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Abstract—In this paper, some new estimations of diagonally
dominant degree on the Schur complement of I(II)-block diago-
nally dominant matrices are obtained by applying the properties
of Schur complement and some inequality techniques, which
improve some existing ones. Further, as an application, we
present some new distribution theorems for eigenvalues of the
Schur complement and some new upper and lower bounds for
the determinant of I(II)-block diagonally dominant matrices.
These results are proved to be sharper than some known ones.
Finally, numerical examples are also presented to confirm the
theoretical results studied in this paper.

Index Terms—block matrix, Schur complement, diagonally
dominant degree, eigenvalue distribution, determinant.

I. INTRODUCTION

THE Schur complement has been proved to be a useful
tool in many fields such as control theory, statistics

and computational mathematics, and many works have been
done on it (see [1], [2], [3], [4], [5], [6]). Applying the
Schur-based iteration method mentioned in [7], [8], we can
solve large scale linear systems though reducing the order
by the Schur complement. That is, for a non-homogeneous
system of linear equation Mx = b with a nonsingular leading
principal submatrix. Partition M as

M =

(
A B
C D

)
,

where A is supposed to be nonsingular. Partition x =
(xT1 , x

T
2 )T and b = (bT1 , b

T
2 )T conformably with M . This

linear equation can be formally regard as a special case of
the saddle point problems [9] The linear system Mx = b is
equivalent to the pair of linear systems{

Ax1 +Bx2 = b1,

Cx1 +Dx2 = b2.

If we multiply the first equation by −CA−1 and add it to
the second equation, the vector variable x1 is eliminated and
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we obtain a linear system of smaller size

(D − CA−1B)x1 = b2 − CA−1b1.

If the coefficient matrix D − CA−1B is a block diagonally
dominant matrix or a block H-matrix, we can use some block
or preconditioned iterative methods [10], [11] to continue
resolving the linear system equation (1). In the meanwhile,
when we solve linear equation system, the convergence rate
of many iterate algorithms are closely related with spectral
radius of coefficient matrix. Hu [12] obtained the following
result which can be used to estimate the convergence rate:

Let M = (Mij)m×m be a block strictly diagonally dom-
inant matrix and N = (Nij)m×m partitioned conformably
with M . Then

ρ(M−1N) ≤ max
i

m∑
j=1

‖Nij‖

‖M−1
ii ‖−1 −

∑
j 6=i
‖Mij‖

.

Therefore, we know the estimate of block matrix’s spec-
tral is closely related with the block diagonally dominant
degree ‖M−1

ii ‖−1 −
∑
j 6=i
‖Mij‖ of each row when M is

a block strictly diagonally dominant matrix. Thus, after
being reduced order, it is significant to study the block
diagonally dominant degree of the coefficient matrix of the
linear equation system (1). Additionally, as mentioned in
[13], we see that the eigenvalues of Schur complement
of diagonally dominant matrix are more concentrated than
those of original matrix, and we predict that the Schur-
based conjugate gradient method will compute faster than
the ordinary conjugate gradient method. Hence, it is very
important to estimate the eigenvalue distributions of (block)
diagonally dominant matrix. Over the years, there has been a
surge of interest in studying the locations of eigenvalues of
the Schur complement of matrices in much literature, see
[6], [7], [8], [13], [14], [15], [16], [17], [18], [19], [20],
[21]. Moreover, the determinant of matrices has hitherto
great influence on every branch of mathematics [22], [23],
[24], [25], [26]. Zhang and Liu [17] proposed some upper
and lower bounds for determinants of diagonally dominant
matrices by making use of the results of the estimates of
diagonally dominant degree for the Schur complement of
the diagonally dominant matrices. On the other hand, the
authors in [27], [28], [29], [30] extended the concept of
diagonally dominant matrix and developed two kinds of
block diagonally dominant matrices, which are referred to
as the I-block [27] and II-block [31] diagonally dominant
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matrices, respectively. Later, two kinds of generalized block
strictly diagonally dominant matrices (I-block [32](II-block
[31]) H-matrices) are established in [31], [32], [33]. In the
sequel, Liu et al. [13] derived some estimations of diagonally
dominant degree and eigenvalue inclusion sets for the Schur
complement of I(II)-block diagonally dominant matrices,
and Wang [20], [21] put forward the new estimations of
diagonally dominant degree and eigenvalue inclusion sets
which are proved to be tighter than those of [13]. Zhu [34]
obtained some upper and lower bounds for determinants
of I(II)-block diagonally dominant matrices, and Xu [35]
arrived at some determinants bounds are sharper than the
ones obtained by Zhu. In the current work, we first focus on
investigating the following three aspects:
• Study the new estimates of I(II)-block diagonally dom-

inant degree for Schur complement of matrices.
• Derive the new distributions for the eigenvalues of the

Schur complement of matrices.
• Develop the new upper and lower bounds for determi-

nants of the I(II)-block diagonally dominant matrices.
Afterward, we prove that the proposed results are superior
to some known ones in theory. The numerical results are im-
plemented to verify the theoretical results. Before presenting
the our main results of this paper, we give some definitions
which are used throughout this paper as follows.

Let Cn×n denote the set of all n × n complex matrices,
N = {1, 2, · · · , n} and A = (aij) ∈ Cn×n(n ≥ 2). Denote

τi(A) =
∑
j 6=i

|aij |, i ∈ N.

A = (aij) ∈ Cn×n is a strictly diagonally dominant matrix
(abbreviated to SDn) if |aii| > τi(A), for i ∈ N .

The comparison matrix of A, denoted by µ(A) =
(tij)n×n, is defined to be

tij =

{
|aij |, if i = j,

−|aij |, if i 6= j.

A matrix A is called an M -matrix if there exist a nonnegative
matrix B and a real number s > ρ(B) such that A = sI−B,
where ρ(B) is the spectral radius of B. It is well known
that A is an H-matrix if and only if µ(A) is an M -matrix,
then the Schur complement of A is also an M -matrix and
detA > 0 (see [14]).

For α ⊆ N , denote by |α| the cardinality of α and α′ =
N − α. If α, β ⊆ N , then A(α, β) is the submatrix of A
lying in the rows indicated by α and the columns indicated
by β. In particular, A(α, α) is abbreviated to A(α). Assume
that A(α) is nonsingular. Then

A/α = A/A(α) = A(α′)−A(α′, α)[A(α)]−1A(α, α′),

is called the Schur complement of A respect to A(α).
Let A ∈ Cn×n be partitioned as the following form:

A =


A(α1, α1) A(α1, α2) · · · A(α1, αs)
A(α2, α1) A(α2, α2) · · · A(α2, αs)

...
...

. . .
...

A(αs, α1) A(αs, α2) · · · A(αs, αs)

 , (1)

where 1 ≤ s ≤ n, α0 = 0,

αi =

{ i−1∑
t=0

|αt|+ 1, · · · ,
i∑
t=0

|αt|
}

(1 ≤ i ≤ s),
i∑
t=0

|αt| = n

and A(αt, αt) is a |αt|×|αt| nonsingular principal submatrix
of A, t = 1, 2, · · · , s.

Without loss of generality, we assume that Cn×ns denote
the set of all s × s block matrices in Cn×n partitioned
as (1), A = (A(αl, αm))n×ns ∈ Cn×ns and N(A) =
(‖A(αl, αm)‖)s denote the norm matrix of block matrix A.

