+ dDju
= 3aDf(uwv) + 3bD (uw),
DPu = Djv,
Dju = D8 w,
(20)
In [28], the author solved Egs. (20) by use of the (G’/G)
method, and obtained some exact solutions including hy-
perbolic function solutions, trigonometric function solution-
s, and rational function functions for it. Now we apply
the Jacobi function method method to solve it. Suppose

u(z,y,t) = U(§), v(z,y,t) = V(§), w(z,y,t) = W(E),

— m el B Y
where ¢ F(l—i—a)t +F(1+B)z +F(1+’y)y + &o,
m, k, I, & are all constants with k, [, m #* 0. By use of
(1) and (3), we obtain

Diu= DpU(E) =

U'(§)Dy& = mU'(€),
Dfu= DJU(&) = U'(§)DJ¢ = kU'(€),
Dju = DyU(§) = U'(§)Dy& = 1U'(§),
and then Eqs. (17) can be turned into the following forms
mU’ + ak3U"" + bl3U" + ckU' + dIU’
= 3ak(UV) + 3bl(UWY,
KU =1V,
' =kw'.
Suppose that the solution of Eqgs. (21) can be expressed
by a polynomial in the Jacobi elliptic functions as follows:

2n

U =a®+ 3 almrd)snn (€)en?(§)dnt(€),
n-&-;r)n-&;q:l

VO =60+ 3 b ren® (€en? (€)dn (€),
n+p7+nZ:1

W(E) =0+ 3 cmrDsp™(€)enr (€)dnd (€).
n+p+qg=1

(22)
Balancing the order of U and (UV')’, the order of U’ and
V', the order of U’ and W’ in (21), we can obtain m; =
mg = mg = 2. So we have

U =a? +a*Ysn(&) + o> Ven(€) +
+a®095n2(e) + a1 Osn(€)en(
+a® Ven(€)dn(§) + a' " sn(g)
+a(0,2,0)cn2(£) + a(O 0,2) dTL (5)

= b 4 p100gn(g) + b 1Oen(g) +

00502 (€) £ B0 s (€)en€)

+6O Y en(€)dn(€) + b0V sn(€)dn(€)

+b(0‘2’0)cn2(f) + b(O 0] 2)dn (5)

O 4 (100 sp () 4 O 10en(g) + 00D dn(¢€)

+c®0D5n? () + BV sn(E)en(€)

+c O en(€)dn(€) + MOV sn(€)dn(€)

+C(O’2’O)C’I’L2(£) + c<0’0’2)dn2(f).

a (0,0, 1)dn(§)
)
dn(§)
V(&) + 500N dn(¢)

W(¢) =

(23)
Substituting (23) into (21), using (9) and collecting all
the terms with the same power of sn™(&)en?(€)dni(€)
together, equating each coefficient to zero, yields a set of
algebraic equations. Solving these equations with the aid of
mathematical software, yields the following values.
Case 1:

a© = 0, 4100 _( 4(010) _ o 4001 _

,O<a7677§1'

(110 — g 01

m?1(bl® + ak®)

1) 0, c(1L,01) —

p(1,0,0) — 0, p(0,1,0) — 0, p(0,0,1) 0,

(Advance online publication: 15 February 2016)

Kbl + ak)
(13 + ak®)m .

(2,0,0) _ (1LL0) _ (. 4011 —
“ k(bl + ak) ¢ ’
Q101 — ml(bl® + akB)Z, (0,2,0) — ,(00.2) _

k(bl + ak)
p(0,2,0) _ p(0,0,2) _ .(0,20) _ (0,02) _
y( _ _ dak’m?l + ak’l + 30" k*a + 30V kbl
- 31(bl + ak)
=kl — dI* + bl* + 4bl*'m* — ml
31(bl + ak) ’
p(1:0:0) — (. p(01.0) — o p(0.01) —
p(2:0,0) m? (bl + ak?) p(L10) — g pOL1) —
bl +ak ’ ’
3 3
o _  mO+ak%) . o) _ o) 00 _
bl + ak ’ ’ ’
(010 Z g 000) _ () ((200) _ Pm?(bl° + ak®)

