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Some Results of Resistance Distance and
Kirchhoff Index Based on R-Graph

Qun Liu

Abstract—The resistance distance between any two vertices of
a connected graph is defined as the effective resistance between
them in the electrical network constructed from the graph by
replacing each edge with a (unit) resistor. The Kirchhoff index
K f(G) is the sum of resistance distances between all pairs of
vertices in G. For a graph G, let R(G) be the graph obtained
from G by adding a new vertex corresponding to each edge
of G and by joining each new vertex to the end vertices of
the corresponding edge. Let G1 ® G2, G1 © G2 be the R-
vertex corona and R-edge corona of G; and G2. In this paper,
formulate for the resistance distance and the Kirchhoff index
in G1 ® G2 and G1 © G2 whenever G; and G2 are arbitrary
graphs are obtained. This improves and extends some earlier
results.

Index Terms—Kirchhoff index, Resistance distance, R-vertex
corona, R-edge corona, Generalized inverse

I. INTRODUCTION

N1993, Klein and Randi¢ [1] introduced a distance func-

tion named resistance distance on the basis of electrical
network theory. The resistance distance 7;;(G) between any
two vertices ¢ and j in G is defined to be the effective
resistance between them when unit resistors are placed on
every edge of G. The Kirchhoff index K f(G) is the sum of
resistance distances between all pairs of vertices of G. The
computation of two-point resistances in networks and the
Kirchhoff index are classical problem in electric theory and
graph theory. The resistance distance and the Kirchhoff index
attracted extensive attention due to its wide applications
in physics, chemistry and others. For more information on
resistance distance and Kirchhoff index of graphs, the readers
are referred to Refs. [2]-[12] and the references therein.

Let G = (V(G), E(G)) be a graph with vertex set V(G)
and edge set F(G). Let d; be the degree of vertex ¢ in G
and D¢ = diag(dy,dy, - - - djy(q)|) the diagonal matrix with
all vertex degrees of GG as its diagonal entries. For a graph
G, let Ag and B denote the adjacency matrix and vertex-
edge incidence matrix of G, respectively. The matrix Lg =
D¢ — Ag is called the Laplacian matrix of GG, where D¢ is
the diagonal matrix of vertex degrees of G. We use p;1(G) >
us(G) > -+ > pp(G) = 0 to denote the spectrum of L.
If G is connected, then any principal submatrix of L¢ is
nonsingular.

In [13], new graph operations based on R(G) graphs: R-
vertex corona and R-edge corona, are introduced, and their
A-spectrum(resp., L-spectrum) are investigated. For a graph
G, let R(G) be the graph obtained from G by adding a new
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vertex corresponding to each edge of GG and by joining each
new vertex to the end vertices of the corresponding edge.
Let I(G) be the set of newly added vertices, i.e. I(G) =
V(R(G)) \ V(G). Let G; and G2 be two vertex-disjoint
graphs.

Definition 1. ([13]) The R-vertex corona of G| and Go,
denoted by G; ® G, is the graph obtained from vertex
disjoint R(G;) and |V(Gy)| copies of Gy by joining the
ith vertex of V' (G1) to every vertex in the ith copy of Gs.

Definition 2. ([13]) The R-edge corona of G; and Go,
denoted by G © G, is the graph obtained from vertex
disjoint R(G1) and |I(G1)| copies of G2 by joining the ith
vertex of |I(G1)] to every vertex in the ith copy of Gs.

Note that if G; has n; vertices and m; edges for i = 1, 2,
then G; ® G5 has n; + my + niny vertices and 3m; +
nime + ning edges, Gy © G2 has ny +my +myny vertices
and 3m, + mimg + ming edges.

This paper is organized as follows. In Section 2, some
auxiliary lemma are given. In Section 3, we obtain formulas
for resistance distances of R-vertex corona and R-edge
corona of two arbitrary graphs. In Section 4, we obtain
formulas for Kirchhoff index of R-vertex corona and R-edge
corona of two arbitrary graphs.