In this paper, the matrix norm ‖.‖ of A ∈ Cn×n is defined
as

‖A‖ = sup
x∈Cm,x6=0

‖Ax‖
‖x‖

.

Thus if A ∈ Cn×n is nonsingular, then it holds that

‖A−1‖−1 =

{
sup

x∈Cm,x6=0

‖A−1x‖
‖x‖

}−1

= inf
x∈Cm,x6=0

‖Ax‖
‖x‖

. (2)

Definition 1.1 A is called an I-block strictly diagonally
dominant matrix (I −BSDs) [27] if for all 1 ≤ l ≤ s,

‖[A(αl, αl)]
−1‖−1 >

s∑
m=1,m6=l

‖A(αl, αm)‖. (3)

Denote by ‖[A(αl, αl)]
−1‖−1−

s∑
m=1,m6=l

‖A(αl, αm)‖ the I-

block diagonally dominant degree for 1 ≤ l ≤ s of A.
Definition 1.2 A is called an II-block strictly diagonally

dominant matrix (II −BSDs) [28] if for all 1 ≤ l ≤ s,
s∑

m=1,m6=l

‖[A(αl, αl)]
−1A(αl, αm)‖ < 1. (4)

1 −
s∑

m=1,m6=l
‖[A(αl, αl)]

−1A(αl, αm)‖ represents the II-

block diagonally dominant degree for 1 ≤ l ≤ s of A. It
is noteworthy that if A ∈ I −BSDs, then it follows from
(3), (4) and the inequality

‖A(αl, αl)A(αl, αm)‖ ≤ ‖A(αl, αl)‖‖A(αl, αm)‖

that A ∈ II −BSDs.
Definition 1.3 A is called an I-block H-matrix and II-

block H-matrix, respectively, if the comparison matrices of
block matrix A which are defined by µI(A) = (ωl,m) ∈
Rs×s and µII(A) = (ω̄l,m) ∈ Rs×s are M -matrix, where

ωl,m =

{
‖[A(αl, αl)]

−1‖−1, if l = m,
−‖A(αl, αm)‖, if l 6= m,

ω̄l,m =

{
1, if l = m,
−‖[A(αl, αl)]

−1A(αl, αm)‖, if l 6= m.

The remainder of this paper is organized as follows. In
Section II, we recollect some useful lemmas which are uti-
lized in the next sections. Several new estimates for the I(II)-
block diagonally dominant degree of the Schur complement
of matrices are established in Section III. As applications,
some new distribution theorems for eigenvalues of the Schur
complement and the new bounds for the determinant of
I(II)-block diagonally dominant matrices are obtained in
Section IV and Section V, respectively. Section VI is devoted
to performing some numerical experiments to confirm the
advantages and the validity of the established results. Finally,
the paper is ended with some conclusions in Section VII.
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II. PRELIMINARIES

In this section, we start with some lemmas. They will be
useful in the following proofs.

Lemma 2.1 [13] If A ∈ SDn, then µ(A) is M -matrix,
i.e., A is H-matrix.

Lemma 2.2 [2] If A is a H-matrix, then [µ(A)]−1 ≥
|A−1|.

Lemma 2.3 [30] If A ∈ I −BSDs, then [µI(A)]−1 ≥
N(A−1).

Lemma 2.4 [30] If A ∈ II −BSDs,
then [µII(A)]−1 ≥ N(A−1D), where D =
diag(A(α1, α1), A(α2, α2), · · · , A(αs, αs)).

Lemma 2.5 Let A ∈ Cn×ns , α =
k⋃
u=1

αiu ⊂ N , α′ =

N − α =
l⋃

v=1
αjv ⊂ N , and k + l = s. For any αjt ⊂ α′,

we denote:

Bjt =

(
x −Gt
−HT µ̃[A(α)]

)
.

If A ∈ I −BSDs, we take µ̃[A(α)] = µI [A(α)],

Gt = {‖A(αjt , αi1)‖, · · · , ‖A(αjt , αik)‖},

H =

{ l∑
u=1

‖A(αi1 , αju)‖, · · · ,
l∑

u=1

‖A(αik , αju)‖
}
.

If

x ≥ h
k∑
v=1

‖A(αjt , αiv )‖ Piv (A)

‖[A(αiv , αiv )]−1‖−1
, (5)

where

r = max
1≤w≤k

l∑
v=1

‖A(αiw , αjv )‖

‖[A(αiw , αiw )]−1‖−1 −
k∑

t=1,t6=w
‖A(αiw , αit)‖

,

Piw (A) = r

k∑
t=1,t6=w

‖A(αiw , αit)‖+

l∑
v=1

‖A(αiw , αjv )‖,

h = max
1≤w≤k

l∑
v=1

‖A(αiw , αjv )‖

Hi
,

Hi = Piw (A)−
k∑

t=1,t6=w

‖A(αiw , αit)‖
Pit(A)

‖[A(αit , αit)]
−1‖−1

,

then detBjt > 0. If A ∈ II −BSDs, we take µ̃[A(α)] =
µII [A(α)],

Gt = {‖[A(αjt , αjt)]
−1A(αjt , αi1)‖,

· · · , ‖[A(αjt , αjt)]
−1A(αjt , αik)‖},

H =

{ l∑
u=1

‖[A(αi1 , αi1)]−1A(αi1 , αju)‖,

· · · ,
l∑

u=1

‖[A(αik , αik)]−1A(αik , αju)‖
}
.

If

x ≥ f
k∑
v=1

‖[A(αjt , αjt)]
−1A(αjt , αiv )‖P̃iv (A), (6)

where

η = max
1≤w≤k

l∑
v=1
‖[A(αiw , αiw )]−1A(αiw , αjv )‖

1−
k∑

t=1,t6=w
‖[A(αiw , αiw )]−1A(αiw , αit )‖

,

P̃iw (A) = η
k∑

t=1,t6=w
‖[A(αiw , αiw )]−1A(αiw , αit )‖

+

l∑
v=1

‖[A(αiw , αiw )]−1A(αiw , αjv )‖,

f = max
1≤w≤k

l∑
v=1
‖[A(αiw , αiw )]−1A(αiw , αjv )‖

Gi
,

Gi = P̃iw (A)−
k∑

t=1,t 6=w
‖[A(αiw , αiw )]−1A(αiw , αit )‖P̃it (A),

then detBjt > 0.
Proof. If strict inequality in (5) holds, we take ε > 0,
sufficiently small such that

x >
k∑
v=1

‖A(αjt , αiv )‖
(
h

Piv (A)

‖[A(αiv , αiv )]−1‖−1
+ ε

)
.

We construct a positive diagonal matrix D =
diag(d1, d2, · · · , dk+1), where

dv =

{
1, v = 1,

h
Piv−1

(A)

‖[A(αiv−1
,αiv−1

)]−1‖−1 + ε, 2 ≤ v ≤ k + 1.

