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Interactive Decision Making for Multiobjective
Fuzzy Random Programming Problems with
Simple Recourse through a Fractile Model

Hitoshi Yano and Rongrong Zhang

Abstract—In this paper, we focus on multiobjective fuzzy
random programming problems with simple recourse through
a fractile optimization model, in which fuzzy random variables
coefficients are involved in equality constraints, and random
variables coefficients are involved in the objective functions. In
the proposed method, equality constraints with fuzzy random
variables are defined on the basis of a possibility measure and
a two-stage programming method. To deal with the objective
functions involving random variable coefficients, a fractile op-
timization model is applied. For a given permissible possibility
level and/or permissible probability levels specified by the
decision maker, several kinds of Pareto optimality concepts are
introduced. Interactive decision making methods are proposed
to obtain a satisfactory solution from among a Pareto optimal
solution set. The proposed method is applied to a farm planning
problem in the Philippines, in which it is assumed that the
amount of water resource in dry season is represented as a
fuzzy random variable.

Index Terms—multiobjective programming, simple recourse
programming, a possibility measure, fuzzy random variables,
a satisfactory solution.

I. INTRODUCTION

During the past six decades, various types of stochastic
programming approaches have been proposed to deal with
mathematical programming problems with random variable
coefficients. Such approaches can be classified into two
groups, one is two-stage programming methods [2], [4], [7],
[18], [20] and the other is chance constraints methods [3],
[15], [16]. In two-stage programming problems, the first-
stage is to minimize the penalty cost for the violation of the
equality constraints under the assumption that the decision
variables are fixed, and the second-stage is to minimize the
original objective function and the corresponding penalty
cost. For chance constraint programming problems, a proba-
bility maximization model and a fractile optimization model
were proposed. In a probability maximization model, the
probability that the objective function is smaller than a cer-
tain target value is maximized. A fractile optimization model
can be regarded as a complementary to the corresponding
probability maximization model, in which a target variable
is optimized under the condition that the decision maker
specifies the probability level that the objective function is
smaller than the target variable.

Two-stage programming methods have been applied to
various types of water resource allocation problems with
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random inflow in future [17], [19]. However, if probability
density functions of random variables are unknown or the
problem is a large scale one with random variables, it may
be extremely hard to solve the corresponding two-stage
programming problem. From such a point of view, inexact
two-stage programming methods have been proposed [6],
[12].

As an extension for multiobjective programming problems,
Sakawa et al. [14] proposed an interactive fuzzy decision
making method for multiobjective stochastic programming
problems with simple recourse. However, in the real world
decision making situations, it seems to be natural to consider
that the uncertainty is expressed by not only fuzziness but
also randomness simultaneously. From such a point of view,
interactive decision making methods for multiobjective fuzzy
random programming problems have been proposed [9], [10],
in which chance constraint methods and a possibility measure
are applied to deal with fuzzy random variable coefficients
[11].

In this paper, we focus on multiobjective fuzzy random
programming problems with simple recourse through a frac-
tile optimization model, where the coefficients of equality
constraints are defined by LR-type fuzzy random variables
[9], [10], and the coefficients of the objective functions
are defined by random variables. We propose interactive
decision making methods to obtain a satisfactory solution
from among a Pareto optimal solution set. In section II, we
focus on multiobjective programming problems, in which
the coefficients of equality constraints are fuzzy random
variables. After the decision maker specifies a permissible
possibility level for fuzzy random variables, multiobjective
fuzzy random simple recourse programming problems are
formulated, and the corresponding Pareto optimal solution
concept is defined. To obtain a satisfactory solution from
among a Pareto optimal solution set, an interactive algorithm
(Algorithm 1) is developed [22]. In section III, we further
focus on multiobjective programming problems, in which
the coefficients of equality constraints are fuzzy random
variables while the coefficients of the objective functions are
random variables. After the decision maker specifies not only
a permissible possibility level for fuzzy random variables but
also permissible probability levels for the objective functions,
multiobjective fuzzy random simple recourse programming
problems through a fractile optimization model are formu-
lated, and the corresponding Pareto optimal solution concept
is defined. To obtain a satisfactory solution from among a
Pareto optimal solution set, an interactive algorithm (Algo-
rithm 2) is developed. From a view point that permissible
probability levels and the corresponding objective functions
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conflict with each other, the another interactive algorithm
(Algorithm 4) is also developed, in which the decision maker
is requested to specify not permissible probability levels but
the membership functions of permissible probability levels.
In Algorithm 3, permissible probability levels are automat-
ically set as appropriate values through the fuzzy decision
[1], [13], [24]. In section IV, to show the efficiency of the
proposed method, we apply Algorithm 2 to a farm planning
problem in the Philippines [23], in which it is assumed that
the amount of water resource in dry season is represented as
a fuzzy random variable and the profit coefficients of seven
crops are represented as random variables.

II. MULTIOBJECTIVE FuZzZY RANDOM PROGRAMMING
PROBLEMS WITH SIMPLE RECOURSE

In this section, we focus on multiobjective programming
problems involving fuzzy random variable coefficients in the
right-hand sides of the equality constraints.

