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On an Almost Periodic Gilpin-Ayala Competition
Model of Phytoplankton Allelopathy

Lijun Xu and Yongzhi Liao

Abstract—By using some analytical techniques, modified
inequalities and Mawhin’s continuous theorem of coincidence
degree theory, some sufficient conditions for the existence of
positive almost periodic solutions to a class of Gilpin-Ayala
competition model of phytoplankton allelopathy are established.
Further, by constructing a suitable Lyapunov functional, the
global asymptotical stability of almost periodic solution for the
model is also studied. The work of this paper extends and
improves some results in recent years. Finally, some examples
and simulations are given to illustrate the main results in this

paper.

Index Terms—Almost periodic oscillation; Coincidence de-
gree; Gilpin-Ayala; Phytoplankton allelopathy.

I. INTRODUCTION

Ne of the most interesting questions considering eco-
logical populations is how species which grow in the
same environment influence each other since they usually
compete for food, territory and other requirements. A specific
type of ecological interaction corresponding to this issue is
called facultative mutualism and it means that each species
enhances the average growth rate of the other although each
one of them can survive in the absence of other species.
The first model that regards ecological population systems
was suggested independently by Lotka [1] and Volterra [2]
in the 1920s and was described by the following differential
equation

. Ly
where x; and r; are the population size and exponential
rate of the growth of the ith species, respectively, K; is
the carrying capacity of the ¢th species in the absence of
its competitor-the jth species, and a;; is the linear reduction
(in terms of K;) of the ith species’ rate of growth by its
competitor-the jth species, 7,5 = 1,2, i # j.

During the last decades, ecological population systems
have been intensively studied and there exist a lot of excellent
papers in this field. Most of them are mainly grounded on
the classical Lotka-Volterra competition system but they have
many different forms (see, for example, [3,4]). However,
regardless of this fact, the Lotka-Volterra competition models
have often been severely criticized. One of the remarks
refers to the fact that this model is linear, i.e. the rate
of change in the size of each species is a linear function
of sizes of the interacting species. Particularly, in 1973,
Gilpin and Ayala [5] pointed out that the Lotka-Volterra
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systems are the linearization of the per capita growth rates
Z;/x; about the point of equilibrium. They claimed that a
little more complicated model was needed in order to yield
more realistic solutions. Hence, they proposed the following
competition model:

. 01
T s
1 =711z |1 (Kll) a12 Kz2 ;

(1.1)

By =roxg |1 — (%)92 —ang-|,
where x; is the population density of the ith species, r; is
the intrinsic exponential growth rate of the ¢th species, K;
is the environmental carrying capacity of species ¢ in the
absence of competition, 6; provides a nonlinear measure of
interspecific interference, ¢ = 1,2, a1 and as; provides a
measure of interspecific interference. In recent years, many
generalizations and modifications of system (1.1) have been
proposed and studied (see [6-11] for more detail).

The aim of this paper is to consider the following almost
periodic Gilpin-Ayala competition model of phytoplankton
allelopathy with time-varying delays:

#(t) = (1) [ (1) — ar(£)2 (1) — by (6™ (s (1)
e (a7 (1)) <al<t>>} ,
(1.2)
i(t) = y() [rz(t) — sty (8) — ba(t)x (s (1))
~ealt)a (valt) )y <oa<t>>} ,

where «;, §;, 7, d; are nonnegative constants, r;, a;, b;, ¢;, t—
wi(t),t—v;(t) and t — o;(t) are nonnegative almost periodic
functions, i = 1,2. Let R, Z and NT denote the sets of real
numbers, integers and positive integers, respectively.

In real world phenomenon, the environment varies due to
the factors such as seasonal effects of weather, food supplies,
mating habits, harvesting. So it is usual to assume the peri-
odicity of parameters in the systems. However, if the various
constituent components of the temporally nonuniform en-
vironment is with incommensurable (nonintegral multiples)
periods, then one has to consider the environment to be
almost periodic since there is no a priori reason to expect
the existence of periodic solutions. Hence, if we consider
the effects of the environmental factors, almost periodicity is
sometimes more realistic and more general than periodicity.

It is well known that Mawhin’s continuation theorem
of coincidence degree theory is an important method to
investigate the existence of positive periodic solutions of
some kinds of non-linear ecosystems (see [12-22]). However,
it is difficult to be used to investigate the existence of
positive almost periodic solutions of non-linear ecosystems.
Therefore, to the best of the author’s knowledge, so far, there
are scarcely any papers concerning with the existence of
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positive almost periodic solutions of system (1.2) by using
Mawhin’s continuation theorem [23-24]. Motivated by the
above reason, the main purpose of this paper is to establish
some new sufficient conditions on the existence of positive
almost periodic solutions of system (1.2) by using Mawhin’s
continuous theorem of coincidence degree theory.

Related to a continuous function f, we use the following
notations:

M = sup f(s),

seR

= inf f(s),

[l = sup|f(s)l. = tim f/ £(s

Throughout this paper, we always make the following

assumption for system (1.2):
(Hl) 7i>0and a; >0,i=1,2.

The paper is organized as follows. In Section 2, some basic
definitions and necessary lemmas are given. In Section 3, by
using Mawhin’s continuous theorem of coincidence degree
theory, some new sufficient conditions for the existence of at
least one positive almost periodic solution of system (1.2) are
established. In Section 4, some simple applications are stated.
Finally, some illustrative examples are given in Section 5.