)

k2 (bl + ak)
Case 2:
a® — a®, q(1,0.0) _ 0, q(0:1,0) _ 0, 4(0.0.1) 0,
2(2:00) m2l(bl° + ak®) Q110 iMi
k(bl + ak) k(bl + ak)
aOL1) — 0, a0 0,
y( _ _ ak*m?l+ 4ak’l + 30" k%a + 30\ kbl
B 31(bl + ak)
=kl +bl'm? — ml — dI* + 4bl*
31(bl 4 ak) ’
p(L00) _ (o p(0.10) _ (o p(0.0.) _ () p(2:00) _ M
’ ’ ’ bl + ak
p(1,1,0) — iMi p(0:11) _ . p(L,01) _
bl + ak ’ ’
0 =0 ((1.0.0) — g ((01.0) — g 001 —
6(27070) — M, (17170) — MZ
k? (bl + ak) k2 (bl + ak)
011 0, c(1,0.1) _ 0, q(0:2,0) _ ,(0,0,2) _
b(O 2,0) __ b(O 0 2) (072,0) — 6(0’0’2) —=0.
Case 3:
a® — a(o), q(1:0.0) _ 0, q(0:1,0) _ 0, 4(0.0.1) 0,
2 3 3
o200) Z 2L+ akT) ) _ g
k(bl + ak)
a1 =0, 10D =
y0) _ _ Aak’l 4 4ak*m’l + 30 K a + 30O kbl
a 31(bl + ak)
 —ckl — dI* + 4bl*m® + 4bl* — ml
31(bl 4 ak) ’

)
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b(2’0’0) _ 2m2(bl3 —+ a]qg)’ b(LLO) —o, b(OyLl) _o, b<1’0’1) —0, 0(27070) _ l2m2(bl3 + ak;g) 0(17170) _ l2m2(bl3 + akS) .

bl + ak = oR%(B + ak) TR rak)
0 = 0 (10,00 — g O1.0) — g 001) — o) _ Pm(bl® + ak®) o) _ il2m(b13 + akg)i
2 , 2 :
(200) _ 202m2 (bl® + ak®) 0 _ g 2k* (bl + ak) 2k=(bl + ak)
kK2 (bl +ak) 7 Case 6:
01D = g, (10D =0, (020 = (002 = p(02.0) = o (ak® +bPm? — ck + 361 + akPm?)l
p(0.0.2) _ 0.20) _ (0.0.2) _ “r= 3k (bl + ak)
Case 4 (—m + 3ab©@k — di + bi®)l
NON (ak® + bI*m? — ck + 36160 + ak®m?)l - 3k(bl + ak) ’
3k (bl + ak)
_(=m £ 30Ok — dl + bi?)1 alt 00 =0, @10 =0, o =0,
( ) ?zk(bl)-i- ak) ( | 7 q(0:2:0) — ,(0,0.2) _ p(0,2,0) _ (0,0.2) _ .(0,2,0) _ .(0,0,2) _ 0,
1,0,0 0,1,0 0,0,1
a7 =0, a7 =0, a7 =0,
27173 3 271713 3
200 m2l(b13 +ak3) (10) (20,0 _ m<l(bl° + ak ), L1110 _ im L(bl° + ak )i,
a = TRl ak) a =0, 2k(bl 4 ak) 2k(bl + ak)
3 3
4011 _ jEml(bl + ak ), A0 — LOLD) ~ mi(bl® + ak®) L000) mil(bl® + ak?’)i
k(bl + ak) 2k (bl + ak) 2k(bl + ak)

b(O) _ b(O)7 b(l,0,0) _ 0’ b(O,l,O) _ 0’ b(0,0,l) _ 0’

) 5 5 b(O) — b(O)7 b(l,0,0) — O7 b(O,l,O) _ 0, b(0,0,l) _ O7
p(2,00) _ (bl° + ak?) p(1,1,0)

’ - 0,
ol p(2:0,0) — M p(1.1,0) _ :EMZ'
p0.1,1) _ iM p(1,0.1) _ 2(bl + ak) 2(bl + ak)

0 — o0 .(1,0,0) _bl; ZZJ,O) — 0. 001 pO11) ~ m(l® + ak®) §(101) _ iMi
= ’ 5 2_ 3’ , - — Y = 2(bl —l—ak) y = Q(bl n ak) ;
(200) _ EmIO +ak”) - 40

k2 (bl + ak) . (0 = (0 ((100) g (0.10) g 001) _
Pm(bl® + ak®) ( |
(O = Ll 100 0 030 = g B0 ok) o _ PR k),

2 » € = 2 3
2k(bl + ak) 2k=(bl + ak)
2(002) _ p(0.2.0) _ 5(0.02) _ ,(020) _ (0.02) _

oy _ _Pm@l +ak) - oy | PmE +ak?)