[MOP1]
] 1
min (ciz, -, cx) n
subject to _
Az =d 2
where ¢, = (¢o1,-- ,cm),f = 1,---,k are n dimen-

sional coefficient row vectors of objective function, * =
T . . ; .. .
(21, - ,2,)" > 0 is an n dimensional decision variable
column vector, X is a linear constraint set with respect
to . A is an (m X n) dimensional coefficient matrix,
T

d=(dy,---,d,) isan m dimensional coefficient column
vector whose elements are fuzzy random variables [11]
(The symbols "= and ”~” mean randomness and fuzziness
respectively).

In order to deal with fuzzy random variables efficiently,
Katagiri et al. [9], [10] defined a special type of a fuzzy
random variable based on the concept of LR fuzzy numbers
[5], which is called an LR-type fuzzy random variable.

Under the occurrence of each elementary event w, d;(w) is

a realization of an LR-type fuzzy random variable d;, which
is an LR fuzzy number [5] whose membership function is

defined as follows.
L (Wéﬁ) , s < bi(w)
R (S—Ei(w)) s > (UJ) (3)
Bi ’
where the function L(t) def max{0,[(¢)} is a real-valued

continuous function from [0,00) to [0,1], and I(¢) is a

strictly decreasing continuous function satisfying [(0) = 1.

Also, R(t) ef max{0,7(t)} satisfies the same conditions.

a;;(>0) and f3;;(> 0) are called left and right spreads [5].
The mean value b; is a random variable, whose probability
density function and cumulative distribution function are
defined as h;(-) and H;(-) respectively. It is assumed that
random variables b;,i = 1, - - - , m are independent with each
other.

Since it is difficult to deal with MOP1 directly, we
introduce a permissible possibility level (0 < v < 1) based
on a concept of a possibility measure [5] for the equality
constraints (2),

<

Mgi(w)(s) =

(=l
N

Pos(a;xz = d;(w)) > v,i=1,---,m, “)

where a; = (a;1,** , i), = 1,--- ,m are n-dimensional
row vectors of A. From the property of LR fuzzy numbers,
the i-th inequality condition (4) can be transformed into the
following two inequalities.

bi(w) — L7 (y)ai < aix <bi(w) + R7Y)B  (3)

For the above two inequalities (5), we introduce two vectors

T

= Ym) >0,

) =0,y = (yr
where (y;, y;) represent the shortage and the excess for the
interval (5), and the following relations hold [21].

(1) For the case b;(w) — L™'(y)a; > a;x, it holds that
v =bi(w) — L7Y(y)a; — a;z > 0,y; = 0.

(2) For the case b;(w) + R™Y(y)B; < a;z, it holds that
yi =0,y = agx — (bi(w) + R~ (3)8;) > 0.

(3) For the case b;(w) — L7 (y)a; < a;x < bi(w) +
R™1(7)B;, it holds that y;t = 0,y; = 0.

Yano [21] has already formulated fuzzy random simple re-
course programming problems using (y™,y ™). In this paper,
as a extension of [21], we formulated a multiobjective fuzzy
random simple recourse programming problem (MOP2) as
follows.

[MOP2]

Y=y

min ez + B [yrp;_ (ay" + q1y_)}

........................ (6)

min cyx + F [ min (¢fyt +qry” ]
i (a7y* a4y

reX

)

subject to

a;x+y >bi(w)— L' (Yay,i=1,--,m
aix—y; <bi(w)+R'NBui=1,---,m
reX,yt >0y >0

where

are m dimensional weighting row vectors for y™ and y~
respectively. For the /-th objective function of (6), the second
term can be transformed into follows [21].

)

E [yrfi??_ (a7y* + qey‘)}

— (o -1

= Y g (BB] - aiw - L7 (3)as)
i=1

+ Z qf; {(a;w + L7 (Y)o) Hi(aix + L™ (7))

i=1

ai$+L71 ('y)ai
- / biha (bi)dbs

— 00

+Z q;; {(a;x — R™(7)Bi)Hi(a;x — R~ (7)8;)

a;,t—R™'(v)B:
- / bia(by)db;

— 00

= do(z,7) €))
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In the following, we define the objective functions as:

def

ze(x,y) = cox+do(x,y),L=1,--- k. (10)

Then, a multiobjective programming problem (1) can be
reduced to a multiobjective fuzzy random simple recourse
programming problem, in which a permissible possibility
level v is a parameter specified by the decision maker.
[MOP3(7))

(1)

min (z1(x,7), -, zk(x,7))

reX

Now, we can define a Pareto optimal solution concept for
1n).

Definition 1

x* € X is said to be a ~y-Pareto optimal solution to
MOP3(7), if and only if there does not exist another € X
such that z,(x,v) < z(x*,7v),f = 1,---  k with strict
inequality holding for at least one /.

For generating a candidate of a satisfactory solution which
is also a ~y-Pareto optimal solution, the decision maker is
asked to specify a permissible possibility level v and the
reference objective values Z,,¢ = 1,--- ,k [13]. Once
and Zy,/ = 1,---,k are specified, the corresponding -y-
Pareto optimal solution, which is in a sense close to his/her
requirement or better than that if the reference objective
values are attainable, is obtained by solving the following
minmax problem [13].

