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Existence and Multiplicity of Solutions for
p-Laplacian Equations without the AR Condition

Guanghui Zhou, Meilan Zeng*

Abstract—The Ambrosetti-Rabinowitz (AR) condition is cru-
cial in variational methods. In this paper we consider a class
of p-Laplacian equations without the AR condition. Using
Mountain pass lemma and Ekeland variational principle, we
obtain the existence and multiplicity of the solutions. These
results complement some known results.

Index Terms—P-Laplacian equations, AR condition, Moun-
tain pass theorem, Ekeland variational principle, existence and
multiplicity.

I. INTRODUCTION

N this paper, we study the existence and multiplicity
of nontrivial weak solutions for the following nonlinear
elliptic equation

—®p(x(2)) = m(2)|z(2)|"22(2) + f(2,2(2)),
a.e. on Z,
xloz =0, me L®(Z)1,m#0,1 <r <p< oo,
(1.1)
where @,z = div(|| D% v Dz) is called p-Laplacian d-

ifferential operator, Z C RN is a bounded domain with
a C?(0Z), and the function f is a Carathédory func-
tion which is assumed to be (p — 1)-superlinear (convex
term) near infinity and doesn’t satisfy the Ambrosetti-
Rabinowitz condition (AR condition for short). Since the
term m(z)|x(2)[""2x(2) is (p — 1)-superlinear (concave
term) near zero for r < p, so the right-hand-side of (1.1)
reflects the combined properties of “convex” and “concave”
and which ensures the existence of multiple solutions for
equations [1] similar to (1.1) .

As we have known that the AR condition is very important
in variational methods, which not only ensures that the Euler-
Lagrange function [17] associated with (1.1) has a moun-
tain pass geometry, but also guarantees the boundedness of
Palais-Smale sequences corresponding to the Euler-Lagrange
function. But some nonlinearities do not always satisfy the
AR condition, see [3], [5], [9], [10], [12], [16], [13], [14],
[18], [19], [21], [22], [23], [24] for details.

We will use the Mountain pass theorem [8] and Ekeland
variational principle [6], with Cerami condition [4] to over-
come the above difficulties.

We suppose that f(z,x) satisfies the following conditions
without the AR condition.

(HF) the function f(z,x) satisfies f(z,0) =0 a.e. on Z,
f(z,z) >0 forae. z € Z,¥ x>0 and
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(¢) for all z € R,z — f(z,x) is measurable;

(#9) for almost all z € Z, & — f(z,x) is continuous;

(#31) for almost all z € Z and all x € R, we have
|f(z,2)] < a(z) + c|z|7"1, where 7 € (p,p*) and p* :=
]\],V_p, if N > porp*:=+4o0, if N <p;

(tw) the function f(z,x) is (p — 1)-superlinear, i.e.

lirf ’;(,fﬁ) = +o00 uniformly for almost all z € Z;
T—r1+00

(v) there exists B € L'(Z), such that G(z,7) <
G(z,y) + B(2),z € Z for all 0 < z <y, where G(z,z) :=
f(z,@)z — pF(z,2) and F(z,2) = [ f(z,t)dt;

(vi) there is 0 € L>®(Z)1,0(z) < Ay ae.on Z,0 £ A,
and lin(r)l i(z =2 < 0(2) uniformly for a.e. z € Z.

(I;?') In addition to the assumptions (4), (7), (¢i7), there
are also some assumptions on f(z,x):

f(z,x) is a function such that f(z,0) = 0 a.e. on Z,
f(z,z) <0 forae. z€ Z,Va <0

(iv) the function f(z,x) is (p — 1)-superlinear, i.e.

L ((PZ %) — 400 uniformly for almost all z € Z;

lim
T——00

(v) there exists 3 € L'(Z); such that G(z,z) <
G(z,y) + B(2),z € Z for all y < x <0, where G(z,7) :=
f(z,2)x — pF(z,2) and F(z,2) = [ f(z,t)dt;

(vi) there is 8 € L>®(Z)4,0(z) < A1 ae. on Z,0 # Ay,

and hm i(p’ 2 < 6(z) uniformly for a.e. z € Z.

Hypothe51s (HF)(iv) implies the (p — 1)-superlinear
growth of f(t,2) on z near oo , which is weaker than the
well-known AR-condition and simplifies the verification of
the PS-condition for the Euler functional of related problem.
It should be pointed out that the hypothesis (HF')(v) or
(HF)'(v) is different with the corresponding one in [11].
Hypothesis (H F')(v) is a monotonicity condition [15], which
is employed to study the multiplicity of positive solutions for
nonlinear problems.