Denote Ct = BjtD = (csv)(k+1)×(k+1). If s = 1, then

|css| −
k+1∑

v=1,v 6=s

|csv| = |c11| −
k+1∑
v=2

|c1v|

= x−
k∑
v=1

‖A(αjt , αiv )‖
(
h

Piv (A)

‖[A(αiv , αiv )]−1‖−1
+ ε

)
> 0;

If s = 2, 3, · · · , k + 1, then it has

|css| −
k+1∑

v=1,v 6=s
|csv |

= ‖[A(αis−1 , αis−1 )]−1‖−1(h
Pis−1 (A)

‖[A(αis−1 , αis−1 )]−1‖−1
+ ε)

−
l∑

u=1

‖A(αis−1 , αju )‖

−
k∑

w=1,w 6=s−1

‖A(αis−1 , αiw )‖(h
Piw (A)

‖[A(αiw , αiw )]−1‖−1
+ ε)

= hPis−1 (A) + ε‖[A(αis−1 , αis−1 )]−1‖−1 −
l∑

u=1

‖A(αis−1 , αju )‖

−
k∑

w=1,w 6=s−1

‖A(αis−1 , αiw )‖(h
Piw (A)

‖[A(αiw , αiw )]−1‖−1
+ ε). (7)

Since A ∈ I −BSDs, it holds that 0 ≤ r < 1. Moreover,
for 1 ≤ u ≤ k, we have

r ≥

l∑
v=1
‖A(αiu , αjv )‖

‖[A(αiu , αiu)]−1‖−1 −
k∑

t=1,t6=u
‖A(αiu , αit)‖

,
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i.e.,

r‖[A(αiu , αiu)]−1‖−1 ≥
l∑

v=1

‖A(αiu , αjv )‖

+r
k∑

t=1,t6=u

‖A(αiu , αit)‖ = Piu(A).

From the above inequality, for 1 ≤ u ≤ k, we obtain

0 ≤ Piu(A)

‖[A(αiu , αiu)]−1‖−1
≤ r < 1.

By the definition of Piw(A), for 1 ≤ w ≤ k, we have

l∑
v=1
‖A(αiw , αjv )‖

Piw(A)−
k∑

t=1,t6=w
‖A(αiw , αit)‖

Pit (A)

‖[A(αit ,αit )]
−1‖−1

=

Piw(A)− r
k∑

t=1,t6=w
‖A(αiw , αit)‖

Piw(A)−
k∑

t=1,t6=w
‖A(αiw , αit)‖

Pit (A)

‖[A(αit ,αit )]
−1‖−1

≤ 1,

which leads to 0 ≤ h ≤ 1. Furthermore, for 1 ≤ u ≤ k,

h ≥

l∑
v=1
‖A(αiu , αjv )‖

Piu(A)−
k∑

t=1,t6=u
‖A(αiu , αit)‖

Pit (A)

‖[A(αit ,αit )]
−1‖−1

,

which can be rewritten as

hPiu(A) ≥
l∑

v=1

‖A(αiu , αjv )‖

+h

k∑
t=1,t6=u

‖A(αiu , αit)‖
Pit(A)

‖[A(αit , αit)]
−1‖−1

.

Thus, it follows from Equality (7) that for s = 2, 3, · · · , k+1,

|css| −
k+1∑

v=1,v 6=s
|csv|

= hPis−1
(A) + ε‖[A(αis−1

, αis−1
)]
−1‖−1 −

l∑
u=1

‖A(αis−1
, αju )‖

−
k∑

w=1,w 6=s−1

‖A(αis−1
, αiw )‖(h

Piw (A)

‖[A(αiw , αiw )]−1‖−1
+ ε)

≥
l∑

u=1

‖A(αis−1
, αju )‖+ h

k∑
w=1,w 6=s−1

‖A(αis−1
, αiw )‖

×
Piw (A)

‖[A(αiw , αiw )]−1‖−1
+ ε‖[A(αis−1

, αis−1
)]
−1‖−1

−
l∑

u=1

‖A(αis−1
, αju )‖

−
k∑

w=1,w 6=s−1

‖A(αis−1
, αiw )‖(h

Piw (A)

‖[A(αiw , αiw )]−1‖−1
+ ε)

= ε

(
‖[A(αis−1

, αis−1
)]
−1‖−1 −

k∑
w=1,w 6=s−1

‖A(αis−1
, αiw )‖

)
> 0,

which means that Ct is a SDk+1. By Lemma 2.1, µ(Bjt)
is a M -matrix. Note that µ(Bjt) = Bjt , then detBjt > 0.

When the equality holds in (5), for any ε > 0, denote
Bε = B + diag(ε, 0, · · · , 0). In a similar way to the above

proof, we have Bε ∈ SDk+1 and hence detBjt > 0. Let
ε→ 0+, we get detBjt ≥ 0 immediately.

For the case of A ∈ II −BSDs, the proof is similar. �
Lemma 2.6 [30] Let A ∈ I − (II−)BSDs, α =
k⋃
u=1

αiu ⊂ N , α′ = N − α =
l⋃

v=1
αjv , and k + l = s.

For any t = 1, 2, · · · , l,,

Ψt = 1−

∥∥∥∥∥[A(αjt , αjt)]
−1[A(αjt , αi1),

· · · , A(αjt , αik )][A(α)]−1

 A(αi1 , αjt)
...

A(αik , αjt)

∥∥∥∥∥ > 0.

Lemma 2.7 [2] Let A ∈ Cn×n. If ‖A‖ < 1, then In −A
is nonsingular and

‖(In −A)−1‖ ≤ 1

1− ‖A‖
.

where In is an identity matrix.

III. THE DIAGONALLY DOMINANT DEGREE FOR SCHUR
COMPLEMENT

In this section, we present several new estimates on the
block diagonally dominant degree of the Schur complement
of I − (II−)BSDs, which improve the corresponding ones
in [13], [20], [21], [35].

Theorem 3.1 Let A ∈ I −BSDs, α =
k⋃
u=1

αiu ⊂ N ,

α′ = N − α =
l⋃

v=1
αjv , and k + l = s. Denote A/α =

(Ã(αt, αr)). Then

‖[Ã(αt, αt)]
−1‖−1 −Rt(A/α)

≥ ‖[A(αjt , αjt)]
−1‖−1 −Rjt(A) + wjt

≥ ‖[A(αjt , αjt)]
−1‖−1 −Rjt(A) > 0 (8)

and

‖[Ã(αt, αt)]
−1‖−1 +Rt(A/α)

≤ ‖[A(αjt , αjt)]
−1‖−1 +Rjt(A)− wjt

≤ ‖[A(αjt , αjt)]
−1‖−1 +Rjt(A), (9)

where

Rjt =
s∑

m=1,m6=jt

‖A(αjt , αm)‖,

wjt =
k∑
v=1

‖A(αjt , αiv )‖‖[A(αiv , αiv )]−1‖−1 − hPiv (A)

‖[A(αiv , αiv )]−1‖−1
,

and h and Piv (A) (v = 1, 2, · · · , k) are defined as in Lemma
2.5.
Proof. Let

Ψtr = (A(αjt , αi1), · · · , A(αjt , αik ))[A(α)]−1

 A(αi1 , αjr )
...