[MINMAX1(2,7)]
min A (12)
TreX,\eER!
s.t. zo(x,y) — 20 <A Al=1,---k (13)

The relationships between the optimal solution (*, A*) of
MINMAX1(Z,7) and ~-Pareto optimal solutions to MOP3(~)
can be characterized by the following theorem.

Theorem 1
(1) If z* € X,\* € R! is a unique optimal solution of
MINMAXI1(2,7y), then * € X is a y-Pareto optimal solution

to MOP3(v).

(2) If &* € X is a y-Pareto optimal solution to MOP3(~y),
then z* € X \* % zo(x*,v)—2¢, =1, -,k is an optimal
solution of MINMAX1(2,v) for some reference objective
values 2 = (21, , 21).

(Proof)

(1) Assume that £* € X is not a y-Pareto optimal solution
to MOP3(~). Then, there exists & € X such that zp(x,y) <

ze(x*,7),0 = 1,--- , k with strict inequality holding for at
least one £. This means that zo(x,y) —2¢ < zg(x*,7y) — 2, <
A, ¢ =1,---,k, which contradicts the fact that x* € X is

a unique optimal solution to MINMAXI1(2,7).
(2) Assume that z* € X, \* € R! is not an optimal solution
to MINMAXI1(2,~) for any reference objective values 2 =
(21, , 2r), which satisfy the equalities \* = zp(x*,v) —
%2¢,£ = 1,--- k. Then, there exists some x € X, \ < \*
such that zg(x,v) — 2, < \,£ = 1,--- , k. This means that
ze(x,y) < ze(x*,7v),£ = 1,--- ,k, which contradicts the
fact that x* € X is a y-Pareto optimal solution to MOP3(~).
Unfortunately, it is not guaranteed that (x*, \*) is a -
Pareto optimal solution to MOP3(v), if (x*, \*) is not
unique. In order to guarantee y-Pareto optimality, we solve
a ~y-Pareto optimality test problem for (z*, \*).
Theorem 2

Let z* € X, A\* € R! be an optimal solution to
MINMAXI1(2,y), in which \* = z/(x*,v) — 2,0 =
1,--- k. Corresponding to the optimal solution «* € X,
solve the following ~y-Pareto optimalitz test problem.

(14)

max €y
TeX,€E=(e1, ,ek)ZO =1

subject to
Z[(m”)/)f,’g’g+€g SA*7€:17 7k

Let £ € X,é, >0,/ =1,--- ,k be an optimal solution to
(14). If Zif:l € = 0, then * € X is a y-Pareto optimal
solution to (11).

On the other hand, the partial differentiation of
ze(x,v),L = 1,k for x5, = 1,---,n and x4t =
1,--- ,n can be calculated as follows.

82’[(«%, ’Y)
&’Csaxt
_ - + -1
= Z g aisaihi(a;x + L™ (7)oy)
i=1
+Y_qpaisaihi(a — R'()B)  (15)
i=1
The Hessian matrix for z¢(x,~) can be written as:
VQZZ(ma 7)
= Z gfhi(ae + L7 (y)ew) - A;
i=1
+3 quhilai — RN (y)B:) - Ai,  (16)
i=1
where A;,i = 1,--- ,m are (n X n)-dimensional matrices
defined as follows.
a?1 Tt A41G4n
AE D=1 m a7
AinQil - a?n

Because of the property of the Hessian matrix for
zoe(x,7y),£ =1, -  k, the following theorem holds.
Theorem 3

MINMAXI1(2, ) is a convex programming problem.
(Proof)

From the definition (17), it holds that A; = a;fp-ai. Therefore,
the following relation holds for any nm-dimensional column
vector y € R

y Ay = y'-(af -ai)-y

= (y'-ai) (ai-y)

= (ai-y) (ai-y) >0
This means that matrices A;,i = 1,---,m are positive
semidefinite. Because of the assumptions that probability
density functions h;(-) > 0,i =1,--- ,m, and qZ >0,q, >
0,{ =1,---,k,i = 1,--- ,m, the following relation holds
for each of the Hessian matrices V2z;(x,7),¢ = 1,--- , k.

y' V2 (z,7)y

= Zqzhi(aim + L7 (aw) -y Ay
im1

+3 gphi(aiz — R (7)) - yT Ay > 0
=1

(Advance online publication: 26 August 2016)



TAENG International Journal of Applied Mathematics, 46:3, [JAM 46 3 14

This means that MINMAX1(2, ) is a convex programming
problem.

The relationship between a permissible possibility level
~ and the optimal objective function value z,(x*,7y) of
MINMAXI1(2,7v) can be characterized by the following
theorem.

Theorem 4
For the optimal solution * € X of MINMAXI1(2, v), the
following relation holds.

32@ ((B* ) ’Y)
20

L~ (v)

+

= =) gfi——aq
i=1 9y

o~ 0Lt
+ Z qzwaiﬂi(aifﬂ* + L7 (y)ew)
i=1

m

OR™!
- Z Qs &YW)BiHi(aiw* —R'(%)B)
i=1
(18)

Now, following the above discussions, we can present an
interactive algorithm to derive a satisfactory solution from
among a ~y-Pareto optimal solution set to (11).

[Algorithm 1]

Step 1: Set a permissible possibility level v = 1.