II. PRELIMINARIES

Let M be a square matrix M. The {1}-inverse of M is
a matrix X such that M XM = M. If M is singular, then
M has infinitely many {1}-inverse [14]. The group inverse
of M, denoted by M #_is the unique matrix X such that
MXM =M, XMX =X and MX = XM. It is known
[9, 11] that M7 exists if and only if rank(M) = rank(M?).
If M is real symmetric, then M7 exists and M7# is a
symmetric {1}- inverse of M. Actually, M# is equal to the
Moore-Penrose inverse of M since M is symmetric [15].

We use M) to denote any {1}- inverse of a matrix M.
Let (M),,-denote the (u,v)-entry of M.
Lemma 1. ([16]) Let G be a connected graph. Then

(Lg))uv - (LS))QW
2(LE ) uo-

ru’U(G) = (Lg))uu + (Lg))m; -
= (Lg)uu + (Léﬁ)vv -

Let 1,, denotes the column vector of dimension n with
all the entries equal one. We will often use 1 to denote an
all-ones column vector if the dimension can be read from
the context.

Lemma 2. ([17]) For any graph, we have Lﬁl =0.
Lemma 3. ([18]) Let

w2 )
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be a nonsingular matrix. If A and D are nonsingular, then

y-1 [ ATN+ATIBSTICATT —AT1BST
- —S1oA! 51
[ (A-BD"lC)~! —A-lBS-!
- —s-tcA-t 51 >

where S =D — CA~1B.

For a vertex ¢ of a graph G, let T'(i) denote the set of all
neighbors of ¢ in G.

Lemma 4. ([17]) Let G be a connected graph. For any
i,j € V(G),

rij(G) =d; | 1+ Z i (G) = d;* Z 761(G)

keT (i) k€T (i)

Lemma 5. ([16]) Let G be a connected graph on n
vertices. Then

Kf(G) =ntr(LY) = 1TLP1 = ntr(LE).

Lemma 6. ([4]) Let G be a connected graph of order n
with edge set E. Then

>

u<v,uveFr

Tun(G) =n — 1.

Lemma 7. Let

A B
v= (5 5)
be the Laplacian matrix of a connected graph. If D is

nonsingular, then

Y H# —H#BD™!
“\ =D 'BTH# D-'4+ D 1BTH#BD™!

is a symmetric {1}-inverse of L, where H = A— BD~'BT.

Proof Let H = A— BD'BT, and

X
B H# —~H#BD™!
~ \ -D'BTH?# D1+DlBTH#BD1>
_ I 0 H#* 0
- \ -D7'BT I> 0 D1>
I —-BD™!
0 I )

Since D is nonsingular, then

A B
L = BT D
B I BD™! H 0 I 0
— Lo I 0 D DT 1 )

By computation, we have

LX
(I BD! H 0 I 0
—\o T 0 D) D-1BT 1)

I 0 H# 0
-D7'BT I ( 0 D—l)
I —-BD™!
0 I
(I -BD! HH#* 0
- (o ) T)
I —-BD!
0 I
B HH#* —HH#BD™'+ BD™!
- (" ;)
1xL - (HH* BD™'-HH#BD 1>
0 I
A B
BT D
HH#(A—-BD 'BT)+ BD'BT B
BT D>

= L.
Hence X is a symmetric {1}-inverse of L, where H = A —
BD~ BT,

Remarks: The above result is similar to Lemma 2.8 in
[16], this is another form of Lemma 2.8, but in the process
of computing the resistance distance and Kirchhoff index of
graph G ® G2 and G © G2, we use this formula to be more
superior than Lemma 2.8 in [16].

III. RESISTANCE DISTANCE IN R-VERTEX CORONA AND
R-EDGE CORONA OF TWO GRAPHS

We first give formulae for resistance distance between two
arbitrary vertexes in G; © Gb.

