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Boundedness Character of a Symmetric System
of Max-type Difference Equations

Chang-you Wang, Hao Liu, Rui Li*, Xiao-hong Hu and Ya-bin Shao

Abstract—This paper is concerned with the boundedness of
the following symmetric system of max-type difference
equations

Yo Xy
Xou1 :max{c’xT}’ You =max{c,——}, neN,,

n-1 n-1
where N, =N U{0} , the parametersc, p,q € (0,00) and the

initial conditions X_,,X,,Y_,,Y, are arbitrary positive real
numbers.

Index Terms—max-type system, difference equations,
boundedness.

I. INTRODUCTION

Difference equation appear naturally as discrete analogues
and as numerical solutions of differential and delay
differential equations, which have been applied in biology,
ecology, physics, and so forth (see, [1-7]). Many researchers
have studied the asymptotic behavior of the difference
equation, for example, in [8, 9] and relevant references cited
therein. Recently, the scholars have begun to pay more
attention on the studying of so-called max-type difference
equations. In the initial study, experts focused on studying
the behavior of the following difference equation

O AQ )
Xn :max{i’i’...,i}’ nENO, (1)
Xn—l anz n—k
wherek e N, A" i=1,2,---,k, are real sequences (mostly

constant or periodic) and the initial values X_,,X,,---,X_, are

different from zero (see, [10, 11], as well as the references
therein).

Elsayed et al. [12] have proved that every positive solution
of the following third-order nonautonomous max-type
difference equation

Xn+l =max {%7 Xn—2} (2)

n

is periodic with period three when A is a three-periodic
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sequence of positive numbers.
In [13], Xiao et al. have shown that every well-defined
solution of the following difference equation

B
X,,, =max{—,X ,},neN, 3)

Xﬂ
is eventually periodic with period two, where the initial
conditions X ,X, are arbitrary non-zero real numbers

and feR.

In 2008, S. Stevi¢ [14] proposed some open problem and
suggested investigation of positive solutions to the following
difference equation

h h T

X
_ 0) pMm n-p (2) _ =P (k) =P
Xn—max{Bn ’Bn T,Bn XT,"',BH T},nENO
n-q, n-a, N—0g
“)

where p,,Q, are natural numbers such that p, < p, <--- < p,,

4 <G, <<, r,s R, , B is a sequence of positive

numbers,i=1,2,---,kandk e N .

As a special case of Equation (4), S. Stevi¢ studied the
boundedness character of positive solutions to the following

max-type difference equation
an—l
s

Xn—k

where ke N\{l} , the parameters A and r are positive

neN

X, = max{A,

0> (&)

and p is a nonnegative real number (see, [15]).

In view of a natural extension of the model (5), S. Stevié¢
continuously investigated the behavior of positive solutions
to the following max-type system of differences

yP xP
Xo.y = max{C,——}, Y, =max{C,——}, neN;,, (6)
n-1 n-1

where the parameters C and p are positive real numbers.

And who proved that all positive solutions of system (6) are
bounded when p € (0,4) and so forth (see [16]). In addition,

related research can also be seen in papers [17-20] and the
references therein.

In this paper, based on the idea of works [14-16], we study
the boundedness character of the following max-type
difference equations

yp XP
Xn+l = maX{C’XTn}’ yn+1 = max {C’ Tn}’ ne NO (7)
n-1 n-1

where C, p,q € (0,+0) and the initial conditions X ,,X,,Y |,

Y, are arbitrary positive real numbers.

II. BOUNDEDNESS CHARACTER OF SOLUTIONS

In this section, we will analyze the boundedness of the

(Advance online publication: 26 November 2016)
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positive solutions to system (7).

Theorem 1. Assume that f(1)=A"—pA+q and (a) there
is A, >1such that f(4,)=0, or (b) there is 4 =4, =1 such
that f(4)=f(1)=0 ,
unbounded solutions with the positive initial conditions
X5 Y 1> %p» Yo such that Xy, > Xy, >0.

Proof. Obviously, from (7), we can easily see that

ynp an
K 230 Yo 20 ®)

Xn—l n-1

then the system (7) has positive

By taking logarithm in (8), for anyn € N, , we obtain
q In Xocis In Vs = p In X —q In Yot - (9)
Moreover, it follows that

ln Xn+] = p ln yn

ln Xn+lyn+l = plnx yn qln Xn—lyn—HnZ_l' (10)
Letz, =InX,y,, then inequality (10) becomes
v 2 P2~ 02, ne N, (11)
By hypothesis (a), we have that f(4,)=0 and 4, >1.
Let
f(ﬂ)— f(/l) =l+a, (12)
then it follows that
f(A)=(A+a)1-4). (13)

