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An Iteration Method using Elliptical Arc Artificial
Boundary for Exterior Problems

Yajun Chen,

Abstract—In this paper, an iteration method using elliptical
arc artificial boundary is designed to solve exterior Poisson
problem with a concave angle. It is shown that the iteration
method is equivalent to a Schwarz alternating method. The
convergence of this method is given. The convergence rate is
analyzed in details for a typical domain. Finally, some numerical
examples are given, which show the effectiveness of the iteration
method.

Index Terms—Schwarz alternating method, elliptical arc
artificial boundary, exterior problem.

I. INTRODUCTION

HE problems in unbounded media are encountered in

a variety of applications. To solve such problems in
infinite region numerically, there is a variety of numerical
methods. One commonly method is the method of artificial
boundary conditions [1]-[7]. The method may be summa-
rized as follows: (i) Introduce an artificial boundary T',,,
which divides the original unbounded domain into two non-
overlapping subdomains: a bounded computational domain
Q; and infinite residual domain 2.. (ii) By analyzing the
problem in {2, obtain a relation on I, (exact or approximate)
involving the unknown function u and its derivatives. (iii)
Using the relation as a boundary condition on I',,, to obtain
a well-posed problem in €2;. (iv) Solve the problem in €2; be
the standard finite element methods or some other numerical
methods. The relation obtained in Step (ii) and used as
a boundary condition in Step (iii) is called an artificial
boundary condition.

In the past three decades, artificial boundaries of various
shapes have been derived for problems in unbounded do-
mains [8]-[18]. Recently, the authors used a new elliptical arc
artificial boundary to solve Poisson problems and anisotropic
problems in concave angle domains [19]-[20]. In this paper,
we design an iteration method to solve exterior Poisson
problem with a concave angle. Using the results of [19]-[20]
with an artificial boundary we change the original problem
to an equivalent problem in a bounded domain. Then an
iteration method is designed to solve the new problem. The
convergence of the iteration is obtained by showing that
the iteration is actually equivalent to the standard Schwarz
alternating method.

Let €2 be an exterior concave angle domain with angle «,
and 0 < o < 27. The boundary of domain £ is decomposed
into three disjoint parts: I', I'g and T'(see Fig. 1), i.e. 9 =
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Fig. 1. The Ilustration of Domain 2

FTulyul,, I'oNnTy =0, I'Nly =0, I'NnT', = @. The
boundary I' is a simple smooth curve part, I'g and I',, are
two half lines.

We consider the Poisson problem in two cases:
—Au=f, in Q,
u=0, onIlgUTl,,
ou
an 9,
w is vanish at infinity,

D

on I,

and
—AU:f,

ou
on %
u = h,

u is bounded at infinity,

in Q,
FoUl,
onl'gU 2

on I,

where u is the unknown function, f € L2(2) and g,h €
L?(T") are given functions, supp(f) is compact.

The rest of the paper is organized as follows. In Section
2, we introduce two elliptical arc artificial boundaries which
divide the original domain {2 into two subdomains, then
we construct an iteration method which is equivalent to
a Schwarz alternating method. In Section 3, we give the
convergence of the method . In Section 4, we analyze the
convergence rate for a typical domain. In Section 5, we give
the discretization of the method. Finally, in Section 6 we
present some numerical results, check its accuracy and the
effectiveness of this method.

II. ITERATION BASED ON THE ELLIPTICAL ARC
ARTIFICIAL BOUNDARY CONDITION

We introduce two elliptical arc artificial boundaries I'; and
Iy with the same foci, I'; = {(p, 9)|lp = 1,0 < ¢ <
a},i = 1,2, which enclose T" such that dist(I',T'y) > 0 and
w1 > po > 0. Here (u, ) denotes the elliptic coordinates,
x = fgcosh pcosy, y = fosinh psing. Then € is divided
into two overlapping subdomains £2; and {2(see Fig. 2). Let
Q1 be the bounded domain among I', 'y, 'y, and I'y, and €2,
be the unbounded domain outside I'y, I'g and I',. Then the
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Fig. 2. The Tllustration of Domain 7 and Q2

original problem (1) is decomposed into two subproblems in
domains €, and Qs with Q; N Qs # D, 02, =T U U
FOI @] Fal, 892 = FQ @] FOQ @] Fa2- where FOi = ﬁi N Fo,
Tpi =Ny, i =1,2. Assume that f = 0 in the domain
Qo.