Theorem 1. Let G; be a graph with n, vertices and m;
edges and Gy be a graph with ny vertices and mq edges.
Then the following holds:

(a) For any 4,5 € V(Gy), we have

2 2

g(Lgl)n‘ + g(Lgl)jj

(b) For any i,j € V(G2), we have

T’ij(Gl © G2) = (Inl & (LGz + Inz)_l)ii + (I’ﬂl ® (LG2
+In2)_1)jj - 2(‘[”1 ® (LG2 + In2))_1'

(c) For any i € V(G1), j € V(G2), we have

4

ri; (G1 © Gg) = S(Lgl)if

2 _
rij(G1© Ga) = g(Lé)n‘ + (In, ® (Lay + Iny) ™Yy
2
*g(Lé)ij-
(d) For any i € I(Gy), j € V(G1) UV(Ga), let uv; €
E(Gy) denote the edge corresponding to 7, we have
ri;(G1 © G2)

11 1
= 3 + §Tu1:j(G1 © G2) + 57”111',]'(611 ©Gy)

1
—Z’l’uivi (G1 O) GQ)

(e) For any ¢,j € I(G1), let u;v;, u;v; € E(Gy) denote the
edges corresponding to %, j, we have
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ri;(G1 © G2)

1
= 1+ Z(TWUJ (Gl ® GQ) =+ Tuv; (Gl ® GQ)

+T’U7;u‘7' (Gl O} G2) + rvﬂ)j (Gl O] G2)
—Tuv; (Gl O] G2) - Tujvj (Gl O] G2)

Proof Let R be the incidence matrix of G;. Then with
a proper labeling of vertices, the Laplacian matrix of G =
G'1 ® G5 can be written as

L(G) =
Lg, + D¢, + naly, -R I, ® 17,
_RT 217TL1 Om1 Xning
_Inl @ 1n2 0n1n2><m1 Inl ® (LG2 + Ing)

where 0, ; denotes the s x ¢ matrix with all entries equal to
Zero.

Let A= Lg,+Dg,+n2ly,, B=( —R —I,, ®1] ),
T ( ~RT
BT —

_]nl ® 177,2
D — 0m1 Xninsg .
Onyn, Xxm1 I, @ (LGz + Inz)

21,
We begin with the calculation about H.

and

Let Q = I,,, ® (Lg, + Ip,,) ™", then

H
= Lg, +Dg, +nolpy, — ( =R —1I,, ®1] )

-1
QIml Om1 Xninsg _RT
Onlng Xmy Q *Inl ® lng

= LG1 +DG1 +n2-[n1_
( _%R _Inl & 152(‘[’@2 +In2)71 )
—RT
(-ro, )
= LGl + DG1 + TLQInl - %RRT - nQInl
= %LG17

_27#
so, we have H# = §LG1'

Now we are ready to calculate —H#BD~' and

~D~'BTH?,
Let K = I,,, ® 1], then
—~H#BD™!
= —-H#*( —-R —I,, ®1] )

2,0,
On1 ny X M1

Om1 Xninaz

—1
ITL1 ® (LG2 + Inz) )

_ 1 T
= -H#*( -iR -1, ®17 )
= (lH*R H*K )
and
~D'BTH#
—1
— _ ( 217711 0m1 Xning )
On1n2><m1 Inl & (LG2 + Inz)
—RT
H#
_Inl ® ]-’ng
sRT sRTH#
— 2 # 2
Lol )7 KTH#

Next we are ready to compute the D~'BTH#BD~1.

D 'BTH#BD™!

_1pT g#
R*H
(2% ) (& —K)
—1
QI'ml O’m1 Xning
0n1n2 Xmy In1 Y (LG2 + Inz)
_ ([ ARTH#*R LRTH*K
o KTH#R KTH#K
%Iml 0m1Xn1n2
0n1n2><m1 In1 ® (LG2 + Inz)_l
LRTH#R

sRTH#K
gKTH#R KTH#*K ) ’

» where KTHK = 2KTLY, K = 2jn,xn, ® LY .