A(αik , αjr )

 ,

Gt = (‖A(αjt , αi1)‖, · · · , ‖A(αjt , αik )‖)T ,

H ′ =

( l∑
r=1

‖A(αi1 , αjr )‖, · · · ,
l∑

r=1

‖A(αik , αjr )‖
)T

,

t, r = 1, 2, · · · , l.
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By the definition of Schur complement, denote by Jt = |αjt |
and Im the identity matrix. According to Lemma 2.5, we
obtain ||[A(αjt , αjt)]

−1Ψtt|| < 1. It follows that

‖[Ã(αt, αt)]
−1‖−1 −

l∑
r=1,r 6=t

‖Ã(αt, αr)‖

= ‖{A(αjt , αjt )−Ψtt}−1‖−1 −
l∑

r=1,r 6=t
‖A(αjt , αjr )−Ψtr‖

≥ ‖[A(αjt , αjt )]
−1‖−1‖{Ijt − [A(αjt , αjt )]

−1Ψtt}−1‖−1

−
l∑

r=1,r 6=t
‖A(αjt , αjr )−Ψtr‖

≥ ‖[A(αjt , αjt )]
−1‖−1

[
1− ‖[A(αjt , αjt )]

−1Ψtt‖
]

−
l∑

r=1,r 6=t
‖A(αjt , αjr )‖ −

l∑
r=1,r 6=t

‖Ψtr‖

= ‖[A(αjt , αjt )]
−1‖−1 − ‖[A(αjt , αjt )]

−1‖−1‖[A(αjt , αjt )]
−1Ψtt‖

−
l∑

r=1,r 6=t
‖A(αjt , αjr )‖ −

l∑
r=1,r 6=t

‖Ψtr‖

≥ ‖[A(αjt , αjt )]
−1‖−1 − ‖Ψtt‖

−
l∑

r=1,r 6=t
‖A(αjt , αjr )‖ −

l∑
r=1,r 6=t

‖Ψtr‖

= ‖[A(αjt , αjt )]
−1‖−1 −

l∑
r=1,r 6=t

‖A(αjt , αjr )‖ −
l∑

r=1

‖Ψtr‖

≥ ‖[A(αjt , αjt )]
−1‖−1 −

l∑
r=1,r 6=t

‖A(αjt , αjr )‖ −GTt N [(A(α))−1]H′

≥ ‖[A(αjt , αjt )]
−1‖−1 −

l∑
r=1,r 6=t

‖A(αjt , αjr )‖

−GTt [µI(A)(α)]−1H′(by Lemma 2.2)

= ‖[A(αjt , αjt )]
−1‖−1 −Rjt (A) + wjt +

k∑
r=1

‖A(αjt , αir )‖

−wjt −G
T
t [µI(A)(α)]−1H′

= ‖[A(αjt , αjt )]
−1‖−1 −Rjt (A) + wjt − ε

+
1

det[µI(A)(α)]
det

 k∑
r=1
‖A(αjt , αir )‖ − wjt + ε −GTt

−H′ µI(A)(α)


= ‖[A(αjt , αjt )]

−1‖−1 −Rjt (A) + wjt − ε+
detB1

det[µI(A)(α)]
. (10)

Inasmuch as A ∈ I −BSDs, we have

k∑
r=1

‖A(αjt , αir )‖ − wjt + ε

= h
k∑
r=1

‖A(αjt , αir )‖
Pir (A)

‖[A(αir , αir )]
−1‖−1

+ ε

> h
k∑
r=1

‖A(αjt , αir )‖
Pir (A)

‖[A(αir , αir )]
−1‖−1

.

It follows that detB1 > 0 by virtue of Lemma 2.5.
By Lemma 2.1, we infer that µI(A)(α) is M-matrix, and
therefore det[µI(A)(α)] > 0, which implies that

‖[Ã(αt, αt)]
−1‖−1 −Rt(A/α)

> ‖[A(αjt , αjt)]
−1‖−1 −Rjt(A) + wjt − ε

≥ ‖[A(αjt , αjt)]
−1‖−1 −Rjt(A)− ε.

Let ε→ 0, thus we easily get

‖[Ã(αt, αt)]
−1‖−1 −Rt(A/α)

≥ ‖[A(αjt , αjt)]
−1‖−1 −Rjt(A) + wjt

≥ ‖[A(αjt , αjt)]
−1‖−1 −Rjt(A) > 0,

which implies Inequality (8).
By making use of (2) and applying the same manner in

the above proof, it has

‖[Ã(αt, αt)]
−1‖−1 +

l∑
r=1,r 6=t

‖Ã(αt, αr)‖

= ‖{A(αjt , αjt)−Ψtt}−1‖−1 +

l∑
r=1,r 6=t

‖A(αjt , αjr )−Ψtr‖

= inf
x∈Cm,x6=0

‖{A(αjt , αjt)−Ψtt}x‖
‖x‖

+

l∑
r=1,r 6=t

‖A(αjt , αjr )−Ψtr‖ (by (4))

≤ inf
x∈Cm,x6=0

‖A(αjt , αjt)x‖+ ‖Ψttx‖
‖x||

+

l∑
r=1,r 6=t

‖A(αjt , αjr )‖+

l∑
r=1,r 6=t

‖Ψtr‖

≤ inf
x∈Cm,x6=0

‖A(αjt , αjt)x‖+ ‖Ψtt‖‖x‖
‖x‖

+

l∑
r=1,r 6=t

‖A(αjt , αjr )‖+

l∑
r=1,r 6=t

‖Ψtr‖

= inf
x∈Cm,x6=0

‖A(αjt , αjt)x‖
‖x||

+

l∑
r=1,r 6=t

‖A(αjt , αjr )‖+

l∑
r=1

‖Ψtr‖

= ‖[A(αjt , αjt)]
−1‖−1 +

l∑
r=1,r 6=t

‖A(αjt , αjr )‖

+

l∑
r=1

‖Ψtr‖ (by (4))

≤ ‖[A(αjt , αjt)]
−1‖−1 +Rjt(A)− wjt + ε

− 1

det[µI(A)(α)]
detB1 (by (10))

< ‖[A(αjt , αjt)]
−1‖−1 +Rjt(A)− wjt + ε

≤ ‖[A(αjt , αjt)]
−1‖−1 +Rjt(A) + ε.

Let ε→ 0, thus we can get

‖[Ã(αt, αt)]
−1‖−1 +Rt(A/α)

≤ ‖[A(αjt , αjt)]
−1‖−1 +Rjt(A)− wjt

≤ ‖[A(αjt , αjt)]
−1‖−1 +Rjt(A).

Therefore, we obtain Inequality (9). This proof is completed.
�

Remark 3.1 Note that

h
Piu(A)

‖[A(αiu , αiu)]−1‖−1
≤ Piu(A)

‖[A(αiu , αiu)]−1‖−1

≤ r ≤ max
1≤u≤k

Riu(A)

‖[A(αiu , αiu)]−1‖−1
, 1 ≤ u ≤ k.
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This means that

wjt =

k∑
v=1

‖A(αjt , αiv )‖‖[A(αiv , αiv )]−1‖−1 − hPiv (A)

‖[A(αiv , αiv )]−1‖−1

≥
k∑
v=1

‖A(αjt , αiv )‖‖[A(αiv , αiv )]−1‖−1 − Piv (A)

‖[A(αiv , αiv )]−1‖−1

≥ (1− r)
k∑
v=1

‖A(αjt , αiv )‖

= min
1≤u≤k

‖[A(αiu , αiu)]−1‖−1 −Riu(A)

‖[A(αiu , αiu)]−1‖−1 −
k∑

t=1,t6=u
‖A(αiu , αit)‖

×
k∑
v=1

‖A(αjt , αiv )‖

≥ min
1≤u≤k

‖[A(αiu , αiu)]−1‖−1 −Riu(A)

‖[A(αiu , αiu)]−1‖−1

k∑
v=1

‖A(αjt , αiv )‖.