Case 5: , i
2k2 (bl + ak) 2k%(bl + ak)

o (ak® +bPm? — ck + 3b1b® + akPm?)l
T 3k(bl + ak ubstituting the results above into Eq. we can obtain
@ ( ) Sub he results ab Eq. (23) b
( 30Ok — dl+ b3l the following Jacobi elliptic functions solutions for Egs. (20),
—m + 3a —

where ¢ = 1oy k.54 1 T+ &.
3k (bl 4 ak) ’ g I'l+a)” ~ I(1+5) ra+y¥ +e
Family 1:
Q00— qO010) _ g 4(000) _ o 4(0.20) _ (0.02)
— p0:2,0) — 5(0,0,2) _ .(0,2,0) _ .(0,0,2) _ 0, m2l(b13 n aks)

w(.9,) = o'+ Fp e an(©)

(200 _ m21(bl3 + ak?®) 10 _ m21(bl® + ak®) ml(bl® + ak®)i

k(b + ak) T T kMl ak) T ek SME)An(),
: _ _4ak®*m®l 4 ak®l + 30" k?a + 3a'” kbl
a(O,l,l) _ ml(blS + ak ) a(l,O,l) _ ml(bl3 + akS)i (xa Y, t) - 3l(bl + [lk)
2k (bl + ak) ’ 2k (bl + ak) _ —ckl —dI” + bl* + 4bl*m® — ml
pO) _ 5O p(10.0) _ o 5010 _ o p0.0.1) _ g ,  SUbl+ak)
= 5 — Y, — Y — Y + (I)l)ll++ ]gk ) 2(5)
2173 3 2173 3 a
§200) _ ™ (bl° + ak )7 pLLO) _ M (bl? + ak )Z.7 L + ak®)i sn(&)dn(6),
2(bl + ak) 2(bl + ak) bl + ak

l2m2(b13 + ak3)

_ 0 2
pO11) _ m(bl® + ak?) p(1.0,1) — iM@' = : B aby ¢
2000+ ak) 2(bl + ak) O k)i ane).
(0 Z 0 ((100) _( 010) _ g 001 _ g k*(bl + ak) (24)
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Family 2:

UQ(I7y7t) =

Family 3:

U3(.13, yvt) =

U3($7y7t) =

UJ3(.13, Zl,t) =

Family 4:

U4(.I‘7 yat) = —

2 3 3
’U4($7y7t) = b(O) + M

’11)4(.1‘7 yat) = C(O) +

us(z,y,t) = a® +

wa(z,y,t) = O +

(bl + ak®) 5
EplFak) " (©)

161 + ak®)i
e s )en).
_ak®m?l + 4ak’] + 30" Vk%a + 300 kbl

31(bl + ak)
_ —ckl 4+ bl*m? — ml — dI® + 4bl*
L B0+ ak)
4 b+ ak) o e

2%; akkg ‘
mﬂu;zﬁm@m@,
M 2(5)
Kbl +ak)

sn(&)en ().

+

+

kK2 (bl + ak)

(25)

2m2U(b® + ak®)

T

_ 4ak®l+ 4ak®m® + 309 k?a + 3¢ kbl

31(bl + ak)
_ —ckl — dI” + 4bl*m* + 4bl* — ml
L, SUbl+ak)

2m~(bl° + ak

lnglf,) sn?(8),

2Wm? (b + ak®) o ©
k*(bl + ak) '

a(o) _|_

+

C(O) _|_

(26)

(ak® + bPm? — ck + 3616 + ak®m?)i
3k(bl + ak)
(—m 4 3ab Ok — dl + bl®)1
L 3k {ak)
mLOE + ak”) o gy

(bl + ak)
i en(€)dn(©),
sn?(€)
3 3
MR o €)ane),
P 4 ak) e
Kb+ ak)

Pm(bl® + ak®)
mm(f)dn(ﬁ)-

+

+

bl + ak
+

27

w5('ra Z%t) = C(O) +

’U’G(xa:%t) = -

UG(xv Y, t) =0 + m2

wﬁ(xa y7t) = C(O) +

Family 5:
us(z,y,t) = — (ak® + b1*m? — ck + 3016 + ak’m?)l
P 35(bl + ak)
(=m+ 3ab Ok — dl + b3l
3E(0l + ak)
m2(bl® + ak®)
Rl ak) o ©)

N on(©)en(e)
il ) en(eine)
s s (€)an(e),

vs(z,y,t) = b + Wm?(g)
I e)en(e)
S AED o (€)ane)
£ g n(€)in(©),
lzmmsn%f)
ﬁ%giﬁﬁmfmw
ﬁﬁ%iﬁ%%wn@
L i (€)an(e).