Based on Lemma 7, the following matrix

N =
27 # 17# 21 #
1§{F/G¥& 1 ngGlf # 1§§/G§#K
i T I T
gK LG1 gK LclR Q—i—gK LGlK

(1)
is a symmetric {1}- inverse of L(G; ® G2), where ) =
I'nl ® (LG2 + Inz)il’ K = I’ﬂl ® 152'

Let G = G1 ® Go, then For any ¢,j € V(G1), by Lemma
1 and the Equation (1), we have

2 2
rig(G) = L)+ 5(LE)i — 5(LE )i,

as stated in (a).

For any 4, j € V(G2), by Lemma 1 and the Equation (1),
we have

Tij(G) = (Inl ® (LG2 + In2)_1)ii + (Inl ® (LG2

+I"2)71)jj - 2(1”1 ® (LGz + In2)71)ij7

as stated in (b).

For any ¢ € V(Gi), j € V(G2), by Lemma 1 and the
Equation (1), we have

2 _
g(Lzl)u‘ + (In, @ (Lay + Iny)™Y)js
2

—g(Lé)w"

rii(G) =

as stated in (c).

Forany i € I(G1), j € V(G1)UV(G2), let uv; € E(Gy)
denote the edge corresponding to ¢, by Lemma 4, we have

1 1 1
-+ 77ﬂu7~,j(G1 © GQ) + 77ﬂv7;j(G1 ® Gg)
2 2 2
1
_i’ruivi (Gl O] G2>7

rij(G) =

as stated in (d).

For any i,j € I(G1), let u;v;,u;v; € E(G1) denote the
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TAENG International Journal of Applied Mathematics, 46:3, [JAM 46 3 10

edges corresponding to ¢, j, by Lemma 4, we have

1 1 1
— 4+ —7r.i(G G —
2-1—27"13( 10 2)+2

1
_Zruivi (Gl O] G?)

1
= 147 (Pusu, (G1 © G2) + Ty, (G1 @ Ga)

+T1)7yuj (Gl © GZ) + vaj (Gl © GZ)
—Tu;v; (Gl © G2) - Tujvvj (Gl © G2)) )

rij(G) = 70,5 (G1 © G2)

as stated in (e).

The following result is proved in a way that is certainly
similar in spirit to the proof of Theorem 1, but is a little
more complicated in detail. Next, we will give the formulate
for the resistance distance between two arbitrary vertexes in
G160 Gs.

Theorem 2. Let G; be a graph on n; vertices and m;y
edges and G be a graph on ng vertices and mgo edges, let
G = G1 © G4. Then the following holds:

(a) For any 4,j € V(G1), we have

2 2 4
rif(G) = S(LE)u+ (L% )i — 2 (LE)ij.
3 3 3
(b) For any ¢,j € V(G2), we have
rij(G)

jnz)(nz)_l)ii

= I, L 1, — ——
( 1®( Go T 1In, Ny + 2

1

n2+2
1

n2+2

+(Im1 ® (LGz + Inz - jn2><7l2) )jj

_2(Im1 ® (LG2 + I?’Lz - jn2><n2)_1)7;47"

(c) For any i € V(G1), j € V(G2), we have

2

riy(G) = 3

(Lgl)“ + (Iml ® (LGz + I’ﬂz
b
») + 2

(LGz + Inz -

jngxnz)_l)jj - (Iml ®
1

mjnz xna)ij-

(d) For any i € I(G1), j € V(G1) UV (G2), let wv; €
E(Gy) denote the edge corresponding to i, we have

1
rij(G) = n2+2(1+7“jui(G19G2)+7‘jvi(G1@G2)
1
+ Z Tjk(Gl@Gz) —m

keV(Ga2)

K f(Gs)+ Z ru;k(G1© Ga) +
keV(G2)

Tu,v; (Gl © G2> + Z rvik:(Gl S G2)
kEV(G2)