(11)

From Inequality (11), it’s obvious that Theorem 1 improves
the results of Theorem 3.1 in [13], Theorem 2.10 in [21] and
Theorem 2.1.1 in [35].

Based on Theorem 3.1, the following corollary can be
obtained immediately.

Corollary 3.1 Let A ∈ I −BSDs, and take α =
s−1⋃
u=1

αu ⊂ N . Then

‖(A/α)−1‖−1 ≥ ‖[A(αs, αs)]
−1‖−1

−h
s−1∑
v=1

‖A(αs, αv)‖
Pv(A)

‖[A(αv, αv)]−1‖−1
,

‖A/α‖ ≤ ‖A(αs, αs)‖

+h
s−1∑
v=1

‖A(αs, αv)‖
Pv(A)

‖[A(αv, αv)]−1‖−1
.

Proof. Notice that α′ = αs. Thus, A/α = (Ã(αs, αs)), and
Rs(A/α) = 0, so by the definition of wjt , we have

wjt = ws

=
s−1∑
v=1

‖A(αs, αv)‖
‖[A(αv, αv)]

−1‖−1 − hPv(A)

‖[A(αv, αv)]−1‖−1

=
s−1∑
v=1

‖A(αs, αv)‖ − h
s−1∑
v=1

‖A(αs, αv)‖
Pv(A)

‖[A(αv, αv)]−1‖−1
.

(12)

Substituting Equation (12) into Inequality (8) and in a
manner similar to that done for Theorem 3.1, the results are
derived. �

Theorem 3.2 Let A ∈ II −BSDs, α =
k⋃
u=1

αiu ⊂ N ,

α′ = N − α =
l⋃

v=1
αjv , and k + l = s. Denote A/α =

(Ã(αt, αr)). Then

1− R̂t(A/α) ≥ 1− R̂jt(A) + ŵjt ≥ 1− R̂jt(A) > 0(13)

and

1 + R̂t(A/α) ≤ 1 + R̂jt(A)− ŵjt ≤ 1 + R̂jt(A), (14)

where

R̂jt(A) =
s∑

m=1,m6=jt

‖[A(αjt , αjt)]
−1A(αjt , αm)‖,

ŵjt =
k∑
v=1

‖[A(αjt , αjt)]
−1A(αjt , αiv )‖(1− fP̃iv (A)),

and f and P̃iv (A) (v = 1, 2, · · · , k) are defined as in Lemma
2.4.
Proof. For t, r = 1, 2, · · · , l, denote Jt = |αjt |, let

D = diag(A(αi1 , αi1 ), · · · , A(αik , αik )),

Ψtr = (A(αjt , αi1 ), · · · , A(αjt , αik ))[A(α)]
−1


A(αi1 , αjr )

...
A(αik , αjr )

 ,

Υt =
{

[A(αjt , αjt )]
−1
A(αjt , αi1 ), · · · , [A(αjt , αjt )]

−1
A(αjt , αik )

}
,

Γr =
{

[A(αi1 , αi1 )]
−1
A(αi1 , αjr ), · · · , [A(αik , αik )]

−1
A(αik , αjr )

}T
,

Lt =
{
‖[A(αjt , αjt )]

−1
A(αjt , αi1 )||,

· · · , ‖[A(αjt , αjt )]
−1
A(αjt , αik )‖

}T
,

H
′

=

( l∑
r=1

‖[A(αi1 , αi1 )]
−1
A(αi1 , αjr )‖,

· · · ,
l∑

r=1

||[A(αik , αik )]
−1
A(αik , αjr )‖

)T
.

It follows from the definition of Ψt in Lemma 2.6 that

Ψt = 1− ‖[A(αjt , αjt)]
−1Ψtt‖ = 1− ‖Υt[A(α)]−1DΓt‖,

which is equivalent to

1

Ψt
[1− ‖Υt[A(α)]−1DΓt‖] = 1. (15)

According to lemma 2.7, we obtain∥∥{Ijt − [A(αjt , αjt)]
−1Ψtt

}−1∥∥
≤ 1

1− ‖[A(αjt , αjt)]
−1Ψtt‖

=
1

Ψt
. (16)

By making use of the definition of the Schur complement,
we deduce that

1− R̂t(A/α) = 1−
l∑

r=1,r 6=t
‖[Ã(αt, αt)]

−1Ã(αt, αr)‖

= 1−
l∑

r=1,r 6=t
‖[A(αjt , αjt )−Ψtt]

−1[A(αjt , αjr )−Ψtr]‖

= 1−
l∑

r=1,r 6=t

∥∥{Ijt − [A(αjt , αjt )]
−1Ψtt

}−1

×
{

[A(αjt , αjt )]
−1A(αjt , αjr )− [A(αjt , αjt )]

−1Ψtr
}∥∥

≥ 1−
l∑

r=1,r 6=t

∥∥{Ijt − [A(αjt , αjt )]
−1Ψtt

}−1∥∥
∥∥{[A(αjt , αjt )]

−1A(αjt , αjr )−Υt[A(α)]−1DΓt
}∥∥

≥ 1−
1

Ψt

l∑
r=1,r 6=t

{
‖[A(αjt , αjt )]

−1A(αjt , αjr )‖

+‖Υt‖‖[A(α)]−1D‖‖Γt‖
}

(by (16))

=
1

Ψt

{
1− ‖Υt[A(α)]−1DΓt‖
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−
l∑

r=1,r 6=t
‖[A(αjt , αjt )]

−1A(αjt , αjr )‖

−
l∑

r=1,r 6=t
‖Υt‖‖[A(α)]−1D‖‖Γt||

}
(by (15))

≥
1

Ψt

{
1−

l∑
r=1,r 6=t

‖[A(αjt , αjt )]
−1A(αjt , αjr )‖

−
l∑

r=1

‖Υt‖N [(A(α))−1D]‖Γt‖
}

≥ 1−
l∑

r=1,r 6=t
‖[A(αjt , αjt )]

−1A(αjt , αjr )‖

−LTt {µII [A(α)]}−1H′(by Lemma 2.4)

= 1− R̂jt (A) + ŵjt +
k∑
r=1

‖[A(αjt , αjt )]
−1A(αjt , αir )‖

−ŵjt − L
T
t {µII [A(α)]}−1H′

= 1− R̂jt (A) + ŵjt − ε+
1

det[µII(A)(α)]

× det

 k∑
r=1
‖[A(αjt , αjt )]

−1A(αjt , αir )‖ − ŵjt + ε −LTt
−H′ µII [A(α)]


= 1− R̂jt (A) + ŵjt − ε+

detB2

det[µII(A)(α)]
. (17)

Since A ∈ II −BSDs, it holds that

k∑
r=1

‖[A(αjt , αjt)]
−1A(αjt , αir )‖ − ŵjt + ε

= f
k∑
r=1

‖[A(αjt , αjt)]
−1A(αjt , αir )‖P̃ir (A) + ε

> f
k∑
r=1

‖[A(αjt , αjt)]
−1A(αjt , αir )‖P̃ir (A).

By Lemma 2.3, it is easy to see that detB2 > 0. By Lemma
2.1, we deduce that µII(A)(α) is nonsingular M-matrix, thus
det[µII(A)(α)] > 0, which yields that

1− R̂t(A/α) > 1− R̂jt(A) + ŵjt − ε ≥ 1− R̂jt(A)− ε.