The rest of the paper is organized as follows. In Section
II, we give some preliminaries. The main results for the exis-
tence and multiplicity of solutions to Eq.(1.1) are presented
in Section III. Finally, we conclude this paper in Section IV.

II. PRELIMINARIES

We firstly give some notations.

r* = max{£r,0},Vr € R, m(-) denotes the Lebesgue
measure on RY, an order Banach space C3(Z) = {z €
CHZ):x|oz=0}. Cy = {x € CYH(Z) : 2(z) > 0for all z €
Z} is a positive cone of C}(Z) with a nonempty interior
given by

intCy ={x € Cy:x(z) >0forall z€ Z

and 8—Z(z) <0 forall z € 6Z},
on

where n(z) denotes the unit outward normal z € 97.
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We assume the Dirichlet p-Laplacian problem

{ —®,(z(2)) = Ma(2)|""22(2), a.e. on Z

2.1
zloz =0, (2.1)

has a nontrivial solution and the symbol \; denotes its princi-
pal eigenvalue. Obviously, from [8], the principal eigenvalue
A1 > 0 is isolate and simple. From [2], we have

Dx|P
AL = inf{' ﬂ” cx e WoP(Z),x # o}

Edrs
and from [7], using (2.2), we obtain the following lemmas.
Lemma 2.1: If 6 € L*>®(Z), satisfies 0(z) < A\ a.e. on
Z and 6 # )1, then there exists §o > 0 such that || Dz||h —
[, 0lz|Pdz > & || Dz| for all z € Wy™P(Z).
In the followmg, the duality brackets (+,-) is
ba(Z ) Wy

(2.2)

listed for

(W‘ 9Z), Wy P(Z)), where W~ P(Z)* with
%4— 1 — 1. The nonlinear map A : WP (Z) — W~14(Z)
is defined as

/ | Dz |’y >(Dx, Dy) g dz, (2.3)

for all z,y € Wy*(Z). Then we obtain the following lemma.

Lemma 2.2: It A : WyP(Z) — W~14(Z) is the map
defined by (2.3), then A is bounded, continuous, strictly
monotone (hence maximal monotone too) and if z,, —
w and limsup,,_, . (A(x,), 2, — ) < 0, then z, — w
in W, *(Z) (ie., A is of type (S)).

III. MAIN RESULTS
In this section, we discuss a class of p-Laplacian equa-
tions without the AR condition and give the existence and
multiplicity of their solutions.
We define
0, if x <0;
Fr(z2) = { f(z,x), if x> 0.

and F, = fo f+(z,t)dt. We also define the function I, :
WyP(Z) = R as

1
() = el = [ mia*

for all x € W,P(Z). Thus I, € C(
get the following lemmas.
Lemma 3.1: If hypotheses (i) — (v) of (HF) hold and
m € L>(Z)4 \ {0}, then I satisfies the Cerami condition.
Proof: Let {x,,} C VVO1 "P(Z) be a Cerami sequence [4],

(2.4)

—/Z F.(z,2(2))dz

Wy (Z)). Then we

i.e.

Ii(zn) = c€ Rand (1+ ||z, )T (z,) = 0 as n — oco.
(2.5)
Our task now is to prove that {z,,} € W, *(Z) is bounded.
Firstly, we need to show that {z,, } C W,,"”(Z) is bounded.
From (2.5), we have

‘<I-/&-(xn):

Let u = —x7

u)| < en, ¥V ue WyP(Z) with &, — 0. (2.6)

n € WyP(Z), then Dz, |2 < e,. By
Poincaré’s inequality, {z;;} C W,"(Z) is bounded. Sec-
ondly, we prove that {z*} C W,P(Z) is bounded. By
contradiction, we suppose that HaﬁH — 00 as n — 00. Let

Yn = IIIiH =1,2,---. Then |jy,|| = 1 and y,, > 0,n =
1,2,---. We can choose a suitable subsequence {y,,} C

{yn} (for the convenience, we still denote it as {y, }) such
thatforae. 2 € Z,n=1,2,---,yn =y € WyP(Z), yn —
y € L7(Z)4, yn =y ae. on Z, ya(2)| < h(z), with
he L7(Z)y. Then y > 0. In (2.6), let u = z;t € WyP(Z),
then (I’ (x,),z;})| < &,. Thus

[y / m(

1y - - +”p / ()" dz

||I+||p 1/f+ 2y Ty yndZ

The next thing is to show y = 0. Let Z, = {z € Z : y(2) >
0}, then z;f (2) — +o00 ae. z € Z,. By (HF)(iv), for a.e.
z € Z4, as n — 00, it follows that

fi(z 27 (2))

)'dz — / f+(z,zn)z +dz‘ < eén,

En
R

2.7)

(m+(z))P - — +oo, (2.8)
Let X7(2) = X,+50(2) = Xy, >0(2), then
Xn(2)yh(2) = xz,.(2)yh(2), ae. on Z. (2.9)

If Z, has a positive Lebesgue measure m(Z;) > 0, by
(2.8),(2.9), as n — oo, we have

Xn(Z)Myp(z) — 400, a.e. on Z.