II. PRELIMINARIES

Definition 1. ([25,26]) =z € C(R,R") is called almost
periodic, if for any € > 0, it is possible to find a real
number | = [(e) > 0, for any interval with length [(e),
there exists a number 7 = 7(e) in this interval such that
lz(t + 7) — z(t)]| < e Vt € R, where || - || is arbitrary
norm of R™. 7 is called to the e-almost period of x, T'(x, €)
denotes the set of e-almost periods for x and (¢) is called
to the length of the inclusion interval for T'(z,¢€). The
collection of those functions is denoted by AP(R,R™). Let
AP(R) := AP(R,R).

Next, we present and prove several useful lemmas which
will be used in later section.

Lemma 1. ([24]) Assume that x € AP(R) N CY(R) with
& € C(R). For arbitrary interval [a,b] with b —a = w > 0,
let £ € [a,b] and

I={sel&b]:i(s) >0},

then ones have
x(t) < (&) + /:Z:(s) ds, Vtel,b].
1
Lemma 2. ([24]) If x € AP(R), then for arbitrary interval
la,b] with I = b—a = w > 0, there exist ) € [a,b], n €
(—o0,a] and 7j € [b,+00) such that
a(n) = (1)

Lemma 3. ([24]) If x € AP(R), then for Vn € N*, there
exists o, € R such that x(ay,) € [ — L 2%, where z* =

SUp, g Z($).

For © € AP(R), we denote by

and @(n) > a(s), Vs € [,

T—o0

e :
1' _ —led 0
the mean value and the set of Fourier exponents of =,
respectively.

I ;
a(x,w) = lim —/ x(s)e” 7 ds,
0
Alz) = {w eR:
Lemma 4. ([25]) Assume that x € AP(R) and T > 0, then

for Ytg € R, there exists a positive constant Ty independent
of to such that

1 to+T
—/ x(s)ds
T Ji,

III. MAIN RESULTS

2’ 2

}, VT > Tp.

The method to be used in this paper involves the appli-
cations of the continuation theorem of coincidence degree.
This requires us to introduce a few concepts and results from
Gaines and Mawhin [27].

Let X and Y be real Banach spaces, L : DomL C X — Y
be a linear mapping and N : X — Y be a continuous map-
ping. The mapping L is called a Fredholm mapping of index
zero if ImL is closed in Y and dimKerL = codimImZL <
+o0. If L is a Fredholm mapping of index zero and there
exist continuous projectors P : X — X and @ : Y — Y such
that ImP = KerL, Ker@ = ImL = Im(J — Q). It follows
that L|pomrnkerp : (I — P)X — ImL is invertible and its
inverse is denoted by K p. If €2 is an open bounded subset of
X, the mapping N will be called L-compact on Q if QN ()
is bounded and Kp(I — Q)N : Q — X is compact. Since
Im@ is isomorphic to KerL, there exists an isomorphism
J : Im@ — KerL.

Lemma 5. ([27]) Let Q C X be an open bounded set, L be

a Fredholm mapping of index zero and N be L-compact on

Q. If all the following conditions hold:

(a) Lz # ANz, Vo € 90N DomL, A € (0,1);

(b) QNz #0, Vo € 002N KerL;

(¢) deg{JQN,QNKerL,0} # 0, where J : Im@Q — KerL
is an isomorphism.

Then Lx = Nz has a solution on QN DomlL.

Now we are in the position to present and prove our result
on the existence of at least one positive almost periodic
solution for system (1.2).

From (H;), for Ya € R, there exists a constant w €
(0, +00) independent of a such that

1/“+T defi?)fi
T/, Sle e |

1 ot a; 3a

— eEl—=,—|, VI'>w,i=1,2. d
T /a y { 2772 ] =t ©
In addition, we introduce two numbers, two functions and a
assumption as follows:

1 37, ST 37; .
k= —In ol L 2N g
oy a; 2
Aq(s) =r1(s) — e’ﬁlkzbl(s)7
Ay(s) = ra(s) — eﬂmbg(s), Vs € R,
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where w is defined as that in (O).
(Hg) Al >0,i1=1,2.

Theorem 1. Assume that (H1)-(Hz) hold, then system (1.2)
admits at least one positive almost periodic solution.

Proof: Under the invariant transformation (x,y)?7 =
(e*,ev)T, system (1.2) reduces to

U(t) = ( )_ bl( ) aju(t) _ Cl(t)eBIU(IH )
_dl (t)e’hu V1(t)) S1v(o1(t)) .— Fl( )

( ) —by(t)e agv(t) _ o t)eﬂzu(uz(t))
—dQ( )672H(D2(t))652v(02(t)) o FQ( )

3.0

It is easy to see that if system (3.0) has one almost periodic
solution (u,v)”, then (z,y)T = (e, e”)T is a positive
almost periodic solution of system (1.2). Therefore, to com-
plete the proof it suffices to show that system (3.0) has one
almost periodic solution.