In the first case, we consider the following problem:

—Au= 0, in QQ,
u = O7 on FQQ U Fag,

3)
U= Uy,, only,

u is vanish at infinity.

It is well-known that the solution of this problem has the
form

Z buelia i sin (4
«

From (4) we obtain the coefficients b,,, n = 1,2, ...

bn = */ Uy, (W2, @) Sin @dﬁﬁ-
0 a

(07

Thus (4) can be written as

u(p, @)

2\~ (na—p) 2z ) TP
— Z e o sin ——
« n=1

H(U‘Mw;uv 90)

| iz, 0)sin "2as
0 (0%

®)

Using expression (5) we can construct an iteration method
for problems (1). From (5) the solution u of (1) restricted on
T'y can be expressed as

u(p1, p) = H(Upy, p1,9)-

Then in the domain 2; problems (1) is equivalent to the
following problem:

— Au = f, in Ql,

u = O7 on FOI U Fa17
ou

i r

an g7 on )

u = H(”uwula(p)'

Since u,,, is unknown, we construct the following iteration

method to solve this problem:

—AUFTY — f in oy,
ufkﬂ) =0, onTlyp UTl,,
Ouy kD) (6)
I =g, onl,
u§2k+1) = H(u Eik)7p’17<p) on Ty,
where u{2" = w0 (115, ).

It is not difficult to see that the above iteration method
is actually equivalent to the following Schwarz alternating
method:

— AuPY = £ in Q,
ug2k+1) = Oa on F01 U Fala
Dy CFHD )
% =g, on F,
ufkﬂ) = ugzk), onIl'y, k=0,1,...
and
— A = f,in O,
u52k+2) = 07 on I—‘02 U Fa27 (8)
ug2k+2) _ u§2k+1)7 on Ty,
uégk'”) is vanish at infinity, k£ =0,1,...

For the second case, we can also construct the following
Schwarz alternating method:

— Au§2k+1) = f7
aul (2k+1)

et -0
on ’
WD

in Ql,

on I'g; U Ty, ©)

on I,

L (2R D) (2R)

1 =uy ’, only, k=01,...

and
— Au 2k+2) -
au2 (2k+2)

on
u§2k+2)

in Q27

:0’

2k+1

on FOQ UF(X27 (10)

y on FQ,

2k+2
P

is bounded at infinity, k£ =0,1,...

Taking some initial value of function uy on boundary
Iy, e.g. ulp, = 0. Combining it with the given boundary
condition on I'g; UT',; UT", we can solve the interior boundary
value problem in domain €2y, get the value of solution wu;|r,
on I'9, and then solve the exterior boundary value problem
in domain Q, get the value of solution us|r, on I'y, and
then solve the problem in €2; again, ..., and so on.

In the following sections, we just consider the convergence
and convergence rate of problem (1), we can obtain corre-
sponding result of problem (2) in the same way.

III. CONVERGENCE OF THE METHOD

The solution of problems (1) is in space

V={veWiQ)v=0, onToUT,},
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where
Wy ()

ov Ov
= {v

mlnxQer +2) "ox’ dy

Functions ug B ¢ H()4) and ué%) € W¢(Q2) can be
extended to functions in V. Let

€ L*(Q)}.

%:{UGHI(Qlﬂ’U:O, onI'gy Ul UFl},
Vo = {U S Wol(QQ)|'U =0, on g Ul U FQ}
Then

ug2k+1) (2k) (2k+2)

eV, wuy — uf’”” € Va.

We can look upon V; and Vs as the subspaces of V. Define
the bilinear form as follows

a(u,v):/Vqudac.
Q

From this, the inner product a(u, v) and the norm ||v||; in V'
can be defined. Then (7) and (8) are equivalent to variational
problems

Find ug%ﬂ) eVi+ ué%), such that (an
a(u:(LQkH) —u,v1) =0, Vv €W,
and
Find ug%w) eVa+ ug%ﬂ), such that
(2k+2) _ (12)
a(us —u,v9) =0, Yuvg € Va.
Let Py, : V = V,, i = 1,2 denote the orthogonal projectors
under the inner product a(-,-). We have
Y —ug™ = Py (u - ug™),
u§2k+2) — u(12k+1) = Py, (u— u§2k+1)), k=0,1,...,
13)
or equivalently
u— ug%ﬂ) =Pyi(u— ug%)), a4
u— ugk”) = Py (u u(12k+1)), k=0,1,...

where V1, i = 1,2 are the orthogonal complementary spaces
of V; in V. Let

€§2k+1) o u§2k+1)’
eé%) =u— u(Q%) k

)

k=0,1,...,
=1,2,...
be errors. Then (14) is
e =Pyl k=12,
{ e§2k+2) = Pvzieg%ﬂ), kE=0,1,...