Step 2: The decision maker sets the initial reference
objective values 2, for zo(x,v),l=1,--- , k.

Step 3: Solve MINMAXI1(2,~) and obtain the correspond-
ing optimal solution (x*, A*). For the optimal solution x*,
a y-Pareto optimality test problem is solved.

Step 4: If the decision maker is satisfied with the cur-
rent value of the ~-Pareto optimal solution z¢(x*,~),¢ =
1,--- ,k, then stop. Otherwise, the decision maker updates
his/her reference objective values Zy,¢ = 1,--- |k, and/or a
permissible possibility level v, and return to Step 3.

III. MULTIOBJECTIVE FUuzzY RANDOM PROGRAMMING
PROBLEMS WITH SIMPLE RECOURSE THROUGH A
FRACTILE MODEL

In this section, we further consider multiobjective pro-
gramming problems, in which the coefficients of equality
constraints are fuzzy random variables while the coefficients
of the objective functions are random variables.

[MOP4]

grcnel% (G, -+ ,Crx) (19)

subject to _
Az =d (20)
where ¢, = (1, ,Cen),£ =1,--- ,k is an n dimensional

random variable coefficient row vectors of the objective
function ¢yx. © = (x1,--- ,xn)T > 0 is an n dimensional
decision variable column vector, X is a linear constraint set
with respect to x. A is an, (m x n) dimensional coefficient

matrix, d = (dq,--- ,d,,) is an m dimensional coefficient
column vector whose element is an LR-type fuzzy random
variable d; [9], [10] defined by (3).

In the following, let us assume that the each element c;
is a Gaussian random variable :

cej ~ N(Elegjl, 0055)s

and the positive definite variance covariance matrices V;, ¢ =

1,---,k between Gaussian random variables ¢p;,7 =
1,--- ,n are given as:
Op11 O¢12 O¢1n
v | O TE T sk @D
Otnl  Oin2 Oinn

We denote the vectors of the expectation for the random
variable row vector &; as E[¢/] = (E[cn], -+ , E[cwm]),l =
1,---, k. Then, using the variance covariance matrix V}, the
objective function ¢, becomes a Gaussian random variable.

cx ~ N(E[¢z, 2" Vix), 0 =1,--- |k (22)

According to the discussion in the previous section, for a
permissible possibility level, MOP4 can be reduced to the
following multiobjective stochastic programming problem.
[MOP5()]

min (&1 + di(,7), -,z + di(x,7))

TreX (23)

where dy(x,7),f = 1, .-,k are penalty costs defined by
(9). If the decision maker specifies permissible probability
levels pg, ¢ = 1,--- , k for ¢yx, the multiobjective stochastic
problem (23) can be transformed into the following multiob-
jective programming problem through a fractile optimization
model [15], [16].

[MOP6(v, p)]

:Ixnelgl((fl($77apl)a"' 7flc(w>%pk)) (24)
where fo(x,v,pe) is defined as follows.
N ef _ 1/~
fem, v, p0) € Eldz+ 07 (py) - VaT Ve
+dy(x,7) (25)

In MOP6(v, p), it is assumed that ®~'(-) is an inverse
function of a cumulative distribution function for N(0,1) and
0.5 < pp < 1,£ = 1,--- k. It should be noted here that
the problem (24) can be regarded as a generalized version
of (11), since fo(x,~,0.5) is equivalent to z,(x,v) if E[c/]
is replaced by ¢, and fi(x,7,p¢),{ =1, -+, k are convex
functions with respect to £ € X because of Theorem 3.

Similar to Definition 1, we can define a Pareto optimal

solution concept to (24).

Definition 2

x* € X is said to be a (y, p)-Pareto optimal solution to
MOP6(v, p), if and only if there does not exist another x €
X such that fy(x,v,pe) < fo(x*,v,00),¢ = 1,--- , k with
strict inequality holding for at least one /.

For the reference objective values fg, {=1, -,k speci-
fied by the decision maker, the corresponding (-, p)-Pareto
optimal solution is obtained by solving the following mini-
max problem [}3]'

[MINMAX2(f, 7, p)]

min A (26)
TeX AeR?
st fol@,y, D)~ fe<AL=1,---k (27

Similar to Theorem 3, MINMAX2( f, v, P) becomes a
convex programming problem.

The relationships between the optimal solution (*, A*) of
MINMAX2( f , 7Y, P) and (v, p)-Pareto optimal solutions to
MOP6(y, p) can be characterized by the following theorem.
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Theorem 5

() If z* € X,\* € R! is a unique optimal solution of
MINMAX?2( f , Y, D), then £* € X is a (7, p)-Pareto optimal
solution to MOP6(~y, p).

2) If * € X is a (y, p)-Pareto optimal solution to
MOP6(7, ), then z* € X A\* ¥ f,(z*,v,p), 0 =1, .k
is an optimal solution of MINMAXZ(f', v, p) for some
reference objective values f =( fl, SRR fk)

We can present the interactive algorithm to obtain a
satisfactory solution from among a (v, p)-Pareto optimal
solution set.

[Algorithm 2]

Step 1: The decision maker sets a permissible possibility
level v and permissible probability levels pg, (0.5 < Py <
D,6=1,--- k.