(za (2))p—1 7"

By Fatou’s Lemma and (2.10), we get

7 'IL
/ (@ ||p Tt pnte

(=
_/Xn(z)f(zxw
z

(it (2))P!

(2.10)

)dz

yP(2)dz — +o00, as n — oo.
Q2.11)

While in (2.7), as n — oo, by (2.11) and r < p, we get a
contraction that +o0o < ”;ﬂp — 0. Thus m(Z,) = 0. Then
y =0 for y > 0.

Let t € [0,1],{t,} € [0,1],n=1,2,---,

such that

I (tyx)) = max I (tx)). (2.12)

t€[0,1]
Let
(2p||xk: || )pynv , N :]—72a"'

According to the Lebesgue dominated convengence theorem
and y = 0, it follows that

lim
n— oo Z

Fi(z,v,)dz =0, lim / m(z)|vp(2)|"dz = 0.
n— oo A

(2.13)
Since ||z;}F|| — oo as m — oo, we choose ng > k such that

1
(2pllz |7)>
[E2a

From (2.12) and (2.14), we obtain

<1, n> ny. (2.14)

I (t ) > I (vy)
= f||Dvn||pf 7/ m(vy,) dzf/ Fy(z,v,)dz

= 2|z ||p—f/mvn dz—/FJr (z,vp)dz.  (2.15)
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From (2.13), (2.15), for sufficiently n > ng > k, we get

Li(tnwy) > ||z llp, (2.16)

and Iy (t,x}) — +oo as n — oo.

It is easy to get that I, (0) = 0. From the choice of {z,,} C
Wy (Z) and the boundness of {z;;} C WyP(Z), we get
that I (x;}) is bounded. Thus ¢, € (0,1). From (2.12), we
have

0=1t, (jtu(tm;) |t_tn> (I (tpa)), toat)
= DI~ [ maty
/f+ 2, tnx ) tpatdz. (2.17)
Then for r < p, by (HF)(v), it follows that

1 1
> [ ataidz+ 8
zZ p

p
1
x,f)dz—&-f/ |B|d=
bJz

1
Z*/O’(Z,
pPJz

> %/Za(z,tnx:[)dz
:/Z( f+ (o tpx Ntpat — F(z, thz) ))dz

;”/Zm(x+ /F+(z tnx)dz

(2.18)
from (2.16), for n > ng > k, which implies that

TR

On the other hand, from (2.5) and {z;} C W, "*(Z) is
bounded, we can choose M; > 0,7 = 1,2 such that

tP
_ i\\Dm+||p _

> I_;,_(tanL),

ay)dz + *IlﬂllLl > I (tazy) = [l |7 (2.19)

‘ D +Hp—f/m dz—/F+ vp)dz| < My,
(2.20)

() a] =S IDailly = - [ mary
—*/ f+(z +d2‘
< M,. 2.21)

From (2.20) and (2.21), we have

1 _
—M; — My < 7/ o(z, 2} )dz — p=r / m(x}) dz
pJz p A
< M; + M.

Combining (2.19), which implies that

—-r . 1
lz 1P = =l |I" < My + M + 2;HBIILu (2.22)
for n > ng > k. Recall that £ > 1 was an arbitrary
integer and let £ — oo. Since r < p, from (2.22), we get a
contradiction. This proves that {z;"} € W, ?(Z) is bounded

and so {z,} C W, "*(Z) is also bounded.

Then we may assume that z,, — = € WP (Z), z, —
x € L™(Z)4. Since that

[LACHRE >]

= ‘(A( —x)dz

/m
/f+ zox ) (@, — x)dz

< én, (2.23)

and [, m(x})" (2, — x)dz — 0, and [, f(z,2})(xn —
x)dz — 0. Then (A(xy,),x, —x) — 0, as n — +oo, which
shows that z,, — z € W,"*(Z) by Lemma 2.2. In all, I,
satisfies the Cerami condition. This completes the proof. W
Lemma 3.2: If hypotheses (H F) hold and m €L (Z) 4\
{0}, then there is ¢ > 0 such that ||m||o < ¢. There also
exist p = p(||m|oc) > 0,6 > 0 such that infyp, I () > 4,
where B, = {z € Wolp( )zl < p}e
Proof By (HF)(vi), Ye > 0, there is d(¢) > 0 such
that for a.e. z € Z,z < d(e),

0< fr(za) < (0(2) +e)(at)P.