Comparing Eq. (12) with Eq. (13), we can obtain a=4, — p
and q=-a4,.
Set
u,=2z,+az,,neN,. (14)
Then inequation (11) can be written in the following form

z,,,—pz,+9z, , =2, —(4 —a)z, +alz ,

n-1»

AR S
Unsi — j'lun
>0.
That is
Uy =AU, . (16)
Let z_,, z, be chosen such that

lallz, | (17)

This, along with (16), yields to
Uy, 2 AUy, and Uy > 0. (18)

Letting N — oo in (18), from assumption 4 >1 and u, >0,
it follows that

u,=2,+az,, —>+w as n— +w. (19)
Hence {z,}  isunbounded. Asz, =Inx,y,, it follows that
XY, > © as nN—>oo, (20)

which along with X. +y> >2x y_ implies
X, + Y, —> 40, (21)

from which it follows that the sequence {(X,,Y,)}

nx-1
unbounded.
By hypothesis (b), we have p =2, q=1. Then from (8) we

get

X

Xn+1 > yn yn+1 > n

, : (22)
yn anl Xn yn—l

Moreover, by iterative method one has

Xos1 Y YaX y
n+17n+l nn 0

> 2. neN,.
ynxn

Xn—l yn—l 1 y,
And consequently

(23)

A Z(M)”xoyo, ne
X,y

-17-1

N, . (24)

If we choose the initial conditions X_,Yy_,,X,,Y, such
thatx,y, > X ,y_, >0, then we obtain (20) and (21), which

implies that the sequence {(X,,Y,)} is unbounded. The

proof of the theorem is finished.
Next, we study the different cases concerning with the
boundedness of positive solutions to the system (7).
Theorem 2.If ¢ >0, p>0and p* < 4q, then all positive

solutions to system (7) are bounded.
Proof. Assume that (X,,Y,),.., 1S a positive solution to
system (7). Then the following estimate obviously holds
min{X,,Y,} =¢c,neN,. (25)
Due to the symmetry between {X, }and{y,},aslongas we
prove the boundedness of {X,}, another sequence {y,} can

be proved as well.
From system (7) and iterative method, it follows that
P Py Pa

o =i, 2 - maie 2 0 e, 2o
n-1 n-1 n-2
Casel. When p° <q , we get
Xn+l < maX{C’ 1, s 11 } . (27)
ci7P " ra-pi+a

Thus, the sequence {X, } is bounded.

nz-1

Case2. When p* >q, let sequence {a,}, , be defined as

follows
a,=0q/(p-a)a=01IeN,. (28)

From (7), (28) and iterative method, we have

2
Cp P—q
K mtrxie I S S0y
P
X XL
c X1 oo
:m{ca(i/p)p:( /(p_;/p))(p ! p)p}
-1 n-2
c yrHMH/D)
=HHX{C,(7/p)p,( /(p_q/p))(p a/p)p ( n-2 )(p—q/p)p}
-1 n-2 —3
c c VI o
=maxi{G, (5 /p’( (pa/p) 5 qn A
yq ~(2k-+1)
c c Cp—aﬂ( P-ay)pP-q
=HHX{C( /p /(p—q/m? E )¢I_(2k+l) )Fkaz‘(] ' )(p_q/p))p}
-1 n-2 Xﬁ{zkﬂ) yq42k+1)
X, ety
+ /
e ()
yq yq-(2k+2)

(29)
From the monotonicity of g(X) =q/(p—X) on the interval

(0, p) along with the fact 0=a, <&, =q/ p, it follows that

the sequence {a} is increasing as far as a <p for

every | eN, . Hence, we have lim, ,_ a =X, X (0, p]

(Advance online publication: 26 November 2016)
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and X’ is the solution of the following equation
f)=x(p-x)-q=0. (30)
However, the equation (30) has no real roots existing in
(0, p] when p® <4q, which is contradiction. Hence there is
l, €N, suchthat 8, , <panda >p.

If 1, = 2k , using (2.25) in (2.29), it follows that

c c yﬂp:2a|zK P—ay. (P=a/p)\p
X = Max{C, (—— (> (5 )T ) )"}
Xn—l yn—z n—(2k+1)
C C
P-an .. \(P-a)\p
5maX{C’(C—aI,(CTZ,"‘,(Cq_pﬁw) ) )

€2))

Forn>2k+2, from which the boundedness of {x,}

n>-1
follows in this case.
If I, =2k +1 , it follows that

¢ ¢ Yook \pan . \(b-a/pyp
Xn+1:max{cs( q/p’( q/(pfq/p)"”’( q ) ’) ) }
Xn—l yn—z n—(2k+2)

c 1 e _
< max{C,(C—ala(C—az,“',(Cq,mam )P ) PP

(32)

For n>2k+3, from which the boundedness of {x,}
follows in this case.