Step 2: The decision maker sets the initial reference objec-
tive values fy, 0 =1,--- ,k for fe(x,v,p),=1,--- k.
Step 3: Solve MINMAX2( f, ~, P) and obtain the corre-
sponding optimal solution (z*, A\*). For the optimal solution
x*, a (v, p)-Pareto optimality test problem is solved.

Step 4: If the decision maker is satisfied with the current
value fo(x*,v,p),{ = 1,--- ,k then stop. Otherwise, the
decision maker updates his/her reference objective values
fg,ﬁ = 1,--- ,k, a permissible possibility level -y, and/or
permissible probability levels py, ¢ = 1,--- . k, and return to
Step 3.

In order to deal with MOP6(v,p), the decision maker
must specify permissible probability levels p in advance.
However, in general, the decision maker seems to prefer
not only the less value of the objective function fy(x, "y, p¢)
but also the larger value of the permissible probability level
p¢. From such a point of view, we consider the following
multiobjective programming problem which can be regarded
as a natural extension of MOP6(v, ).

[MOP7(7)]
a)eX,ﬁzEI(I()l}B,K:I,..- k (fl (.’1}, ,Y’pl)’ B fk(m’ 7’pk)’
_ﬁla Tty _pk)
where permissible probability levels py, £ = 1,--- , k are not

fixed values but decision variables.

Considering the imprecise nature of the decision maker’s
judgment, we assume that the decision maker has a fuzzy
goal for each objective function in MOP7(y). Such a fuzzy
goal can be quantified by eliciting the corresponding mem-
bership function. Let us denote a membership function of
an objective function fo(x,~,p¢) as py, (fe(x,7,Pe)), and
a membership function of a permissible probability level p,
as i, (Pe) respectively. Then, MOP7(y) can be transformed
into the following problem.

[MOPS(~)]

a m N e
$€X,ﬁg€%,1}){,l:1,-~~,k (:ufl (fl( ,77]71))7 5
Hfr (fk(ma ’Yapk))a

In the following, we make the following assumptions
with respect to the membership functions py, (fe(, v, pr)),
Mf)[(ﬁf)ag = ]-7 T 7k'

Assumption 1

tp, (Pe), £ =1,--- ,k are strictly increasing and continuous
with respect t0 py € Py [ppnin, emax] C (0.5,1), where
Hpe (ﬁ@) =0if 0 < ﬁl < p[mins and Hpe (ﬁl) =1if ﬁ[max <
pe < 1.

Assumption 2

wr, (fe(x,v,P0)),€ = 1,--- ,k are strictly decreasing and
continuous with respect to fo(x,7v,P¢) € [femin, femax)s
where :u’fe(ff(mar%ﬁf)) = 0if f@(w577ﬁ€) > ffmax, and
Mfz(f[(wvﬁ)/aﬁf)) =1if ff(wa’yapl) < mein~

In order to determine these membership functions appro-
priately, let us assume that the decision maker sets pymin,
ﬁ[maxa mein and flmax as follows.

At first, the decision maker specifies Pymin(> 0.5) and
Demax 10 his/her subjective manner, where Py, is an accept-
able minimum value and pyyax 1S a sufficiently satisfactory
minimum value, and sets the intervals :

def [ .
PE = [Z’Zmin»PZmangz ]., ’k.

Corresponding to the interval Py, let us denote the inter-
val of K, (fz(ib‘,’)’,ﬁz)) as [fhninyf(max}» where fémin is
a sufficiently satisfactory maximum value and fyp.x 1S an
acceptable maximum value. fy,;, can be obtained by solving
the following problem.
def . N
min — s Vs Plmin 2

fe min fe(z, 7, Pemin) (29)
In order to obtain fy,ax, We first solve the following k pro-
gramming problems, mingex fo(@, v, Pomax), £ = 1, , k.
Let ¢,/ = 1,--- , k be the corresponding optimal solution.

Using the optimal solutions @y, ¢ = 1, -+ |k, fomax can be
obtained as follows.

def

frmax = (30)

Z:l,r-r-l-%?,fséi ff(mfv Y, pZmaX)

It should be noted here that, from (25), py, (fe(2, v, Pe))
and pp,(pe) perfectly conflict each other with respect to
pe. Here, let us assume that the decision maker adopts the
fuzzy decision [1], [13], [24] in order to integrate both the
membership functions p, (fe(x, 7, pe)) and pp,(Pe). Then,
the integrated membership function pp,, (x,7,p¢) can be
defined as follows.

iy, (.7.5¢) € min{pg, (Be), oy, (fe(z, 7, 50))} G

Using the integrated membership functions pp,, (x,7,pe).
{=1,--- k, MOPS8(v) can be transformed into the follow-
ing form.

[MOP9(v)]

max

TeX poelyimt b \HPH (@,7:P1), -+, Dy, (az,v,pk))

In order to deal with MOP9(+y), we introduce an M-vy-Pareto
optimal solution concept.

Definition 3

¥ € X,p; € P, = 1,---,k is said to be an M-y-
Pareto optimal solution to MOP9(y), if and only if there
does not exist another x € X,p, € Pp,{ = 1,--- ,k such
that KDy, (:137’)/,13@) > KDy, ($*7771§z) ¢ =1,---,k, with
strict inequality holding for at least one /.