Set X =Y =V, @ Vs, where

Vi = {(U,U)T € APR) : Vw € A(u) UA(v), |w| > 70}7

Vy = (K1, ko)™,

where g is a given positive constant. Define the norm

{z=(uv)" = ki,ks € R},

llz]lx = max{sup|u( )|, sup |v(s )|}, VzeX =Y,
seR

seR
then X and Y are Banach spaces with the norm || - ||x. Set
L:DomL CX =Y, Lz=L(uv)’ = (4,)7

where DomL = {z = (u,v)”

€ X:uwv e CHR),u,0 €
C(R)} and
0]~ B0,

v(t) ] B { (1)

With these notations system (3.0) can be written in the form

Lz=Nz, VzeX

N: X =Y, Nz:N{

It is not difficult to verify that KerL = V5, ImL = V; is
closed in Y and dim KerL = 2 = codim ImZL. Therefore,
L is a Fredholm mapping of index zero (see Lemma 2.12 in
[24]). Now define two projectors P : X — Xand Q : Y — Y
as

rer[]|

Then P and @) are continuous projectors such that ImP =
KerL and ImL = Ker@ = Im (I — Q). Furthermore, through
an easy computation we find that the inverse Kp : ImL —
KerP N DomL of Lp has the form

u} fgu(s)dsfm fotus ds
v fotv(s)ds—m fotv(s)ds
Then QN : X — Y and Kp(I — Q)N : X — X read

m(u)

m(v)

KPZZKP|:

on-on[2]-[ 2

m(Fy
e |
_ | Slu®)] = QF[u()]
el =Q)N== [ )t |+ v e
where f(z) is defined by flz(t)] = [ [Na(s) —

}:Qz, w:“#x:y

QNxz(s)| ds. Then N is L-compact on €2 (see Lemma 2.13
in [24]).

In order to apply Lemma 5, we need to search for an
appropriate open-bounded subset 2.

Corresponding to the operator equation Lz = Az, A €
(0,1), we have

w(t) = A {7‘1 (t) — a1 (t)e®®) — by (t)efrvim(®)

Cl(t)emu(m(t))eéw(m(t))] ,
3.1)
() = A {rg(t) — a(£)e0300) _ py (t)ePulia(t)

—co (t)e'vzu(w(t))e52v(02(t))] .

Suppose that (u,v)T € DomL C X is a solution of system
(3.1) for some A € (0,1). By Lemma 3, there exist two
sequences {1, : n € NT} and {P, : n € N*} such that

1
u(T,) € [m* — ,u*] , u* =supu(s), n €Nt (32)
n seR
* 1 * * +
v(P,) € [v*——,v"|, ov* =supuv(s), neNT.(3.3)
n seR

For Vng € NT, we consider [T}, — w,Ty,] and [P,, —
(

w, Py,], where w is defined as that in (O). By Lemma 1,
there exist { € [T, — w,Ty,), £ € (—00,Ty, — w]| and
€ € [Ty,, +0o0) such that

u(§) = w(€) and u(é) <wu(s), Vse [§,§] (3.4)

Integrating the first equation of system (3.1) from § to € leads
to

3
/ {m (s) — a1(s)e°‘1“(5) _ bl(s)eﬂl”(ul(s))
3

—c1(8)6"1“(”1(s))651”(”1(5))] ds =0, (3.5)

which yields from (3.4) that

3 o 3
/ a1(8)6a1U(€u )ds < /
¢ ¢

which yields from (OJ) that

3
/ r1(s)ds
1 13 1

—1In | =

Qa7 1S
/ a1(s)ds
3

Similar to the argument as that in (3.6), there exists ( €
[P, — w, Pp,] so that

13
alu(s)d < d7
ay(s)e s/5 r1(s)ds
u(§) <

(§)<iln3ﬂ

LetI; = {s € [£,Tp,] :
(3.1) that

/ u(s)ds = / /\{rl(s) — a1 (s)e® (s — by (s)eProlm(s)
I I

—c (8)671U(V1 (8))d1v(01(9)) | qg

3.7

u(s) > 0}. It follows from system
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IN

r1(s)ds

Thg
/ Ary(s) dsg/
Iy Tn,—wo

)
3rw
< 70

- 2
Let Iy = {s € [¢, Py,] : ¥(s) > 0}. Similar to the argument
as that in (3.8), we can easily obtain that

(3.8)

P —
n 3
/ 0(s)ds < / ’ ro(s)ds < 2w (3.9)
Iz Pno—w 2
By Lemma 1, it follows from (3.6)-(3.9) that
3r1  3rw
u(t) < u —|—/ ds < —1 — +
() < w©)+ [ ils)ds s T+ =
= k‘1, YVt € KanoL
1 37y 3row
t) < ds < —1In—=
o) <00+ [ Heds< oS24
= k27 Vte [CaPTLoL
which imply that
w(Th,) < ki and v(Pp,) < ks.

In view of (3.2)-(3.3), letting ng — 400 in the above
inequalities leads to

ut = noliﬁoc w(Thy) < k1, (3.10)
* — s <
v n0£m+mv(Pno) < ko. (3.11)

In view of (3.5), by the integral mean value theorem, there
exists sg € [£,&] such that

r1(s0) — al(so)e"““(s") — bl(so)e’glv(’“(s”))

—cy (So)e’hu(vl(so))eéw(al(so)) — 0,

which implies that

inf {rl (5) — ai(s)e®F — by (s)erh2

Po = mt
—er(s)emb 61k2}
< ] - alu(s) — Brv(pa(s))
- ;IelJfR ai(s bi(s)e
—cl(s)eVlu(Vl( s)) 5111(01(5))}
< 71(s0) — a1 (80)e®1 0 — by (s0)ePre(k (0)

—c (80)671u(l/1 (50)) gd1v(o1(s0))
= 0.