Combined case 1 p><q and case 2 q<p’<4q, we

n=-1

obtain that the sequence {X,},. , is bounded when p* <4q.

n>-1
In the same way, we can prove that the sequence {y,} is
bounded as well. Hence, every solution to system (7) is
bounded when p® < 4q .

Theorem 3. Assume thatc>0, >0 and p=1, then

the solutions of system (7) are bounded.
Proof. Assume that {(X,,Y,)} is any positive solution of

system (7) in particular p=1. We can easily know that

X, = C,Y, >c . Therefore, we have

X
X <max{c,20),y  <max{c,21}, neN,. (33)
c* c*
From the above (33), it follows that
Yn C X,
Xy, < max{c,c—q} < max{C,C—q, Cqu ,neN,. (34)
Set
C Z,,
Z,,, = max{C,— 1,neNy, z,=X%,2,=%X,. (39

¢’ ¢ -
Assume that {z,} is the solution to (35), then z, is greater
than X, for any n>2 by using (34) and iterative method.
Casel.c>1.
(@). If z, <c*'and z, <c***', from (35), we can obtain

z

that ¢* >1 and C’;]l <c, s02,=C,2,=C,2z,=C,---, which

implies that z,, =c. Moreover, z, =C, Z, =C, Z; = C, which

implies that z, ,, =c. Hence, the boundedness of {z,}

2n+1
follows in this case.
(b). If z_, >c*™ and z, > c**', from (35), we can obtain

that A<z, <z, <z,. Through iteration, we can get that
{z,,} is monotonically decreasing. Additionally, z, > ¢ for
any n=2k,ke N, we can obtain that {z, } is bounded.
{24} 18

boundedness of {z,}  follows in this case.

Similarly, bounded as well. Hence, the

(c). If z_, <c*™" and z, > ¢*™', from above proof, we can

obtain that z,, , =c and {z,,}is monotonically decreasing.

2n-1
Additionally, z, >c for anyn=2k,ke N, we can obtain
that {z,} is bounded in this case.

(d).If z, >c**and z, <c**', from above proof, we can
obtain that {z, ,} is monotonically decreasing and z,, =c¢ .
Additionally, z, >c for anyn=2k-L ke N , we can get
that{z,} is bounded in this case.

Due to the boundedness of {z,} and X, <z,, we can

obtain the boundedness of {x } . Similarly, {y,} is bounded

as well. Hence, every positive solution to system (7) is
bounded.

Case2. 0<c<l1.

(@ If g=1, in fact x, ¢, from (7) and iterative method
it follows that

y c X
Xy = Mmax {C,— -} = max {C,——,——"—}
Xn—l Xﬂ—l Xn—l yﬂ—l
1 c 1
o Smax{C,—,——}
Xoo1 Y c' C

C
= max{C,T,
n-1 -1

(36)
forn e N, which means that {x,} is bounded.

(b)If 0<q <1 ,letsequence {a } _, be defined as follows

aI+1 :al _bl’ bI+1 = qal! al :l_q’ bl = q’ I € NO (37)
Thus, from (7) and iterative method we have
1-q x4
Xy = Max {C, 1} =max f¢, 1L}
n-1 n-2 -1 n-2
c ¢y
=X {C, g
Xn—l yn—2 Xn—3
B c ¢ o xR
B R O @)
Cl a-h
=max{c,%,cT, .. .’%}’
Xn—l yn—2 n-l
forevery l e N .
From (37), we can deduce
a,—-a+09a_, =0,leN. 39)

It is easy to see that the general solution of difference
equation (39) is

a =¢A +¢,4,6,C, €R (40)

where 4, = (1+4/1-4q)/2 . The fact |4,|<1 along with

(40) implies that the sequence lim, . &, =0. From this and

(37) we get lim, . 1 =0.
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Now note that from (38) and iterative method it follows that

ca 3
Xn+l Smax{C,T,T,---,XLbH} (41)

n-1 yn—z y—l

or

c c* yan
X,,, <max{C,——,———, -, ——} (42)

1 I
The convergence of sequences {a },_ and {b}_ along
with (41)-(42) implies the boundedness of {x,} . Since
system (7) is symmetric, the boundedness of {x,} _ imply

the boundedness of {y,}  ,as claimed.

>-1

III. NUMERICAL SIMULATIONS

In this section, some numerical simulations are given to
support our theoretical analysis. When the parameters
C, P, ( take different values, we have the following

difference equations
2 2

%}’ yn+1 :IIIaX{l.L yL}, ne NO .