Therefore
(2k+1)
{ (2k+2) _
This implies that, if {612k+1)} and {eg%)} are convergent,
then their limits are in V- N V5t Similar to the proofs given
in [21]-[22] we can show the following results

Theorem 1. lim ||e(12k+1)||1 =0, lim ||€é2k)||1 =0
k—o0 k— o0

=P Pe™ Y k=12,
=Py Ppes™ k=01,

Theorem 2. There exists a constant §, 0 <
that

§ < 1, such

2k:+1
ey < 6% e,

Theorems 1 and 2 show that the Schwarz alternating
method converges geometrically, and the contraction factor
is 4. We find it is quite difficult to analyze the rate of
convergence ¢ for general unbounded domain 2. However,
it is possible to find 6 when I is an elliptical arc, it will be
given in next section.

2k
e 11 < 8*[les” 1.

IV. ANALYSIS OF CONVERGENCE RATE
For simplicity, we let I', I'; and I's be elliptical arcs with
the same foci, I' = {(u, )| = po,0 < ¢ < a}, I'; =
()l = pi,0 < p < a}yi=1,2, and p1 > p2 > po.

Let
,ul, Z by sin 1P (15)
is given on the artificial boundary I'; and
9 (1)
;1 —0, onTl. (16)
I
And let
+oo o
egl)(,u,go):Z(A es 4+ Bne & )sin , in .
n=1
From (15) and (16) we have
A bpe™ o
T et (B1—po) 4 e'a(po—p)’
B - bn, et
T B (- o) 4 o B (mo—p1)
Hence
I oo (p—po) L o %5 (no—p)
( ) €« + e . nmp
(1, 0) = Z:l e'a (mi—po) o o &t (no— #1)b s
Therefore
T2 2= (ua—po) I (po—p2)
(1) _ tee o TP
€1 (:u'27 410) - 2_:1 o iE AT (11— 1o) T e‘na‘lr (o—p1) bn sin o
Using (4), we can obtain the value of function on I'y
2
es? (n1, )
e'a (2—no) 4 o5 (o—p2) nm

— H2—p1) b
= € sin
Z e%” (m1—po) 4 o™ (mo—pi1) "

n=1
So
(2) 2
llez” 113 r,
B (p2—po) 2T (po—p2)
nw e a + e«
S e,
— o (mi—po) o o5 (Ho—p)
+o00 L
<D (14 n?)EfeE (i 2
n=1
< ew (2= m)z 14 n?) |b 2

n=1

_ 625(#2 p1 ”e(O)H e
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Similarly, we can obtain
3 1

||e§ )”2%’ <ea Z (pz—m ||e( )Hl -

Using mathematics induction, we have
2k 2k 0

||€é )”2%}111 L eta (h2—m ||e( )”1 T

1eFII3 , < et efV3 |

Therefore, we have

Theorem 3. Let I', I'y and I'y be elliptical arcs with
the same foci, I' = {(p,0)|lp = po,0 < ¢ < a},
i = {(e)lp = 1,0 < ¢ < a}l,i = 1,2, and
1 > po > po. If we apply the Schwarz alternating method
given in Section 2 to problem (1), then

2k 0

1S sy <N sr,, k=12,
2k+1 1

le Py r, <6 lleMllyr,, k=12,

where § = ea (B2—p1)
Finally, using the trace theorem we have

15 1.0, < CO%, k=1,2,...,
e D)0, < C8%, E=1,2,...

The smaller the po — g is, the faster the convergence is.

V. DISCRETIZATION

The bounded domain €2y is divided into triangular finite
element subdivisions. The subdivisions of I'g, I',,, I'y and
T’y are g, T'on, I'1p and gy, respectively. The subdivision
of elliptical arc I'y is I's,. Let S"(3), S"(T'y) and
S}L(Fgw) are finite element function spaces, respectively, in
Q4p, on I'y, and I'gy,. Then we can obtain discrete Schwarz
alternating algorithm as follows:

Step 0. Put any initial data uf, € C(T'y), k := 0.