Similarly, we can easily obtain that

qo = ;gﬂg {7’2(5) — ay(s)e2hz

—by(s)eP2kr — 02(5)6”’2]“652]“2} <0.

Substituting (3.10)-(3.11) into system (3.1), we obtain
u(t) > )\[rl(t) —ay (t)e*kr — by (t)ePrke
—01(t)671k1661k2] > Apo > Po,

o(t) > A [rg(t) — a2(t)eo‘2k2 — bg(t)€ﬂ2k1

—CQ(t)e'”kle‘SQ’”] > Ao > qo-

Under the invariant transformation (u,v)? = (Inz,Iny)?
for z > 0 and y > 0, the above system changes to
[e=Pota(t)]’ > 0,

&(t) = pox (1),
. <—
{ y(t) = qoy(?), [e=®ty(t)] > 0.
For any s < ¢, integrating (3.12) from s to ¢ leads to

eu(s) < g—pot=s)gult),
() < e—o(t—5)gu(t).

(3.12)

(3.13)
Substituting (3.13) into system (3.1) leads to

a(t) > A {rl(t) — ay (t)eru®) — by (£)efrolm ()
—61(t)e‘pﬁ(t—l’l(t))%e5lv(01(t))671u(t)} ’

o(t) > A {rg(t) — aa(£)e0300) _ by (t)eBulia(t)

—Co (t)e’qu(uz(t))e—%(t—ag(t))ég 662“(t):| .

From (H:) and Lemma 4, for Va € R, there exists a
constant & € [w, +00) independent of a such that

1 /“T {Ai SAl}
T < ,

— .14
5 5 (3.14)

where T' > w, ¢ = 1,2. For Vng € Z, by Lemma 2, we can
conclude that there exist 7 € [now, now-+a&], n € (—00, new]
and 7 € [now + @, +00) such that

u(n) =u(n) and wu(n) >wu(s), Vse€ [n,n. (3.15)

Integrating the first inequality of system (3.14) from 7 to 7
leads to

7 7
/ |:7’1(S) — bl(s)eﬁw(ul(s)):| ds < / [al(s)ealu(s)
1 n

ter(s)ePols— (D gFru(er(s) “mu(S)} 4. (3.16)

which implies from (3.16) that

/17 ﬁAl(s)ds

[ () -moes ) s
</ (R = (e ) as
< [ (oxteperre

+c1 (s)e‘leo(s—m(s))eéw(m (s))e'ylu(s)> ds

(Advance online publication: 24 May 2017)
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7
n

+e; (S)e—wpo(s—ul(8))651'0(01 (8))671u(77)) ds. (3.17)

If e“() < 1, then max{e®1"( enu(n} < e u(m | where
k! = min{ay, v, }. By (3.17), we obtain from ((J) and (3.15)
that

u(n)
7
/ Aq(s)ds
1
2 glh—F -
" [al(s) + Cl(s)e—mms—m(s))eélv(m(s»} ds
n
1 Ay
> —n o7 M M :
K 2a7" 4 2¢] [e—po(S—Vl(S)) + 1}71 [ekz + 1]51
1
= ST, (3.18)
where

Ay
0= o s T T

If ¢ > 1, then max{e®#(n enu(M} < ex™u(n) where

kM = max{ay,~}. Similar to (3.18), we obtain from (0)

and (3.15) that

1
u(n) = WFL (3.19)
From (3.18)-(3.19), we obtain
1 1
>min —I'y, —TI'1 p :=1II;. 3.20
u(n)—mln{l{/l 17:‘<EM 1} 1 ( )

Similar to the argument as that in (3.20), it is not difficult to
obtain that there exists ¢ € [now, new + w| so that

. 1 1
v(¢) > min {UZFQ, UMFQ} = I, (3.21)

l

where v! = min{az, 72}, v = max{az,y2} and

Ty —In As
T 2a§/f + 205‘4[6—40(5—02(5))1‘4 + 1]52 [ek1 + 1) )

Further, it follows from system (3.1) that

now-—+w
/ [i(s)] ds

ow

now—+w
- / A
TL()(:)

—by (S)eﬁlv(ul(s)) _ cl(8)671’&(”1(3))651’0(01(S)) ds

ri(s) — al(s)ealu(s)

< {T{V[ + ajl\/[[ek1 + 1] 4+ bi‘/[[ek2 + 1]’81

+cMeP 4 1) [er2 + 1) }w =0y, (3.22)

now-+w
/ [o(s) ds

ow

< {réw + aé”[e’€2 +1]*2 4+ bé\/[[ekl + 1]’82

R

In view of (3.20)-(3.23), it follows that
now—+w
u) ~ [ i) ds

ow

>1II; — 0, :=k3, Vte [nobt),no(f) +(;J], (3.24)

S
=
v

now-+w
o)) 2 o0~ [ fo(e)las

ow

> Iy — O = ky, Vt € [no®, no@ + &]. (3.25)

Obviously, k3 and k4 are constants independent of ng. So it
follows from (3.24)-(3.25) that

inf {

no€”Z

min
SE[New,now+w]|

w, = inf u(s) = u(s)} > k3,(3.26)

v, = inf v(s) = inf min v(s)t > ky4.(3.27
seR ( ) noel{se[nooﬁ,now-&-w] ( )} 2 Fa.( )
Set K = |ki| + |ko| + |ks| + |ksa| + 1, then |w| =

||(w,v)T|| < K. Clearly, K is independent of X\ € (0,1).