Xy =max{L.1, X 0.125 47

—1 n-1

By employing Matlab R2013b, we solve the numerical
solutions of the above equations, which are shown
respectively in the following Figures.

More precisely, the initial conditions of (43) are that
X(=1)=0.5, x(0)=0.8, y(-1)=0.8 and y(0) =1.2. It is easy
to show that the equations (43) satisfy the conditions of
Theorem 1. Fig.1 shows that the solutions of the equations
(43) are unbounded. The initial conditions of (44) are that
X(-1)=0.2,x(0) =04, y(-1) =0.8 and y(0)=0.7. It is not
difficult to find that the equations (44) satisfy the conditions
of Theorem 2 and p? < q . Fig.2 shows that the solutions of
the equations (44) are bounded. The initial conditions of
equations (45) are that X(—1)=0.5,x(0)=0.8,y(-1)=1.2
and y(0) =1.8. It is obvious that equations (45) satisfy the
condition of Theorems 2 and4q > p* >¢. Fig.3 shows that the

X, = max{l, VL}’ Y. = max{l, X, LneN,, (43) solut%o.ns of the e.quations (45) are bounded. The initial
n-1 n-1 condition of (46) is that x(-1)=1.2, x(0)=1.4, y(-1)=1.5
0.5 0.5 . . .
X, = max{0.5, VZL}, y. =max{0.5, Xg LneN,, (44) and y(0) =1.2. It is easy to prove that equations (46) satisfy
n-1 n-1 the conditions of Theorems 3 and ¢ > 1. Fig.4 shows that the
2 2
X, = max{L5, #}, y., = max{L5, in 1,neN,, (45) solutions of the equations (46) are bounded. The initial
n-1 n-1 conditions of (47) are that X(—1)=1.5,x(0)=1.2, y(-1)=0.5
X,., = max{0.8, 4}, Y, = max{0.8, X2” 1,neN,, (46) and y(0) = 0.8 . It is easy to find that equations (47) satisfy
and " " the conditions of Theorem 3 and 0 <c<1. Fig.5 shows that
the solutions of the equations (47) are bounded.
x 10°°
4 -
3.5- ‘f
e x(n)
[ n
al y(n) N
2.5 c=1,p=2,0q=1 ’ 7
S
2 2- J 1
<
x |
1.5+ Ar .
|
“H
1 ’ -
|
|
05| il
O 4 4 L L L L . - °. . ./'&Jl“
-10 0 10 20 30 40 50 60 70 80 90 100

n

Fig. 1. The solutions of the equation (43) with the initial conditions x(—1) = 0.5, x(0) = 0.8, y(-1)=0.8, y(0) =1.2
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iR il
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|
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Fig. 2. The solutions of the equation (44) with the initial conditions X(—1) = 0.2, x(0) = 0.4, y(-1) = 0.8, y(0) = 0.7

60
0 —— x(n)
5 L |
y(n)
|
U c=1.5,p=2,q=2
40 - \‘ -
‘\
S H
2 30+ | .
s H
X ‘ ‘
20/ ]
|
10 I~ /K/\ -
\
i
| | | | | | | | |

0
-10 0 10 20 30 40 50 60 70 80 90 100

Fig. 3. The solutions of the equation (45) with the initial conditions x(—1) = 0.5,x(0) = 0.8, y(-1) =1.2, y(0) = 1.8
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x(N)y(n)
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\‘ y(n)
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Fig. 4. The solutions of the equation (46) with the initial conditions X(—1) =1.2, x(0) =1.4, y(-1)=1.5, y(0) =1.2

x()/y(n)

45} h S |
4r y(n) |
3.5+ A c=0.8,p=1,09=2 -
o | |
|
2.5F ‘H i
T . —
SR f\ ! /\,’X f\ Il ,’\& ,I\ I, 4/\ )T\L /T\ ,’\ f\ i ,’\
HintrdatHant fintinilit it
| mommmmenng

Fig. 5. The solutions of the equation (47) with the initial conditions x(-1) =1.5,x(0)=1.2, y(-1)=0.5, y(0)=0.8
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IV CONCLUSIONS

In this paper, we have dealt with the problem of
boundedness character for a class of max-type difference
system. And we have obtained some sufficient conditions
which ensure the boundedness character of the max-type
system. The sufficient conditions that we obtained are very
simple, which provide flexibility for the application and
analysis of max-type difference system. These results
generalize and improve some previous works. In addition, we
present the use of a new iteration method for symmetric
systems of max-type difference equations. This technique is a
powerful tool for solving various difference equations and it
can be applied to other nonlinear differential equations in
mathematical physics. Computations are performed using the
software package Matlab R2013b. In particular, some
numerical examples are given to show the validity of the
obtained theoretic results
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