Let ε→ 0, thus we can get

1− R̂t(A/α) ≥ 1− R̂jt(A) + ŵjt ≥ 1− R̂jt(A) > 0,

which proves the desired Inequality (13). We can prove
Inequality (14) with a quite similar strategy utilized in this
theorem. �

Remark 3.2 Note that

fP̃iu(A) ≤ P̃iu(A) ≤ η ≤ max
1≤u≤k

R̂iu(A), 1 ≤ u ≤ k,

which leads to

ŵjt =

k∑
v=1

‖[A(αjt , αjt)]
−1A(αjt , αiv )‖(1− fP̃iv (A))

≥
k∑
v=1

‖[A(αjt , αjt)]
−1A(αjt , αiv )‖(1− P̃iv (A))

= min
1≤u≤k

1− R̂iu(A)

1−
k∑

t=1,t6=u
‖[A(αiu , αiu)]−1A(αiu , αit)‖

×
k∑
v=1

‖[A(αjt , αjt)]
−1A(αjt , αiv )‖

≥ min
1≤u≤k

(1− R̂iu(A))

k∑
v=1

‖[A(αjt , αjt)]
−1A(αjt , αiv )‖.

(18)

Evidently, from Inequality (18) we see that Theorem 2
improves the results of Theorem 3.2 in [13], Theorem 2.1.2
in [35] and Theorem 2.13 in [21].

IV. DISTRIBUTION FOR EIGENVALUES OF THE SCHUR
COMPLEMENT OF I-(II-)BSDs

In this section, as an application of our results in Section
II and Section III, we establish some new locations for the
eigenvalues of the Schur complements of I − (II−)BSDs

by the elements of the original matrix. Without loss of

generality, we assume that α =
k⋃
u=1

αiu ⊂ N , α′ = N−α =

l⋃
v=1

αjv ⊂ N , and k + l = s. Let A/α = (Ã(αr, αr)),

|αt| = t and It be the identity matrix. Denote by λ(A/α)
and λ(A) the set of eigenvalues of A/α and A, respectively.

Lemma 4.1 [13] Let A ∈ I −BSDs and λ(A) denote
the set of eigenvalues of A. Then

λ(A) ⊂ G =

s⋃
i=1

[Gi ∪ λ(A(αi, αi))],

where

Gi =

{
λ : λ * λ(A(αi, αi)) and

‖[A(αi, αi)− λI(αi)]
−1‖−1 ≤

s∑
k 6=i

‖A(αi, αk)‖
}
.

Theorem 4.1 Let A ∈ I −BSDs and wjt be defined as
in Theorem 3.1. Then

λ(A) ⊂ G =
s⋃
t=1

[Gt ∪ λ(A(αjt , αjt))],

where

Gi =

{
λ : λ * λ(A(αjt , αjt)) and

‖[λIjt −A(αjt , αjt)]
−1‖−1 ≤ Rjt(A)− wjt

}
.

Proof. Let Ψtr be such as in Theorem 3.1. If λ *
λ[Ã(αt, αt)] and λ * λ[A(αjt , αjt)], then combining In-
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equality (4) with Lemma 4.1 results in

‖[λIt − Ã(αt, αt)]
−1‖−1

=

{
sup

x∈Cm,x6=0

‖[λIt − Ã(αt, αt)]
−1x‖

‖x‖

}−1

= inf
x∈Cm,x6=0

‖[λIt − Ã(αt, αt)]x‖
‖x‖

(by (4))

= inf
x∈Cm,x6=0

‖{λIjt − [A(αjt , αjt)−Ψtt]}x‖
‖x‖

≥ inf
x∈Cm,x6=0

‖[λIjt − [A(αjt , αjt)]x‖
‖x‖

− sup
x∈Cm,x6=0

‖Ψttx‖
‖x‖

= ‖[λIjt − [A(αjt , αjt)]
−1‖−1 − ‖Ψtt‖.

Moreover,

‖[λIjt − [A(αjt , αjt)]
−1‖−1

≤ ‖[λIt − [A(αt, αt)]
−1‖−1 + ‖Ψtt‖

≤ Rt(A/α) + ‖Ψtt‖

=
l∑

r=1,r 6=t

‖A(αjt , αjr )−Ψtr‖+ ‖Ψtt‖

≤
l∑

r=1,r 6=t

‖A(αjt , αjr )‖+

l∑
r=1

‖Ψtr‖

≤ Rjt(A)− wjt −
k∑
r=1

‖A(αjt , αir )‖

+wjt +GTt [µI(A)(α)]−1H ′

= Rjt(A)− wjt + ε− 1

det[µI(A)(α)]

×det

 k∑
r=1
‖A(αjt , αir )‖ − wjt + ε −GTt

−H ′ µI(A)(α)


= Rjt(A)− wjt + ε− detB1

det[µI(A)(α)]
,

where H ′, B1 and µI(A)(α) are defined as in the proof of
Theorem 3.1. Thus detB1 > 0 and det[µI(A)(α)] > 0. So

‖[λIjt − [A(αjt , αjt)]
−1‖−1 < Rjt(A)− wjt + ε,

Letting ε→ 0 yields

‖[λIjt − [A(αjt , αjt)]
−1‖−1 ≤ Rjt(A)− wjt .

If λ ⊆ λ[Ã(αt, αt)] and λ * λ[A(αjt , αjt)], we assume that
x̃ 6= 0 is the eigenvector of A corresponding to λ. Then

0 =
‖[λIt − Ã(αt, αt)]x‖

‖x̃‖

≥ inf
x∈Cm,x6=0

‖[λIt − Ã(αt, αt)]x‖
‖x‖

= inf
x∈Cm,x6=0

‖[λIt −A(αjt , αjt) + Ψtt]x‖
‖x‖

≥ inf
x∈Cm,x6=0

‖[λIt −A(αjt , αjt)]x‖ − ‖Ψttx‖
‖x‖

≥ inf
x∈Cm,x6=0

{
‖[λIjt −A(αjt , αjt)]x‖

‖x‖
− ‖Ψttx‖
‖x‖

}
= inf

x∈Cm,x6=0

‖[λIjt −A(αjt , αjt)]x‖
‖x‖

− ‖Ψttx‖

= ‖[λIjt −A(αjt , αjt)]
−1‖−1 − ‖Ψtt‖ (by (4)).

Therefore,

‖[λIjt − [A(αjt , αjt)]
−1‖−1

≤ ‖Ψtt‖ ≤ Rt(A/α) + ‖Ψtt‖ ≤ Rjt(A)− wjt ,

which proves this theorem. �
Remark 4.1 By Remark 3.1, it is obvious that Theorem

4.1 improves the results of Theorem 4.1 in [13], Theorem
3.1.1 in [35] and Theorem 3.5 in [21].

By Theorem 3.2, similar to the proof of Theorem 4.1, the
following theorem can be derived.

Theorem 4.2 Let A ∈ II −BSDs and wjt be defined as
in Theorem 3.2. Then

λ(A) ⊂ G =
s⋃
t=1

[Gt ∪ λ(A(αjt , αjt))],

where

Gi =

{
λ : λ * λ(A(αjt , αjt)) and

‖[λIjt −A(αjt , αjt)]
−1‖−1 ≤ Υt

}
and Υt = ‖A(αjt , αjt)‖[R̂jt(A)− wjt ].