Consider the algebraic equations QNzy = 0 for zyg =
(ug,v0)T € R? as follows:
m(ry) —m(ay)e® ™ — m(by)elrvo

_m(cl)e’nuoeélvo =0,
m(ry) — m(ag)e®?*0 — m(by)ef2o
—m(cg)er2toed2vo = ().

(3.28)

From the first equation of system (3.28), we have
m(ry) > m(ag)e*™°,

which implies that

1 T
ug < 711,1_71 < k1.
a1 ay

(3.29)
Similarly, we also obtain

1 T
vy < 71n_72 < ko.
(€5)] a2

(3.30)

Furthermore, by the first equation of system (3.28) and
(3.30), we have

m(A1) = m(ry) — eﬂlkzm(bl)
< m(r)— m(bl)eﬁ“’0
= m(ay)e®" 4+ m(c;)erruoedivo
< (a{w + ciw [ek2 + 1]51) max{e“l“‘), e"‘M“O},
where ! = min{ay,7;} and x™ = max{ay,v;}. There-

fore, we obtain

up > ks. (3.31)

Similarly, we have

Vo Z k47 (3.32)

where v! = min{ag, 72}, v™ = max{az,v2}. In view of

(3.29)-(3.32), we can easily obtain ||zo]|x = |uo|+ |vo| < K.
Let Q@ = {z € X : ||z||x < K}, then Q satisfies conditions
(a) and (b) of Lemma 5.

Finally, we will show that condition (c¢) of Lemma 5 is

(Advance online publication: 24 May 2017)
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satisfied. Let us consider the homotopy
H(1,2) =1QNz+ (1 —1)Fz, (1,2)€0,1] x R?,

where

SUON

From the above discussion it is easy to verify that H (¢, z) #
0 on 90 NKerL, V. € [0,1]. By the invariance property of
homotopy, direct calculation produces

deg (JQN,QNKerL,0) = deg (F,Q2 N KerL,0) # 0,

miry) ~mlagent

m(re) — m(az)e*2?

where deg(-, -, -) is the Brouwer degree and J is the identity
mapping since Im@) = KerL. Obviously, all the conditions
of Lemma 5 are satisfied. Therefore, system (3.0) has one
almost periodic solution, that is, system (1.2) has at least one
positive almost periodic solution. This completes the proof. B

IV. GLOBAL ASYMPTOTICAL STABILITY

Lemma 6. ([33]) Assume that a >0, b > 0 and & < x(b—
ax®), where « is positive constant, then

X

Lemma 7. Assume that (Hy) holds, then any positive
solution (x,y)T of system (1.2) satisfies

lim supz(t) <

t—+oo

lim sup z(t) < M,

t—o0

lim sup y(t) < N,

t—o0
where L L
=[] N[
a ’ Qg
Proof: In view of the first equation of system (1.2), we

have
z(t) < x(t) [rf — afxal(t)] ,

which implies from Lemma 6 that

1

+7ar
[Tl_} ' = M.
a

Further, from the second equation of system (1.2), it follows
that

lim sup z(t) <

t—o0

g(t) <y(t) [ry —azy®*(1)],

which implies from Lemma 6 that

1
lim sup y(t) < {2] = N.
t— o0 Ay
This completes the proof. [ |
Theorem 2. Assume that (Hi)-(Hz) hold. Suppose further
that
- CT71K51+’Y1—0¢1 B 0372K52+V2—051
! Otll); Olll./;
b+ KﬂQ*Oél
_2&7_ > 07
Q1 fhg
B e o
5 — _

042(:)'1_ 0120.'2_

B b‘f‘ﬁl KBi—a
a2
where K = min{M, N}. Then system (1.2) has a unique
positive almost periodic solution, which is globally asymp-
totically stable.

>0,

Proof: By Theorem 1, we know that system (1.2) has
at least one positive almost periodic solution (x*,y*)T.
Suppose that (z,y)7 is another positive solution of system
(1.2).
From (H3), there must exist € > 0 and 6 > 0 such that
B C;FPYI (K + 6)51 +r—o
ar —
! Ckll./;
el + g
Oéll'/Q_
b Ba(K +

Qi fiy

>0,

o i+ g
Q20
CEL’YQ(K + 6)52+’Yz*062
(12(‘3’2—
bl B (K +€)r—e
_ -

> 0.

From Lemma 7, there must exist 7; > 0 such that

z(t) < K+e ylt)<K+e Vt>Ty.