(e) For any 4,j € I(G1), let u;v;,ujv; € E(G1) denote
the edges corresponding to ¢, j, we have

rij (G)
1
= P (1 +Tiuj (Gl @GQ) +Tivj (Gl @Gz)
1
+ Z rik(Gl S) GQ) - m

keV(Ga2)

Kf(Gy)+ Z Tu;k(G1 © Ga)

keV(Ga)

+ru0; (G1 © G2) + Z o,k (G1 © G2)
keV(Ga2)

Proof Let R be the incidence matrix of G;. Then with a
proper labeling of vertices, the Laplacian matrix of G; © G,
can be written as

L(G) =
LG1 + DG1 —-R Om Xming
—RT (n2 + 2)Im1 _Iml ® 171;2 ;
Om1n2><n1 _Iml ® 1n2 Im1 0y (LGz + Inz)

where O, ; denotes the s x ¢ matrix with all entries equal to
Zero.

Let A=Lg, + Dg,, B = ( —R  Opnyxmyng ), BT =

—RT >
and
( Oml’I’LQ Xni

D — (n2 + 2)I7nl *Iml ® ]-Z;Q )
_Iml ® 1, Iml ® (LG2 + In2)

Note that RRT = Dg, + Ag,. Let Ry = [(na + 2)1,,, —
(*Iml ® 12:,12)(Im1 ® (LGz + 1712))71(71'"7«1 ® 1n2)]71 =
%Iml. By Lemma 3, we have

1 . —
n2+2]n2 ><TL2)

D! =
1 1 T
( 1 §Im1 §Im1 ® 1nz
5Im, ® 1y, F
where F' = I,,, ® (Lg, + In, —
We begin with the calculation about H.

TLet T =TIy, ®(LG2 + I, — ﬁjnzxnz)_l’ K=1n,®
1, , then

na?

H = LG1 + DG1 - ( —-R Oanm1n2 1)
1 1 T - T
( 1 31m, 3lmi ® 1, ) R
§Im1 ® 177,2 T Om1n2><n1
_RT

= Lg, +Dg, —( —%R —%RK )
= Lg, +Dg, — 1RRT = 2Lg,.

0m17L2 Xnq

_27#
So, we have H# = §LG1.

Now we are ready to calculate the —H#BD~! and
—~D~'BTH#,

~H#BD™! = —H#( —R  Onyxmansg )

< 1L, i, @17 >
%Iml ® 1y, Iml ® (LG2 + Inz - mjnzxnz)il
= ( %H#R %H#RK )

and

(Advance online publication: 26 August 2016)
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—D'BTH# =
_ %Inu %Iml ® 13;%
%Iml & 1n2 Iml 02y (LG2 + In2 - mjngxnz)_l

—RT 1pT g#
# 2
( Ormym X1y )H ( iKTRTH#* |-

Next we are ready to compute the D~'BT H#BD~!.

D 'BTH#BD™!

_( -iRTm?
- —sKTRTH#
( _R 0711)(177,177,2 )
%Iml iIml & 122
1, @1y, T
- ARTH#R iRTH#RK
- iKTRTH#*R 1KTRTH#RK |-

Based on Lemma 3 and Lemma 7, the following matrix

N =
# # #
%LGH# %LGHR %LG1RK
sBTLG, 5@+ slm QK 43K
IKTRTLY,  1KTQ+L1KT LKTQK+T
(2)

is a symmetric {1}- inverse of L(G1 © G3), where K =
Ly @17, T = I, @ (Lgy + Iny — 7tmgdnaxns) ™ Q =
RTLE R.

For any 4, j € V(G;), by Lemma 1 and the Equation (2),
we have

2

3

2 4
rij(G16G2) = Z(LE)u+ g(Lé )ii — g(Lé)m‘a

as stated in (a).