Step 1. Find u{2**") € §"(Qy},), such that

(2k+1)

an(uyy o) = falvn),  vn € S"(Qun),
a3 =0, on Ty UTr, (17)
ugzkﬂ) = Hhuéik), on I'yy.
Step 2. Find u(2k+2 € S"(I'y,), such that
— AuSF =0, in O,
(?Pk+2) Oa on FOQ U Fa27 (18)
ugi,kﬂ) = H@uﬁkﬂ), on I'y,,
ugﬁ_ ) is vanish at infinity.
Step 3.
k_ (2k+1) _, (2k=1)
" = max{ noﬁrelg%ih U, up, s
(2k+2) (2k)
po2X us, I}
Step 4. If €* is small, stop; else goto Step 1.
where ay, (u,v) fQ VuVudz, fr(v) = fQ fodz +
Jr, gvds, 1L C(Fl) — SM(Tyy) is the 1nterpolat10n

operator, II, : C(I';) — S"(T'y,) is the interpolation
operator, too. Here Step 1 is solved by finite element method
in 5. Step 2 can be solved by artificial boundary condition.

Fig. 3. Mesh h of Subdomain €2; for Example 1
TABLE I
THE RELATION BETWEEN CONVERGENCE RATE AND MESH FOR
EXAMPLE 1 (u1 = 3, pu2 = 2)

Mesh k 1 2 3 4 5
e(k) 0.1182 | 0.0878 | 0.0746 | 0.0688 | 0.0664
h/2 er(k) | 0.1133 | 0.0491 | 0.0213 | 0.0093 | 0.0040
qn (k) 2.3049 | 2.3045 | 2.3044 | 2.3044
e(k) 0.1018 | 0.0483 | 0.0294 | 0.0227 | 0.0198
h/4 | ep(k) | 0.1214 | 0.0535 | 0.0236 | 0.0104 | 0.0046
qn (k) 2.2685 | 2.2685 | 2.2685 | 2.2685
e(k) 0.0996 | 0.0450 | 0.0208 | 0.0101 | 0.0069
h/8 | en(k) | 0.1235 | 0.0547 | 0.0242 | 0.0107 | 0.0047
an (k) 22593 | 2.2593 | 2.2593 | 2.2592

VI. NUMERICAL EXAMPLES

In this section, we give two numerical examples to show
the effectiveness of the Schwarz alternating method. In these
examples, the exact solutions are known. The purpose of
showing these examples is to check the convergence in terms
of iteration k£ and mesh size h. The finite element method
with liner elements is used in the computation. wup is the
finite element solution in 4, e and e}, denote the maximal
error of all node functions in Q1 respectively, i.e.,

e(k) = sup |u(P;) —ufy ™ (P))],
Pety
en(k) = sup |u?§_l(Pi) — u%fb"'l(Pi)L
P;eQy

gn (k) is the approximation of the convergence rate, i.e.,
en(k —1)

en(k)

Example 1. We consider problem (1), where Q =
{(mp)le > 1,0 <o <2r}, T = {(1,9)|0 < ¢ < 27},
To = {(1,0)|e > 1}, Po = {(p,2m)|p > 1} and fo = 2.
Let u(p, p) = wbhs,mﬁ be the exact solution of original
problem and g = §*|r. Let I'y; = {(1s,9)|0 < o < 27},
1 = 1,2 be the artificial boundaries. Fig. 3 shows the mesh
h of subdomain 2, Table 1 shows the relation between
convergence rate and mesh (u; = 3, pu2 = 2), Table 2
shows the relation between convergence rate and overlapping
degree (mesh h/4, uy = 3), Fig. 4 shows L*>() errors
with iteration k.