Define

where

Vi(t) = [na(t) —Inz*(t)] + [Iny(t) — Iny*(#)],

Va(t)
t + K S1+vy1—an
— / ey (K A+ 6)_ |zt (s) — z**1(s)| ds
Vl(t) alyl
t + K do+y2—a
+/ @t 2 (5) — 21 (5)| ds
va(t) a1y
t + Ba—a1
b K
+/ 20K TP o () — e ()] s,
pa(t) Qi fiy
Vs(t)
t + 01471 —a
c K + €)1 71 2 o o
N / — )— [y (s) —y™*2(s)|ds
O’l(t) a20-1
t + K+ d2+y2—a2
s [ GBI ) )] ds
o2(t) Q20
t + Br—a2
b B + "
+/ L -f) [y*2(s) —y™*(s)| ds.
p(t) Qafly

For ¢t > T, calculating the upper right derivative of V;(i =
1,2, 3) along the solution of system (1.2), it follows that

DYV (1)
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IN

IN

IN

—ay |z (t) — " (t)]
0 [y (i (1) — 4P (ua (1))
+efy’ (o1 ()27 (1 (1) — 2 (1 (1))
+ef a1 (1 () [y (1) — v (01(1))]
—ay [y**(t) —y™**(1)]
+b3 |2 (pa () — 2% (u2(1))]
ey’ (oa(1)) |22 (va (1)) — ™7 (va (1))
ef 2 (v (1) ly™ (02(1)) — ¥ (02(1))|
—aq [ (t) — 2 (t)]
-+ € B1—az
P o 0) — 7 s (0)
C+ X € S1+y1—a
L4 71 (K +a1) |2 (11 (t)) — 2% (11 (2))]
C+ X € S1+71—a2
LA +a2) T s oa(8)) — 5 0 1)
—ay [y (1) =y (¢))]
+ € Ba—a1
Wb 52(K; ) |2 (pa(t)) — 2 (ua(t))|
ot 9 e)d2tr2—a
+ & Y2 (K Jral) 2 (va(t)) — 2™ (v2(1))]
ot 9 €)02tr2—o
y&nl& 22) [y (2(t)) — 5™ (o2(1))],
Dt Va(t)
C-‘r 1 € d1+y1—o
Ty (K;p) |21 (1) — 2% (1)
ot 1 e)ditr—a
K +a1> T s 1)) — 2 (1)
ot 9 €)02tr2—n
L2 (K;,;)— ’ |21 () — & (1))
et 5 €)d2tr2—an
(K +a1> T e 1)) — 2 (e (1)
+ €)P2—
+b2 ﬂQ(I;ZJ |29 () — 2% (£)]
+ € Ba—a1
_bs BZ(KOI ! |2 (pa(t)) — 2™ (ua2(1))],
D*Vs(t)
ct 1 €)01tm—o
i (K;d)_ Y22 (8) — y2 (1)
e €)hrtm—a
_amk ZQ) T o) -y ()
et €)%tz
LG Vz(K;d)_ " ly2 (t) — y*2(t)]
cr o €)2tr2—
g m(K +a2) [y*2(02(t) — y**2 (02 (1))
+ €)fri—z
HBEAD ) — s
+ € B1—a2
- ,6’1(1;;1_) Y2 (e (8)) — ™2 (ua (1))

Together with the above inequalities, it follows that

DYV (t)
a1V
il 4 g
Ozlﬂg
+ —a
_ b2 BZ(K "?_6)52 ! }|£L’al (t) o (E*al (t)|
Q1 iy
-

CT'YI (K + 6)51+’Yl—(12

042(.7;
el g
0520'2_
BB+ OM Y L
AL e - e )
2
< Bl (0) — (O] + (1) — (O]

Therefore, V' is non-increasing. Integrating the last in-
equality from Tj to ¢ leads to

V(t)+6 /T 22 (5) — 2% (s)|

+ly*2 (s) —y™*2(s)l] ds
< V(To) < 400, Vt>Ty,

that is,

/ :m[x“ws) e

which implies that
lim [|z%(s) —

s——+oo

()] +1y*2(s) — y™**(s)] ds < +o0,

2" (s)] + |y*2(s) —y™ 2 (s)[] = 0.

Thus, the almost periodic solution of system (1.2) is asymp-
totical stability. The global asymptotical stability implies that
the almost periodic solution is unique. This completes the
proof. ]

V. SOME APPLICATIONS

Application V.1. Consider the following logistic equation
N(t) = N(t)|r(t) — a()N(t) = bE)N(t — )|, (5.1)

where 1 > 0 is a constant, 7, ¢ and b are nonnegative almost
periodic functions with m(r) > 0 and m(a + b) > 0.
In [28], Xie and Li obtained that

Corollary 1. Eq. (5.1) admits at least one positive almost
periodic solution.

Corollary 2. Assume that all the coefficients in Eq. (5.1)
are 2m-periodic, then Eq. (5.1) admits at least one positive
27-periodic solution.

As regards the existence of a periodic solution in Eq. (5.1),
Freedman and Wu [29] proved an existence result for E-
g. (5.1) by introducing a different assumption:

Theorem 3. Assume that r(t) > 0,a(t) > 0,b(t) > 0 for all
t € |0, 27| and suppose that the delayed functional equation

r(t) —a®)y(t) = b(t)p(t —p) =0

(Advance online publication: 24 May 2017)
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has a positive and continuously differentiable 2m-periodic
solution, then Eq. (5.1) has a positive 2w-periodic solution.

Further, Lisena [30] obtained that

Theorem 4. Assume that m(r) > 0,a(t) > 0,b(t) > 0 for
all t € [0,2x] and suppose that there exists a positive and
continuously differentiable 2m-periodic function ¢ such that

a(t)6(t) + bt — ) =0, Vi € [0,2]
Then Eq. (4.1) has a positive 27-periodic solution.