Remark 4.2 Similar to the discussions in Remark 3.2, it
can be seen that the results of Theorem 4.2 improve those
in Theorem 4.2 of [13], Theorem 3.12 of [35] and Theorem
3.6 of [21].

V. SOME NEW BOUNDS FOR DETERMINANTS OF
I-(II-)BSDs

In this section, we make use of the results in Sections
II-IV to exhibit some new upper and lower bounds for the
determinants of I − (II−)BSDs.

Lemma 5.1 [36] Let A = (aij)n×n, ∅ 6= α ⊆ N , assume
that A(α) is nonsingular. Then

detA = detA(α) detA/α.

Lemma 5.2 [29] Let A ∈ II −BSDs, then D−1A ∈
I −BSDs, where D is defined as in Lemma 2.4.

Let {j1, j2, · · · , js} be a rearrangement of the elements
in {1, 2, · · · , s}. Denote β1 = αjs , β2 = αjs ∪ αjs−1

, · · · ,
αs = αjs∪αjs−1∪· · ·∪αj1 = N . Then βs−t+1−βs−t = αjt ,
t = 1, 2, · · · , s, β0 = ∅, and

Rjt [A(βs−t+1)] =
∑

αu⊂βs−t

‖A(αjt , αu)‖,

R̂jt [A(βs−t+1)] =
∑

αu⊂βs−t

‖[A(αjt , αjt)]
−1A(αjt , αu)‖.

Let ϕ represent any rearrangement {j1, j2, · · · , js} of
the elements in {1, 2, · · · , s} with β1, β2, · · · , βs defined as
above. Next, we establish some bounds for determinants of
I-(II-)BSDs in the following theorems.

Theorem 5.1 Let A ∈ I −BSDs and be partitioned as
in (1). Then

|detA| ≥ max
ϕ

s∏
t=1

{
‖[A(αjt , αjt)]

−1‖−1 −Θjt

}|αjt | (19)

and

|detA| ≤ min
ϕ

s∏
t=1

{‖A(αjt , αjt)‖+ Θjt}
|αjt | , (20)
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where

Θjt = h[A(βs−t+1)]
∑

αv∈βs−t

‖A(αjt , αv)|| Pv[A(βs−t+1)]

‖[A(αv, αv)]−1‖−1
,

r[A(βs−t+1)] = max
t+1≤u≤s

‖A(αju , αjt)‖
Ki

,

Ki = ‖[A(αju , αju)]−1‖−1 −
s∑

v=t+1,v 6=u

‖A(αju , αjv )‖,

Pjv [A(βs−t+1)] = r[A(βs−t+1)]

s∑
u=t+1,u6=v

||A(αjv , αju)‖

+‖A(αjv , αjt)‖, αv ∈ βs−t,

h[A(βs−t+1)] = max
t+1≤u≤s

‖A(αju , αjt)‖
Li

,

Li = Pju [A(βs−t+1)]

−
n∑

v=k+1,v 6=u

‖A(αju , αjv )|| Pjv [A(βs−t+1)]

‖[A(αjv , αjv )]−1‖−1
.

Proof. Inasmuch as βs−t is contained in βs−t+1 and
βs−t+1 − βs−t = αjt , by Corollary 3.1, we have

‖[A(βs−t+1)/βs−t]
−1‖−1 ≥ ‖[A(αjt , αjt)]

−1‖−1 −Θjt > 0,

‖A(βs−t+1)/βs−t‖ ≤ ‖A(αjt , αjt)‖+ Θjt .

By Lemma 5.1, it follows that

| detA|

=

∣∣∣∣ detA

det[A(βs−1)]

∣∣∣∣ ∣∣∣∣det[A(βs−1)]

det[A(βs−2)]

∣∣∣∣ · · · ∣∣∣∣det[A(β2)]

det[A(β1)]

∣∣∣∣ |det[A(β1)]|

= |det(A/βs−1)| |det[A(βs−1)/βs−2]|
· · · |det[A(β2)/β1]| |det[A(β1)]|

= |
|αj1 |∏
i=1

λi(A/βs−1)

|αj2 |∏
i=1

λi(A(βs−1)/βs−2)

· · ·
|αjs−1

|∏
i=1

λi(A(β2)/β1)

|αjs |∏
i=1

λi(A(β1))|

= |
s−1∏
t=1

|αjt |∏
i=1

λi(A(βs−t+1)/βs−t)

|αjs |∏
i=1

λi(A(β1))|

≥
s−1∏
t=1

{‖[A(βs−t+1)/βs−t]
−1‖−1}|αjt |{‖[A(β1)]−1||−1}|αjs |.

≥ max
ϕ

s∏
t=1

{
‖[A(αjt , αjt)]

−1‖−1 −Θjt

}|αjt | ,
which proves the desired bound (19). The bound (20) can

be similarly proven. �
Remark 5.1 Similar to the discussions in Remark 3.1, for

αv ∈ βs−t, we have

h[A(βs−t+1)]
Pv[A(βs−t+1)]

‖[A(αv, αv)]−1‖−1

≤ r[A(βs−t+1)] ≤ max
αv∈βs−t

Rv[A(βs−t+1)]

‖[A(αv, αv)]−1‖−1
,

which results in

max
ϕ

s∏
t=1

{
‖[A(αjt , αjt )]

−1‖−1 −Θjt

}|αjt |
≥ max

ϕ

s∏
t=1

{
‖[A(αjt , αjt )]

−1‖−1 − r[A(βs−t+1)]Rjt [A(βs−t+1)]
}|αjt |

≥ max
ϕ

s∏
t=1

{
‖[A(αjt , αjt )]

−1‖−1 − max
αv∈βs−t

Rv [A(βs−t+1)]

‖[A(αv, αv)]−1‖−1

}|αjt |

and

min
ϕ

s∏
t=1

{‖A(αjt , αjt )‖+ Θjt}
|αjt |

≤ min
ϕ

s∏
t=1

{‖A(αjt , αjt )‖+ r[A(βs−t+1)]Rjt [A(βs−t+1)]}|αjt |

≤ min
ϕ

s∏
t=1

{
‖A(αjt , αjt )‖+ max

αv∈βs−t

Rv [A(βs−t+1)]

‖[A(αv , αv)]−1‖−1

}|αjt |
.

The above discussions verify that Theorem 5.1 improves
Theorem 3.2.3 in [35] and Theorem 3.6.1 in [34].

Theorem 5.2 Let A ∈ II −BSDs and be partitioned as
in (1). Then

| detA| ≥ max
ϕ

s∏
t=1

{
‖[A(αjt , αjt)]

−1‖−1(1−∆jt)
}|αjt | (21)

and

| detA| ≤ min
ϕ

s∏
t=1

{‖A(αjt , αjt)‖(1 + ∆jt)}
|αjt | , (22)

where

D = diag(A(α1, α1), · · · , A(αs, αs)),

∆jt = h[(D−1A)(βs−t+1)]

×
∑

αv∈βs−t

‖[A(αjt , αjt)]
−1A(αjt , αv)‖Pv[(D−1A)(βs−t+1)].

Proof. Combining Lemma 5.2 and Theorem 5.1 yields that
D−1A ∈ I −BSDs and

|det(D−1A)| ≤ min
ϕ

s∏
t=1

{1 + ∆jt}
|αjt | ,

i.e.,

|detA| ≤ | detD|min
ϕ

s∏
t=1

{1 + ∆jt}
|αjt |

≤ min
ϕ

s∏
t=1

||A(αjt , αjt)|||αjt | {1 + ∆jt}
|αjt | .