For generating a candidate of a satisfactory solution which
is also M-y-Pareto optimal, the decision maker is asked to
specify the reference membership values [14]. Once the ref-
erence membership values i = (fi1,--- , fir) are specified,
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the corresponding M-v-Pareto optimal solution is obtained
by solving the following minmax problem.
[MINMAX3(f2, 7)]

min (32)
TeEX,PprePy,l=1, kK, EA
subject to
fre = pg (fe(@, v, 00)) < Al=1,--k (33)
[j’giﬂﬁl(ﬁz) < >\’€:13 7k (34)
where ot
A= i —1, min i)
2 e b i

Because of Assumption 2, the constraints (33) can be trans-

formed as follows.
—1/~ _
—A) — El¢plx — dy(a,
be < @ Mo (e — A) — Ele] o(, ) 35)
VT Vx
From the constraints (34) and Assumption 1, it holds that
De > M;{l(ﬂg — A). Therefore, the constraint (35) can be

reduced to the following inequality where a permissible
probability level p, is disappeared.

E[Ee]w—dé( )
> @ N (e~ V) Ve Vi =1,k (36)

Then, MINMAX3(f,y) can be equivalently reduced to the
following problem.
[MINMAX4(j2, )]

(e — A) —

min A 37
TeX,AeA
subject to
py (e = A) — E[Ee]w —dy(z,7)
> o (g (g — N) - VaT Ve, £ =1, k(38)

In order to solve MINMAX4(j, ), which is a nonlinear
programming problem, we first define the following function
for the constraints (38).

def —1/~ —
g7, N) = (e — ) — Eleda — de(x,7)
—0 iy e~ V) V2TV,
(=1, .k (39)
It should be noted here that gy(x,~y,\),¢ = 1,---  k are

concave functions for any fixed A € A. Under Assumption
3, it is clear that the constraint set G(\, ) is a convex set
for any A € [0, 1], which is defined as follows.

def

The constraint set G(\,
for A € A.
Property 1
If A\i, A2 € A and A\ < Ao, then it holds that G(\;) C
G(A2).
(Proof)
From Assumptions 1 and 2, it holds that ufel (fre — A1) <
py, (e = Aa), @7 (g (e — Ar)) > @7 (g H(fie — Aa)).
This means that g;(x,v, A1) < ge(x,7, \2) for any x € X.
Therefore, G(A1,7) C G(A2,7) for any A; < Asg.

From Property 1, we can easily obtain the optimal so-
lution (z*, A*) of MINMAX4(x,~y) by using the bisection

*y) satisfies the following property

method for A\ € A, where it is assumed that G(Amax, v) #
(ba G(Aminy 7) = ¢

[Algorithm 3]

Step 1: Set \g = /\max, Al = Amin and A\ < ()\0 + /\1)/2
Step 2: Solve the following convex programming problem
for A € A, and let us denote the optimal solution as * € X.

m j 41
rex9i (,7,4) “D
subject to

7k7i#j

Step 3: If | Ay — Ao |< €, then go to Step 4, where € is
a sufficiently small positive constant. If g;(x*,A\) < 0 or
there exists the index 4 # j such that g,(x*, \) < 0, then set
A1 M A« (Ao + A1)/2, and go to Step 2. Otherwise, if
gj(x*,A\) > 0and ge(x*,X\) > 0forany ¢ =1,--- ki # j,
then set A\g <— A\, A < (Ag + A\1)/2, and go to Step 2.

Step 4: Set \* + ), and the optimal solution (x*,\*) to
MINMAX4(f1,y) is obtained.

The relationship between the optimal solution (x*, A*) of
MINMAX4(f1, ) and M-vy-Pareto optimal solutions can be
characterized by the following theorem.

Theorem 6
(1) If * € X, \* € A is a unique optimal solution to
MINMAX4(f1,7), then * € X,p; = p;'(fu — X*) €

95(1:777)‘)207£:17"' (42)

P, = 1,--- k is an M-v-Pareto optimal solution to
MOPI9(v).
2 Ifxzr e X,p, € P, = 1,---,k is an M-y-

Pareto optimal solution to MOP9(), then =* € X, \* =
fu — uﬁz(ﬁE) = fig — ﬂf{(ff(m*aﬁz»vg =1, ,kis an
optimal solution to MINMAX4([L,7) for some reference
membership values ft = (fi1,- -+, fig).

Now, following the above discussions, we can present the
interactive algorithm in order to derive a satisfactory solution
from among an M-vy-Pareto optimal solution set.
[Algorithm 4]

Step 1: The decision maker specifies Pgyin > 0.5 and
Pemax < 1, £ =1,--- , k in his/her subjective manner. On the
interval Py = [Pmin, Pemax)> the decision maker sets his/her
membership functions 3, (pe),¢ = 1,---,k according to
Assumption 1.
Step 2: Corresponding to the interval P, compute fomin
and fomax by solving the problems (29) and (30). On the
interval [fomin, frmax), the decision maker sets his/her mem-
bership functions iy, (fe(x,pe)),¢ = 1,--- , k according to
Assumption 2.
Step 3: Set the initial reference membership values as ji, =
1,6=1,--- k.
Step 4: Solve MINMAX4(j1,~) to obtain the M-vy-Pareto
optimal solution.
Step 5: If the decision maker is satisfied with the current
Values of the M-v-Pareto optlmal solution fip,, (™, p7), ¢ =
,k, where p; = o, (ue A*), then stop. Otherwise, the
dec1510n maker must update his/her reference membership
values fig,¢ = 1,--- ,k and/or a permissible possibility level
v, and return to Step 4.