Example 2. We consider problem (1), where Q =
{(, )l > 1,0 < p < 3}, L={({, P)|0 < o < I},
Lo = {(1,0)|n > 1}, To = {(u, )| > 1} and fo = 2.

sin 3
Let u(w,p) coh o I be the exact solution of

original problem and g = g—:ﬂp. LetT,, = {(pi, 0)|0 < p <
27}, i = 1,2 be the artificial boundaries. Fig. 5 shows the

Qh(k) =

(Advance online publication: 24 May 2017)
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TABLE II
THE RELATION BETWEEN CONVERGENCE RATE AND OVERLAPPING
DEGREE FOR EXAMPLE 1 (MESH h/4, pu1 = 3)

12 k 1 2 3 4 5
e(k) 0.0740 | 0.0310 | 0.0217 | 0.0187 | 0.0178
1.5 | ep(k) | 0.1492 | 0.0467 | 0.0146 | 0.0046 | 0.0014
qn (k) 3.1953 | 3.1942 | 3.1949 | 3.1949
e(k) 0.1018 | 0.0483 | 0.0294 | 0.0227 | 0.0198
2 en(k) | 0.1214 | 0.0535 | 0.0236 | 0.0104 | 0.0046
qn (k) 2.2685 | 2.2685 | 2.2685 | 2.2685
e(k) 0.1476 | 0.0984 | 0.0663 | 0.0454 | 0.0339
2.5 | ep(k) | 0.0755 | 0.0492 | 0.0321 | 0.0209 | 0.0136
qn (k) 1.5344 1.5343 1.5342 1.5342
10°
o hi2
o h/a
4 o his
107}

o i
~ ©0.0.000000000 000 00
L3
“n,
Q c!
10 °f [

Error

o,
0000000000000

0 5 10 15 20
Iteration k

Fig. 4. L°°(Q1) Errors with Iteration k for Example 1

Fig. 5. Mesh h of Subdomain 2; for Example 2
TABLE III
THE RELATION BETWEEN CONVERGENCE RATE AND MESH FOR
EXAMPLE 2 (u1 = 3, p2 = 2)

Mesh k 1 2 3 4 5
e(k) 0.0794 | 0.0682 | 0.0648 | 0.0638 | 0.0635
h/2 en(k) | 0.0824 | 0.0250 | 0.0076 | 0.0023 | 0.0007
an (k) 3.2922 | 3.2922 | 3.2922 | 3.2922
e(k) 0.0450 | 0.0233 | 0.0192 | 0.0180 | 0.0176
h/4 er(k) | 0.0903 | 0.0279 | 0.0086 | 0.0027 | 0.0008
qn (k) 3.2321 | 3.2321 | 3.2321 | 3.2321
e(k) 0.0429 | 0.0141 | 0.0064 | 0.0051 | 0.0047
h/8 er(k) | 0.0925 | 0.0287 | 0.0089 | 0.0028 | 0.0009
qn (k) 3.2162 | 3.2162 | 3.2162 | 3.2162

mesh h of subdomain €27, Table 3 shows the relation between
convergence rate and mesh (u1 = 3, pe = 2), Table 4 shows
the relation between convergence rate and overlapping degree
(mesh h/4, p; = 3), Fig. 6 shows L>(€) errors with
iteration k.

The numerical results show that this method is feasible
and convergent quickly. Its convergence rate is related to
the degree of overlapping of subdomains. The higher the

TABLE IV
THE RELATION BETWEEN CONVERGENCE RATE AND OVERLAPPING
DEGREE FOR EXAMPLE 2 (MESH h/4, pu1 = 3)

o k 1 2 3 4 5
e(k) 0.0293 | 0.0196 | 0.0178 | 0.0175 | 0.0174
1.5 | ep(k) | 0.1061 | 0.0201 | 0.0038 | 0.0007 | 0.0001
qn (k) 5.2825 | 5.2825 | 5.2825 | 5.2825
e(k) 0.0450 | 0.0233 | 0.0192 | 0.0180 | 0.0176
2 en(k) | 0.0903 | 0.0279 | 0.0086 | 0.0027 | 0.0008
qn (k) 3.2321 | 3.2321 | 3.2321 | 3.2321
e(k) 0.0757 | 0.0432 | 0.0274 | 0.0228 | 0.0204
2.5 | ep(k) | 0.0597 | 0.0324 | 0.0176 | 0.0096 | 0.0052
qn (k) 1.8398 | 1.8398 | 1.8398 | 1.8398
10°
o hi2
o h/4
o hig
10

Fo 4
- 0000000000000 0000 O0:{(
L)

Error

: O ppoooooooooosonoq

%,
000600000 00000004

0 5 10 15 20
Iteration k

Fig. 6. L°°(4) Errors with Iteration k for Example 2

overlapping degree of the two subdomains is, the faster the
convergence is. Moreover, the convergence rate is nearly not
affected by finite element mesh.
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