So Inequality (22) is obtained, similarly, we can prove the
Inequality (21). �

VI. NUMERICAL EXAMPLES

In this section, we present some numerical examples
to illustrate the theory results in this paper and show the
advantages of our derived results.

Example 6.1 Let

A =


A11 A12 A13 A14 A15

A21 A22 A23 A24 A25

A31 A32 A33 A34 A35

A41 A42 A43 A44 A45

A51 A52 A53 A54 A55

 ,

A11 = diag(16, · · · , 16)20×20, A22 = diag(15, · · · , 15)20×20,

A33 = diag(18, · · · , 18)30×30, A44 = diag(8, · · · , 8)15×15,

A55 = diag(9, · · · , 9)15×15, A12 = diag(−1, · · · ,−1)20×20,

A14 = A15 =

 0 0 · · · 0
...

...
. . .

...
−2 −2 · · · −2


20×15

,

A31 = A32 =

−2 · · · −2
...

. . .
...

0 · · · 0


30×20

,
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A45 =

 0 · · · 0
...

...
−2 · · · −2


15×15

, A54 =


−2 −1

−1 −2
. . .

. . .
. . . −1
−1 −2


15×15

,

A51 =

 0 · · · −5
...

...
0 · · · 0


15×20

, A43 =

−1/3 · · · −1/3
...

. . .
...

−1/3 · · · −1/3


15×30

,

A53 =

 0 · · · −2
...

...
0 · · · 0


15×30

, A42 =

−3 · · · −3
...

...
0 · · · 0


15×20

,

A41 =

−1/3 · · · −1/3
...

. . .
...

−1/3 · · · −1/3


15×20

, A52 =

 0 · · · 0
...

...
−2 · · · −2


20×15

,

A34 =

 0 · · · 0
...

...
−1 · · · 0


30×15

, A23 =

−0.1 · · · −0.1
...

. . .
...

−0.1 · · · −0.1


20×30

,

A24 =

−0.2 · · · −0.2
...

. . .
...

−0.2 · · · −0.2


20×15

, A21 =

−3 · · · −3
...

. . .
...

0 · · · 0


20×20

,

A13 = 2.5A23, A25 = 0.75A24, A35 = 4A34.

In the following, we choose α = {1, 3} in the Schur
complement A/α. Without loss of generality, we assume

‖.‖ = ‖.‖∞, α =
2⋃
r=1

αir , α′ =
3⋃
t=1

αjt , i1 = 1, i2 = 3,

j1 = 2, j2 = 4, j3 = 5 and A/α = (Ã(αt, αt)). By
computation, A ∈ I −BSDs. According to Theorem 4.1,
any eigenvalues λ of A/α satisfies

λ ∈ {λ : |λ− 15| ≤ 7.9186} ∪ {λ : |λ− 8| ≤ 6.8310}
∪{λ : |λ− 9| ≤ 6.2910} = Γ1.

By Theorem 3.13 in [20] and Theorem 3.5 in [21], any
eigenvalues λ of A/α satisfies

λ ∈ {λ : |λ− 15| ≤ 9.2727} ∪ {λ : |λ− 8| ≤ 9.5455}
∪{λ : |λ− 9| ≤ 8.1818} = Γ2.

By Theorem 3.1.1 in [35], any eigenvalues λ of A/α satisfies

λ ∈ {λ : |λ− 15| ≤ 9.2424} ∪ {λ : |λ− 8| ≤ 9.4697}
∪{λ : |λ− 9| ≤ 8.1515} = Γ3.

By Theorem 4.1 in [13], any eigenvalues λ of A/α satisfies

λ ∈ {λ : |λ− 15| ≤ 10.1250} ∪ {λ : |λ− 8| ≤ 11.2500}
∪{λ : |λ− 9| ≤ 9.3750} = Γ4.

To further confirm the facts in the above results, Figures 1-3
depict the eigenvalue distributions of the Schur complement.

From these numerical results and figures, we have the
following observations:
• As observed in the comparison results, the Theorem

3.13 in [20], Theorem 3.5 in [21], Theorem 3.1.1 in
[35], Theorem 4.1 in [13] and Theorem 4.1 can suc-
ceed in computing and determining the the eigenvalue
distributions of the Schur complement by using the
elements of the original matrix, whereas the eigenvalue
distributions derived by Theorem 4.1 are sharper than
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Fig. 1. The blue solid line and the green dashed line denote the
corresponding discs Γ1 and Γ2, respectively
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Fig. 2. The blue solid line and the green dashed line denote the
corresponding discs Γ1 and Γ3, respectively

the ones computed by Theorem 3.13 in [20], Theorem
3.5 in [21], Theorem 3.1.1 in [35] and Theorem 4.1 in
[13], that is, Γ1 ⊂ Γ2, Γ1 ⊂ Γ3 and Γ1 ⊂ Γ4.

• From Figures 1-3, we clearly find that Γ1 is the tightest
among all eigenvalue distributions, which demonstrates
the validity of the conclusion given in Remark 4.1.

Example 6.2 Let

A =

A11 A12 A13

A21 A22 A23

A31 A32 A33

 ,

where

A11 =

(
8 0
0 8

)
, A12 =

(
0
1

)
, A13 =

(
0 0
1 0

)
,

A21 =
(

0 2
)
, A22 = 10, A23 =

(
3 0
)
,

A31 =

(
0 3
0 0

)
, A32

(
1
0

)
, A33 =

(
9 0
0 9

)
.

It is easy to see that A ∈ I −BSD3. We compare the
bounds in Theorem 5.1 with those in Theorem 3.61 of [34]
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Fig. 3. The blue solid line and the green dashed line denote the
corresponding discs Γ1 and Γ4, respectively

and Theorem 3.2.3 of [35]. By utilizing Theorem 3.61 in
[34], we have

35403 ≤ |detA| ≤ 70596.

By making use of Theorem 3.2.3 in [35], we have

43643 ≤ |detA| ≤ 60938.

Now, by applying Theorem 5.1, we derive

43841 ≤ |detA| ≤ 60703,

which is an improvement on the bounds in Theorem 3.61 of
[34] and Theorem 3.2.3 of [35]. This example shows that the
upper and lower bounds in Theorem 5 are better than those
in Theorem 3.61 of [34] and Theorem 3.2.3 of [35]. In fact,
detA = 47448.

VII. CONCLUSIONS

To estimates diagonally dominant degree on the Schur
complement of matrices, we first exhibit some new esti-
mations of diagonally dominant degree on the Schur com-
plement of I(II)-block diagonally dominant matrices in this
paper, which are proved to be sharper than the ones in [13],
[35], [21]. As applications, some new distributions for the
eigenvalues of the Schur complement of matrices as well
as the new upper and lower bounds for determinants of the
I(II)-block diagonally dominant matrices are derived, these
results are better compared with those of [13], [35], [21],
[34]. Numerical examples are also given to illustrate these
facts.

It would be nice if we can find more precise estimates
of I(II)-block diagonally dominant degree for Schur com-
plement of matrices, distributions for the eigenvalues of the
Schur complement of matrices and upper and lower bound-
s for determinants of the I(II)-block diagonally dominant
matrices compared those proposed in this paper. We will
continue to research this topic in our further work.
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