IV. A CROP PLANNING PROBLEM IN THE PHILIPPINES

In this section, we apply Algorithm 2 to a second crop
planning problem of paddy fields in the Philippines [23]
under the hypothetical decision maker, in which the water
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TABLE I
PROFIT COEFFICIENTS ¢zj,t =1,---,5,5=1,---,7
Fi 1 2 3 4 5 6 7
t year | c¢1 Ct2 Ct3 Ct4 Ct5 Ct6 Ct7
1| 1989 | 45 | 32.6 40 | 726 | 7.3 | 2.7 | 109
2| 1990 | 57 | 227 | 295 | 136 | 63 | 43 | 245
311991 | 38 | 263 | 423 | 429 | 5.1 | 1.2 | 13.3
411992 | 35 | 21.3 | 20.1 | 357 | 52 | 25 | 26.1
511993 | 44 | 262 | 393 | 225 | 84 | 22 | 26.6

availability constraint in the dry season is expressed as a
equality constraint with a fuzzy random variable. In the
model farm, only rice (x1) is grown in the wet season (May
to October), and tobacco(zs), tomatoes(xs), garlic(x4), mung
beans(zs), corn(xg) and sweet peppers(z7) are grown in
the dry season (November to April), where z; means the
cultivation area (unit: 1 ha) for each crop 7 =1,---,7. Itis
assumed that the farmer has only two persons of available
family labor, but he does not have access to hired labor. The
farmer must decide the planting ratio among seven kinds of
crops (rj,7 = 1,---,7) in his/her farmland to maximize
his/her total income and minimize total work hours.

Table 1 shows the profit coefficients c;; of seven crops
7 (G =1,---,7) in each year [23]. From Table I, we can
compute the expected values as

(E[El}v E[EQL E[63]7 E[E‘l]v E[E5]a E[EG]a E[67])
= (4.38,25.82,27.04, 37.46, 6.46, 2.58, 20.28),

and the variance covariance matrix V.

0.717 0.1005 —-0.504  —-7.296
0.1005 19.13 —30.13 79.39
—0.504 —30.13 242.06 —239.13
Vi=1 —-7.296 79.39 —239.13 515.2
0.4565 2.994 —-1.993 —0.217
0.787 —1.250 —-5.924 —9.626
0.8745 —26.015 39.27 —143.3
0.4565 0.787  0.8745
2994 —1.250 -—26.01
—1.993 —-5.924 39.27
Vo=1 -0217 —-9.626 —143.3
1.983  0.2665 1.467
0.2665 1.257 3.225
1.467 3.225 57.08
V=(W|V)

In the following, we assume that the profit coefficients
for seven kinds of crops can be regarded as normal random
variables :

Ej ~ N(E[Ej],O’jj),j = ].7 e ,7.
Then, the first objective function Zj(x) (total profit, unit:

1000 pesos) can be defined as follows.

7
zZ1(x) dof Zéjxj = éx ~ N(E[¢|z, " Vx)

where z & (z1,--+ ,x7). The second objective function is
total working hours. Table II shows the required working
hours Ly; for each crop (j = 1,---,7) and each period (from

TABLE 11
THE REQUIRED WORKING HOURS FOR EACH PERIOD ng

period : £ Loi | Lea | Loz | Lea | Les | Les | Ler
2-May : 1 26

1-Jun: 2 16

2-Jun : 3 160

1-Jul : 4 16

2-Jul : 5 6

2-Aug : 6 8

3-Sep: 7 140

1-Oct: 8 32 8

3-Oct: 9 46 6

1-Nov : 10 36 174 8

2-Nov : 11 100 10 44 12 54 50
3-Nov : 12 22 16 12 8 20
1-Dec : 13 8 38 16 10 16 | 108
2-Dec : 14 16 94 16 72
3-Dec : 15 8 32 16 24
1-Jan : 16 8 14 64
2-Jan : 17 36 14 12 16
3-Jan : 18 70 6

1-Feb : 19 70 6 | 180 48
2-Feb : 20 36 14 60 56
3-Feb : 21 36 6 48
1-Mar : 22 36 56
2-Mar : 23 30 32

3-Mar : 24 30

1-Apr: 25 38 56

2-Apr : 26 30

3-Apr: 27 26

the middle ten days in May to the last ten days in April,
£ =1,---,27) [23]. Then, the second objective function (a
total number of working hours, unit: 1 hour) can be expressed

as :
dot 27 7
ZQ(.’E) = ZZL@j.ﬁj.