Remark 1. Obviously, Corollary 2 improves some condi-
tions in Theorems 3-4.

Application V.2. Consider non-autonomous model of phy-
toplankton allelopathy as follows:

xwﬁﬂw—m@nw

() = en o0

= 1l0)|rate) ~ ax(tt)

()~ catyelt — (o)
where all the coefficients of (5.2) are nonnegative almost

periodic functions.
Let

i(t) =

—bi(t)y
(5.2)

—by(t)a

3r;w
k0 =1 ==
R P

AD(s) = r1(s) — €"2by(s),
AY(s) = ro(s) — ek?bg(s), Vs € R,

y1=1,2,

where w is defined as that in (O).
Similar to the proof of Theorem 1, we can easily show
that

Corollary 3. Assume that m(AY) > 0 (i = 1,2), then system
(5.2) admits at least one almost periodic solution.

Remark 2. In [31], the authors obtained a existence result
for the almost periodic solutions of system (5.2) on condition
that 71,72, a1 and aq are strictly positive. However, Corollary
3 broaden such condition. Therefore, Corollary 3 improves
the work in [31].

Application V.3. Consider the following a delayed Logistic
equation

— a(t)N(t) - u()|(53)

where p, g are positive constants, pu,r,a,b are nonnegative
2m-periodic functions, m(r) > 0 and m(a + b) > 0.

b(t)N(t —

Similar to the proof of Theorem 1, we can easily obtain
that

Corollary 4. Eq.(5.3) admits at least one positive 2m-
periodic solution.

In [32], Chen obtained that

Theorem 5. Assume that p < q, then Eq. (5.3) admits at
least one positive 2m-periodic solution.

Remark 3. It is clear that Corollary 4 removes the condition

p < ¢ in Theorem 5. Therefore, our result improves the work
in [32].

VI. EXAMPLES AND SIMULATIONS

Example 1. Consider the following Gilpin-Ayala competi-
tion model of phytoplankton allelopathy with time-varying
delays with different periods:

i(0) = o(0) |1 [sin V3tla(0)
— SO0 55 (u(t)) — % () (ud
M@Fmgwﬁw@

—Leos Bt 3 (1(2)) — 10:c4(v(t))y3(V(t))]a

where p(t) = t—0.1sin?t and v(t) = t —0.2| sint|, V¢ € R.

y(t) =

Corresponding to system (1.2), we have 7y = 1, 75 = 3,

alzi,bM:bM:e%,aQZ%,al:1,a2:1,51:?10,
B2 = . Further, for Va € R, we can choose w = 2‘{5” )
that () holds, that is,
1 3
, / pore[L3]
7w

2\/§7r

s)ds € [1 3}, VT > w =

*/ 44

By a easy calculation, we obtain that
3
ky = In g 1 V31 ~ 6.99159,

9
ky = In 7” 1 337 ~ 18.97300.

Hence
~ 1 ~ 1
Alzl—g>0, A223—2>0.

Therefore, all the conditions of Theorem 1 are satisfied. By
Theorem 1, system (6.1) admits at least one positive almost
periodic solution (see Figures 1-2).

0.3F

X0
2

01 L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100
time t

Fig. 1 State variable = of system (5.1)
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L
0 10 20 30 40 50 60 70 80 90 100
time t

Fig. 2 State variable y of system (5.1)

Remark 4. In system (6.1), |sin \/§t\ is %-periodic
function and cos?(v/2t) is @-periodic function. So sys-
tem (6.1) is with incommensurable periods. Through all
the coefficients of system (6.1) are periodic functions, the
positive periodic solutions of system (6.1) could not possibly
exist. However, by Theorem 1, the positive almost periodic
solutions of system (6.1) exactly exist.

VII. CONCLUSION

In this paper, some sufficient conditions are established for
the existence, uniqueness and global asymptotical stability
of almost periodic solution for a Gilpin-Ayala competition
model of phytoplankton allelopathy. The main result obtained
in this paper are completely new. Besides, the method used
in this paper may be used to study the almost periodic
dynamics of many other biological models such as predator-
prey models, facultative mutualism models, and so on.

ACKNOWLEDGMENTS

This work are supported by the Funding for Applied
Technology Research and Development of Panzhihua City
under Grant 2015CY-S-14 and Natural Science Foundation
of Education Department of Sichuan Province under Grant
15ZB0419.

REFERENCES

[1]1 A. Lotka, Elements of Physical Biology, Williams and Wilkins, Balti-
more, Md, 1924.

[2] V. Volterra, Lecons Sur la Theorie Mathematique de la Lutte pour la
Vie, Gauthier-Villars, Paris, 1931.

[3] X. He, K. Gopalsamy, "Persistence, attractivity, and delay in facultative
mutualism”, J. Math. Anal. Appl. 215: 154-173, 1997.

[4] H. Bereketoglu, I. Gyori, ”Global asymptotic stability in a nonau-
tonomous Lotka-Volterra type system with infinite delay”, J. Math.
Anal. Appl. 210: 279-291, 1997.

[5] EJ. Ayala, M.E. Gilpin, J.G. Eherenfeld, "Competition between species:
Theoretical models and experimental tests”, Theor. Popul. Biol. 4: 331-
356, 1973.