(28)

Family 6:

+

(ak® + b1*m? — ck + 3bIb') + ak®m?)l
3k (bl + ak)
~ (=m+3ab" Ok — dl + bl®)]

. 3K+ ak)

m21(bl® + ak?)
“Reran)
Wm(@m(@
ch(&)dn(&)

mi(bl® + ak)i
W;n(@dn(f)a

(bl® + ak®)

T
ﬂFWm(@cn(o
Iy en(©n(e)
Lty ()

P (b + ak?)
Fm”(bl” + ak”)i
_Pm(bl® +ak?)

26 + ak) en(&)dn(¢)
Lt isn(€)an o).

(29)

Remark 2. To our best knowledge, the Jacobi elliptic
function solutions established in (24)-(29) are new exac-
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t solutions to the (2+1)-dimensional space-time fractional
Nizhnik-Novikov-Veselov System (20).

V. FURTHER RESULTS FOR THE SPACE-TIME FRACTIONAL
KP-BBM EQUATION

In this section, as an extension of the method used in
Sections II-1V, we propose a different approach to deduce
new exact solutions for the following space-time fractional
KP-BBM equation

D¢ [Dfu+ Du — aDgu® — bD (D3u)] + eD;%u = 0.
(30)
In order to obtain new exact solutions for Eq. (30), suppose
U’(xay7t) = U(T])’ where n=ct+ kx + ky =+ 1o, ¢ ka Mo
are all constants with k, ¢ # 0. Then by use of Eq. (4) one

can deduce that

Dgu = DU (n)
Dgu = DzU(n)
Dygu = DyU(n)

= DpU(n)(n'(¢))* = c*DyU(n),

= DyU(n)(n' ()" —kaD“ (),

=DyUn)(n'(y)* = k“D(’U(n)-
(31)

Then Eq. (30) can be turned into the following form with

respect to the new variable 7:

¢k D2V (1) + K D2U (n) — 2ak**[(DSU(n))?

—I—U(n)D,Z]O‘U(n)] - bco‘kgo‘Df]aU(n) + eon‘Df]O‘U(n) =0.
N (32

Set ¢ = ﬁ sn(§) = sa(n), cn(§) =
ai(n), dn(€) = dn(n), cs(§) = os(n), sd(§) =
sd(n), de(§) = de(n), sc(§) = 3c(n), ds(§) =
ds(n), cd(§) = cd(n), nd(§) = nd(n), ns(&) =
ns(n), nc(§) = mnc(n). Then by Egs. (1) and (3) one

can obtain that D,‘f n(n) = Dpsn(n) = Dysn(§) =
n'(§) D¢ = sn’(§). So according to Eq. (9) we deduce
that

Dyysn(n) = en(n)dn(n), (33)

and similarly
Dyen(n) = —sn(n)dn(n), (34)
Dyydn(n) = —m?*sn(n)en(n). (39)

Suppose that the solution of Eq. (32) can be expressed by
a polynomial in the Jacobi elliptic functions as follows:

Un) =a'® + Z

n+p+qg=1

By balancing the order of D}*U(n) and U(n)D2*U(n) in
(32) one can obtain m = 2. So

a P D™ (nyen? (n)dn’ (n). (36)

U(n) = a® +a"20%m(n) + o Ven(n) + o> Vdn(n)
+a® 005 (n) + o Osm(nyEn(n) + ol Ven(n)dn(n)
+al M OVsm(n)dn(n) +a @2 O en® (€) +al %D dn?(€). (37)

Substituting (37) into (32), using (33)-(35) and collecting
all the terms with the same power of 51" (n)en? (n)dn’ (n)
together, equating each coefficient to zero, yields a set of
algebraic equations. Solving these equations with the aid of
mathematical software, yields the following values, where ¢
denotes the unit of the imaginary numbers.