=1 j=1

Since the upper limit of the working hours for each period
@ =1,---,27) can be computed as 8 (hours) x 2 (persons)
x 10 (days) = 160 (hours), the constraints :

7
> Leja <80, £=1,---,27
j=1
must be satisfied. As two land area constraints (unit: 1 ha)
for the wet and dry season,

7
T < 1azxj < 17x] 205.]: 1) a7
=2
must be satisfied. We assume that the water availability
constraint in the dry season is expressed as :

7 ~
E W;T; = d,
j=2

where the water demand coefficients w; for the crops
(] = 2, ,7) are set as (wg,wg,w4,w5,w6,w7) =
(264.6,232.3, 352.8, 88.2,44.1,220.5) [23], and the water
supply possible amount is defined as a following LR-type

fuzzy random variable d (unit : 1000 gallons).

L (E(“;ﬁ) , 5 < b(w)

= (s) = R (s—z(w)) ’ 5 > b(w)

w)
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where b ~ N(300,5%), a = 3 = 30, and L(t) = R(t) =
1-¢,0<t< 1.

Since the penalty cost arises only for the shortage of
water resource, it is assumed that qf' = 0,¢; = 10 and
q; = g5 = 0. Then, for the reference objective value 2, ¢ =
1,2 specified by the decision maker, the corresponding ~y-
Pareto optimal solution is obtained by solving the following
minimax problem.

[MINMAXS(f, v, Pl
max A
TreX, eR?!

subject to

fl(mvvaﬁ) 7.]?1 S A
27 7

>

Loz — fa < A
=1 j=1

where f1(x,~,p) is defined as follows.

7
h@yp) =3 Elegle; + e, () VaTVa
j=1
+d(z,v)
7
d,y) € g { (O wz; — R(7)B)
j=2

7

Y wyr; - B (3)9)

Sy wiz;—RTN(v)B
- / bgb(b)db}
where ¢(-) and ®(-) mean the probability density function
and the cumulative distribution one for N(300, 52), and ®q(-)
means the cumulative distribution function for N(0, 1).
Under the hypothetical decision maker, we apply Algo-
rithm 2 in section III to the crop planning problem described
above. In Step 1, the decision maker sets a permissible
possibility level ¥ = 1 and a permissible probability level
p = 0.8. In Step 2, the decision maker sets the initial
reference objective values (fi, f2) = (—33,680). In Step
3, MINMAXS5( f, v, P) is solved by using Mathematica and
the corresponding (v, p)-Pareto optimal solution is obtained.
In Step 4, the decision maker is not satisfied with the current
value of the (v, p)-Pareto optimal solution, he/she updates
his/her reference objective values as (f1, f2) = (—33,620),
and return to Step 3. The interactive processes under the
hypothetical decision maker is shown in Table III. In this
example, a satisfactory solution is obtained at the third
iteration, in which a permissible possibility level v = 1 and
a permissible probability level p = 0.8 are fixed at each
iteration. For comparison, Table IV shows the interactive
processes under the same conditions except that a permissible
possibility level is set as v = 0.5. By comparing Table III
for v = 1 with Table IV for v = 0.5, it is clear that any (v,
p)-Pareto optimal solution for v = 0.5 is superior to (v, p)-
Pareto optimal solution for v = 1 because of the definition of
a possibility measure. In any (y, p)-Pareto optimal solution
of Table III and Table IV, only tomatoes (x3) and garlic
(z4) in the dry season and rice (x7) in the wet season are
cultivated. The larger value of a permissible possibility level
v gives the larger planting ratio of tomatoes (z3) and the

TABLE III
INTERACTIVE PROCESSES FOR v = 1

1 2 3
21 -33 -33 -30
22 680 620 620
z1 -33 -33 -30
22 680 620 620
z1(x*) | -27.934 -27.238  -27.204
z2(x*) 685.07 625.76 622.80
x] 0.57343 0.42734  0.42000
x5 0.000 0.000 0.000
x3 0.55289  0.555327  0.55535
xy 0.44465 0.44466  0.44465
x5 0.000 0.000 0.000
xg 0.000 0.000 0.000
x5 0.00246 0.000 0.000

TABLE IV

INTERACTIVE PROCESSES FOR v = 0.5

1 2 3
Z1 -33 -33 -30
22 680 620 620
z1(x*) | -28.001 -27.305 -27.270
zo(x*) 685.00 625.70 622.73
x] 0.57306  0.42628  0.41894
x5 0.000 0.000 0.000
x5 0.53228  0.53249  0.53250
x 0.46772  0.46751  0.46750
x5 0.000 0.000 0.000
xg 0.000 0.000 0.000
x5 0.000 0.000 0.000

smaller one of garlic (x4) because of the difference of the
water demand coefficients of tomatoes (x3) and garlic (x4).

V. CONCLUSIONS

In this paper, we formulate three types of multiobjec-
tive fuzzy random simple recourse programming problems,
in which fuzzy random variables coefficients are involved
in equality constraints. In the proposed methods, equality
constraints with fuzzy random variables are defined on the
basis of a possibility measure and and a two-stage program-
ming method. For a given permissible possibility level and
reference objective values specified by the decision maker,
corresponding minimax problem is solved to obtain a Pareto
optimal solution. The proposed method (Algorithm 2) is
applied to a farm planning problem in the Philippines, in
which an amount supplied of water resource in dry season
is represented as a fuzzy random variable and the profit
coefficients are represented as random variables. In the near
future. we will apply Algorithm 4 to a farm planning problem
in the Philippines, in which permissible probability levels are
automatically computed through the fuzzy decision.
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