For any 4, j € V(G3), by Lemma 1 and the Equation (2),
we have rij(Gl S Gg)

= (Iml ® (LGQ + [nz - jnzxnz)il)ii

ng + 2

1
1, L I, ———
+( 1®( Gz T dny ng + 2

1
—2(1I, L I, ———
( :1®( Gy 1+ In, ng + 2

Jns an)il)jj
jngxng)il)i]‘a

as stated in (b).

For any ¢ € V(G1), j € V(G2), by Lemma 1 and the
Equation (2), we have

2

rij(G1O6G2) = 3

(Lgl)n + (Iml ® (LG2 + In2 -
1

m%m)‘l)jy = (Imy ® (Lg, +

1

ny — manan)_l)ij7
as stated in (c).

Forany : € I(Gl),j € V(Gl)UV(Gg), let u;v; € E(Gl)

denote the edge corresponding to i, by Lemma 4, we have

1
ri;(G) = R—— (1ju; (G1 © G2) + 10, (G1 ©G2) + 1
1
+ Z Tjk-(Gl S GQ) - m

keV (Ga2)

Kf(Ga) + Z Tu;k(G1 © Ga) +

keV(G2)
ru (G1OG2) + > 1yk(G1OGy) |,
keV(Ga)
as stated in (d).

For any ¢,j € I(G1), let wv;,ujv; € E(G1) denote the
edges corresponding to i,j respectively. By Lemma 4, we
have

1
Tij (G) = R (1 + Tiu, (Gl [S) GQ) + Tiv, (Gl &) GQ)
1
+ Z Tik(Gl © GQ) — m

keV (G2)

Kf(Ga)+ Y rur(GroG) +
keV(Ga2)

Tu;v; (G1 © Ga2) + Z Tu;k(G1 © Ga) |,
keV(G2)

as stated in (e).

IV. KIRCHHOFF INDEX IN R-VERTEX CORONA AND
R-EDGE CORONA OF TWO GRAPHS

In this section, we will give the formulate for the Kirchhoff
index in G; ® G5 and G1 © G5 whenever G and G5 are
arbitrary graphs.

Theorem 3. Let G; be a graph with n; vertices and my
edges and G5 be a graph with ny vertices and mo edges.
Then

Kf(G1©Gs)

24 2n9

= (n1+mi+nino) ( Kf(Gy)

na

1 1
I+ =tr(Dg, LY
3r( G1 Gl)+n1;ui((¥2)+l
3m17n1+1 1 T r# 1
== o) AT _z
+ 6 > 6" “&iT T3

1
# #
1"(RTLY K)1 — g1T(KTLG1R)1
myi + 2ning

—ning — 2 )

where m = (dy,da, -+ ,dp,)" and K = I,,, ® 1% .

Proof Let L(G}1)®G2 be the symmetric {1}-inverse of
LG1®G2' Then

(Advance online publication: 26 August 2016)
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1
tr(Lg;l)GGz)
2 4 1 |
= gtr(LG1)+tr(§Iml+éR L% R) +tr
1, 2
(In, @ (Lay + Iny)) ™ + gtr(KTLglK)

2 mi 1
= L)+ 5+ > (L)
i<j,ij€E(G1)
+H(LE, )5+ 2(LE i) + matr((La,

_ 2, .
1))+ Gt (Gnascns ® LE, ).

Note that the eigenvalues of (Lg, + I,,) are p1(Gs) +
17 .7/,Ln(G2) + 1, thel‘l t’r(LGz + Inz)_l = Z:L:zl m.
By Lemma 1 and Lemma 5, we have

1
tr(L(Gl)QGQ)
2 mi 1
= T Kf(G A
3m ut 1)J’2+6HZ
1<j,ij€E(G)
2(LE )i + 2(LE,)j; — i (G)] +
L B POl
n e — —_—
" (Ge) 1 By
2+ 2ny mp 1 "
= Kf(G — + —tr(Dg., L
G K (G + 5+ 5tr(De, L)