Case 1:
o _ BT AR m® 4R + ek + ¢ o0 _
2ak® ’ ’
21,
2010 — o 4001) _( 200 _ _3m7K%c"D
b b a b
3c“bkOm? .
a(L10) — 4 i, a1 =, o101 —
a
q(0:2:0) _ ,(0,0.2) _ ¢
Case 2:
NP b K> m? + 4bc™ K + ek + ¢ 400 _
2ak® ’ ’
2
a(O.,l,O) — O a(07011) — O a(210=0) — _M
b 9 a b

a0 gL _ o (00 _

a(0:2:0) _ ;(0,02) _ ¢
Case 3:
FONS k® 4+ 4bc® k2 m” + be® k> + ek + c* L0100 _ g
QCLka ? )
21 .«
a010) — g 001 g 00 _ _3mKTCTh
a
(e} o
a(17170) = O, a(o’l’l) = 0, a(l,O,l) — imh
a

0(0:20) _ ,(00.2) _

Case 4:
a0 _ K bk m® + bk 4 ek® 4 2100 — ¢
2ak® ’ )
a(O,LO) =0 a(0,0,l) -0 a(270,0) _ _M
) ) 0 s
abho) — g 011 — iw, 10D — g,
a
a(0:2:0) _ ;(0,02) _
Case 5:
O Kb R m? £ bR 4 ek e 00y
2ak* ’ ’
JOL0) _ g 001 _ 400 _ _3mEC
’ ’ 2a
a0 3EVRIE, g | Bmkteh
2a ’ 2
o101 — iwi a(0:2.0) — 4(0,0.2) _
2a ’ :

Substituting the results above into Eq. (37), considering

i si(n) = — ]
such equality holds sm(n) = sn(&), where £ = Ti+a)
and n = ct + kx + ky + np, we can obtain the following
exact solutions in the forms of the Jacobi elliptic functions

for Eq. (30).

Family 1:
iy (2,9, 1) = k% + be®k2*m? + 4bc“ k%Y + ek® + ¢
Y 2ak*
3m2k*c™b 3¢ bk®m>2i
—Tan(S) + Tsn(ﬁ)cn(f). (38)
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Family 2:

K +4bc" K m® + 4bc" K + ek® + ¢
B 2ak®

UQ(J?, Y, t)

6m2k*cb
——S8N

a

(€)- (39)

Family 3:

k™ 4 4be kP m? + bk 4 ek® + ¢
N 2ak*

U3(CE, Y, t)

3m2kc®b
——————sn

a

3c*bk“m

)+ isn(§)dn(§).  (40)

Family 4:

kYt be®k2%m? + be® k™ + ek® + ¢
o 2ak”

U4<$, Y, t)

) [5]
3Im k%c®b
——5n

a

n 3mk“c®b
a

(&) cen(§)dn(§).  (41)

Family 5: (o1

k% 4+ bk m® + bk + ek™ + ¢

N 2ak® "

u5(l’, Y, t)

3m*kc®b (8]
—8N
2a
n 3mk“cb
2a

3cbk*m?2i
2a
3cbk“msi
2a

() + sn(&§)en(§)

[9]

cn(§)dn(§) + sn(§)dn(§).  (42)

[10]
Remark 3. We note that the value of & in (38)-(42) is

essentially different from that in (15)-(19), and the Jacobi el-
liptic function solutions established in (38)-(42) are different
exact solutions from those in Section III. So the approach
used here is essentially different from that in Sections II-
IV. Moreover, as one can see, the method mentioned in
this section can also be applied to deduce new Jacobi
elliptic function solutions for the (2+1)-dimensional space-
time fractional Nizhnik-Novikov-Veselov System (20) under
the condition o = =~y = 1.

[11]
[12]

[13]

[14]

VI. CONCLUSIONS [15]

In this paper, we extend the Jacobi elliptic function method
to seek exact solutions for fractional partial differential
equations. This method belongs to the categories of the sub-
equation methods, and the fractional complex transforma-
tion used here for ¢ plays the most important role in the
solving process. In order to demonstrate the validity of this
method, we apply it to seek exact solutions in the forms
of the Jacobi elliptic functions for the space-time fractional
KP-BBM equation and the (2+1)-dimensional space-time
fractional Nizhnik-Novikov-Veselov System. With the aid of
mathematical software, a series of Jacobi elliptic functions
solutions for the two equations have been successfully found.
Finally, as an extension of this method, we propose a new
approach for seeking new Jacobi elliptic function solutions
for space-time fractional differential equations. Being concise
and powerful, this method can also be applied to seek exact
solutions for many other fractional differential equations.

[16]

(17]

[18]

[19]

[20]

[21]

[22]
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