[6] M. Fan, K. Wang, Global periodic solutions of a generalized n-species
Gilpin-Ayala competition model”, Comput. Math. Appl. 40: 1141-1151,
2000.

[7]1 S.W. Zhang, D.J. Tan, L.S. Chen, "The periodic n-species Gilpin-Ayala
competition system with impulsive effect”, Chaos, Solitons & Fractals,
26: 507-517, 2005.

[8] ED. Chen, L.P. Wu, Z. Li, "Permanence and global attractivity of the
discrete Gilpin-Ayala type population model”, Comput. Math. Appl. 53:
1214-1227, 2007.

[9] M.X. He, Z. Li, ED. Chen, “Permanence, extinction and global attrac-
tivity of the periodic Gilpin-Ayala competition system with impulses”,
Nonlinear Anal.: RWA 11: 1537-1551, 2010.

[10] Q. Wang, M.M. Ding, Z.J. Wang, H.Y. Zhang, “Existence and attrac-
tivity of a periodic solution for an n-species Gilpin-Ayala impulsive
competition system”, Nonlinear Anal.: RWA 11: 2675-2685, 2010.

[11] T.W. Zhang, Y.K. Li, "Positive periodic solutions for a generalized
impulsive n-species Gilpin-Ayala competition system with continuously
distributed delays on time scales”, Int. J. Biomath. 4: 23-34, 2011.

[12] CJ. Xu, M.X. Liao, "Stability and bifurcation analysis in a seir
epidemic model with nonlinear incidence rates”, IAENG International
Journal of Applied Mathematics, 41:3, 191-198, 2011.

[13] C.J. Xu, Q.M. Zhang, L. Lu, "Chaos Control in A 3D Ratio-dependent
Food Chain System”, JAENG International Journal of Applied Mathe-
matics, 44:3, 117-125, 2014.

[14] M. Fan, K. Wang, “Periodic solutions of a discrete time nonau-
tonomous ratio-dependent predator-prey system”, Math. Comput. Mod-
el. 35: 951-961, 2002.

[15] M. Fan, K. Wang, "Global existence of positive periodic solutions of
periodic predator-prey system with infinite delays”, J. Math. Anal. Appl.
262: 1-11, 2001.

[16] J. Zhen, Z.N. Ma, “Periodic solutions for delay differential equations
model of plankton allelopathy”, Comput. Math. Appl. 44: 491-500,
2002.

[17] Z.Q. Zhang, X.W. Zheng, "A periodic stage-structure mode”, Appl.
Math. Lett. 16: 1053-1061, 2003.

[18] H.F. Huo, W.T. Li, "Positive periodic solutions of a class of delay
differential system with feedback control”, Appl. Math. Comput. 148:
35-46, 2004.

[19] ED. Chen, Positive periodic solutions of neutral Lotka-Volterra
system with feedback control”, Appl. Math. Comput. 162: 1279-1302,
2005.

[20] Z.Q. Zhang, L. Wang, “Global attractivity of a positive periodic
solution for a nonautonomous stage structured population dynamics
with time delay and diffusion”, J. Math. Anal. Appl. 319: 17-33, 2006.

[21] C.J. Zhao, ”On a periodic predator-prey system with time delays”, J.
Math. Anal. Appl. 331: 978-985, 2007.

[22] K. Wang, Y.L. Zhu, "Global attractivity of positive periodic solution
for a Volterra model”, Appl. Math. Comput. 203: 493-501, 2008.

[23] T.W. Zhang, “Multiplicity of positive almost periodic solutions in a
delayed Hassell-Varley-type predator-prey model with harvesting on
prey”, Math. Meth. Appl. Sci. 37: 686-697, 2013.

[24] T.W. Zhang, ”Almost periodic oscillations in a generalized Mackey-
Glass model of respiratory dynamics with several delays”, Int. J.
Biomath. 7: 1-22, 2014.

[25] C.Y. He, Almost Periodic Differential Equations, Higher Education
Publishing House, Beijing, 1992 (Chinese).

[26] AM. Fink, Almost Periodic Differential Equations, Springer, Berlin,
1974.

[27] R.E. Gaines, J.L. Mawhin, Coincidence Degree and Nonlinear Differ-
ential Equations, Springer-Verlag, Berlin, 1977.

[28] Y. Xie, X.G. Li, ”Almost periodic solutions of single population model
with hereditary effects”, Appl. Math. Comput. 203: 690-697, 2008.
[29] H.I. Freedman, J. Wu, “Periodic solutions of single-species models

with periodic delay”, SIAM J. Math. Anal. 23: 689-701, 1992.

[30] B. Lisena, "Periodic solutions of Logistic equations with time delay”,
Appl. Math. Lett. 20: 1070-1074, 2007.

[31] S. Abbas, M. Sen, M. Banerjee, ”Almost periodic solution of a non-
autonomous model of phytoplankton allelopathy”, Nonlinear Dyn. 67:
203-214, 2012.

[32] Y. Chen, "Periodic solutions of a delayed periodic Logistic equation”,
Appl. Math. Lett. 16: 1047-1051, 2003.

[33] ED. Chen, C.L. Shi, "Global attractivity in an almost periodic multi-
species nonlinear ecological model”, Appl. Math. Computat. 180:
376C392, 2006.

(Advance online publication: 24 May 2017)