_n1—1+n i 1
6 P i (Gy) + U

Next, we calculate the lT(L(Gll)®G2)1. Since L¥1 = 0, then

1 1 1 1
(LG o)1 = 1T(§Im1+gRTLZIR)1+§1T
T # Lor ot #
(RTLE,K)1+ 17T (KTLE R)1
+]-T(I71,1 ® (LG2 + Iﬂ2)71)]‘
2
+§1T(KTL§1K)1.
Since R1 = m, where 7 = (di,dg,---,d,,)T, then

1TRTLY R1=7TLE m

Let T =1L | (In, ® (L, +Iny) ™ ) lnyng M = (L, +
In,), K =1, ®1] , then

T = (15, 1, - 1f)

3

n2

S

n2

= nllfz(ng + Inz)_llnz = NNy
and 17(KTLY K)1

= 15177,2 (Inl ® 1n2)Lgl (Inl ® 12;2)

1n1n2
= (151, - 111,,)
12;21@
g, | Tele
221770

= n317 L% 1,, =0,

1
$0 1T(L(GI)QG2)1
mq 1
2 +6
Lop or #
—|—31 (K7 LE, R)1+nins.

1
nlLE, 7+ 51T (RTLE, K1

Lemma 5 implies that
1
Kf(L(Gl)@G2> =
(n1 +mq + nlng)tr(L(G}l)@GQ) — lT(Lgl)QGz)l.

. 1 1 .
Then plugging tr(L(Gl)@GQ) and IT(L(Gl)QGQ)l into the e-
quation above, we obtain the required result.

Corollary 1. Let G; be an rq- regular graph with n
vertices and m; edges and G2 be a graph with no vertices
and mo edges. Then

24+ 2ny +r
Kf(GioGy) = (n1+my+ning) (21
377,1
na 1
Kf(Gi)+n —_—
/(&) 1;/%(02)“
+3m1 —ny + 1 . mi + 27L177,2
6 2 '
Proof Since R1 = 1 and Lgl = 0, then
I"KTLE R = 17(RTLE K)1 = 0 and 77LY 7 =
TflTLgll = 0. Then the required result is obtained by

plugging 17 K7LY% R1, 1T(RTLE K)1 and 7T LY « into
Theorem 3.

Theorem 4. Let G; be a graph with n; vertices and m;
edges, G2 be a graph with ny vertices and mo edges. Then

Kf(G1©Gs)

2

= (nl -+ mo -+ mlng) <3Kf(G1)
n

1 1

+3 6

tr(Da,LE,) + ~tr(K"RT LY, RK)

i L 3mom 1)
— pi(G2) + 1 6

1+ 3ne

6

where K = I,,, ® 17 and 7 = (dy,do, - - -

na

+ my

my + 4ming
2 b)
ydny)T

T71#
T LG17T

Proof The proof is similar to that of Theorem 3 and hence
we omit details.

Corollary 2. Let G; be an ri-regular graph with ng
vertices and m; edges and G2 be a graph with ny vertices
and my edges. Then

2+7’1

Kf(GieGy) = (n1+m2+m1n2)< 3

(A

1
+6tr(KTRTL§1RK) +my

2 1 3my —ng +1
; pi(Ga) +1 3

my + 4ming
e
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where K = 1,,,, ® 152.

Remark: From Theorem 3.2 and Theorem 4.2, in [13],
one can immediately get the Kirchhoff index of a graph by
computing the Laplacian eigenvalues of the graph. However,
the expression given in Theorem 3.2 and Theorem 4.2 in
[13] are somewhat complicated. In the above, by the result
of Theorem 3 and Theorem 4 in a different way we obtain
a much simpler expression.

V. CONCLUSION

We use the Laplacian generalized inverse approach to
obtain the formulate for the resistance distance and the
Kirchhoff index in G; ® G2 and G; © G whenever G
and G are arbitrary graphs. This approach is more simpler
than the computation of the results in [13] and improves and
extends some earlier results.
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