From (H F)(iii), Ve > 0, there is d(g) > 0,c3(e) > 0 such
that for a.e. z € Z,x < §(e),

(2.24)

0< f+(Z,SU) < Cg(iﬂ

+)771.

Combining hypotheses (HF')(vi) with (HF)(iii), for all
€ > 0, there exists d(¢) > 0,c3(e) > 0 such that for a.e.
z€Z,x €R,

(2.25)

0< fi(z,2) <(0(2) +e)(@T)P ! +ez(@™)™h, (2.26)
Pz ) < %(9(2) FE+ Lty (o)

Thus, from (2.27) and 27 (2) < |z(z)| a.e. on Z, we have

L (z)
A

1 1
= Sipafp =1 [ ma* (o
p

1 T

> =Dl ~ ol ~ - / 0(2)\aldz
b

% Jally,

for Vo € W, *(Z). By Wy (Z) is embedded continuously
and compactly into L"(Z) and L7(Z) for r < p < 7 < p*,
using Poincaré’s inequality, (2.2) and Lemma 2.1, there are
ca(e) > 0,c5 > 0,c6 = %(50 — %) > 0 such that

— laliy -

(2.28)

I (x)
1,1 ) .,
= SIDely == | 6()lal"dz = cal| Daly
r 9
= eslimllec 1 D]l = 1Dl
> 1 ) [Dz |2 — eal| D]
> 5(60 - AT)H z|[p — eal| Dzl

S
— csllmlloc || Dl — EIIDxlli

= (c6 — ca(e) | D[P = es|lmlloo [ D[, 7P) [ D

(2.29)
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Considering the auxiliary function
F(t) = ca(e)t™ 7P 4 c5]lm||oot”™ P, t > 0.

fligrn f(t) = +oo.
——+0o0

According to the continuity and differentiability of f, there
exists to > 0 such that 0 < f(tg) = rgainf() and 0 =

F'(to) = ca(r—p)tg "~ +es|lmloe (r—p)ty P~ ", Thus we
have tg = % (%) From (2.30), there exists
¢ > 0 such that if ||m||e < (, then f(tp) < cg. From (2.29),
there exist ||z]| = to = p = p(]lm||ec) > 0,6 > 0 such that

infop, I (x) > 6, where B, = {z € WoP(Z) : ||| < p}.

(2.30)

Since r < 7 < p, then lim f(t) =
t—0+

Lemma 3.3: If hypotheses (H F') hold and m €L>°(Z) 4\
{0} and y € C \ {0} with ||y||, = 1. Then I} (\y) — —o0
as A — oo.

Proof: According to (HF')(iv), forVe > 0,3 M(g) > 0
such that for a.e. z € Z and = > M (e), we have

P!
Friem) > (2.31)
Let ¢(e) = LM(e)P~!, then fy(z,2) > Zov — ¢(e) for ae.
z € Z and x > 0. Thus we have
P
Fi(z,z) > % ce)x, fora.e.z€ Zandz > 0. (2.32)

If lety € C1\{0} with ||ly|l, = 1, A > 0, then fora.e. z € Z

and C(¢) = c(¢)||yll1, by (2.32), we have
APyP(z
e 2 228 ey, @)
F+(Z;\/>)y(z)) > y;(;) _ 655)1?/( ), (2.34)
Fy(z, A P
[N [0y, [ ),
z AP z DE z AP
1 ee)
= — — . 2.35
pe Al 2.35)
Thus P ) )
liminf/ Fr@w@), o 1 (2.36)
A—=oo [ AP pE
Since € > 0 is arbitrary, we get
Fi(
lim / +(2 /\y dz = +00. (2.37)
A——+oco
Then by (2.37), by r < p, we have lim % = —00,
A——+oo

and I (\y) — —oo as A — +oo. It follows that there exists
Xo,7 > 0 such that Aoy € Wy (Z), | Moy, > n > 0 and
I (Aoy) < 0.

Theorem 3.1: Let (HF) hold and m € L>(Z)4 \ {0}. If
there is ¢ > 0 such that ||m||o < ¢. Then (1.1) has at least
two positive solutions x1,xs € intC,..

Proof: By Lemma 2.3-2.5, we have proved that I,
satisfies a mountain pass geometry [8]. Thus there exists
x1 € WyP(Z) such that

I;(0)=0<n<Iy(21), and I (x1) = 0. (3.1)

From (3.1), it follows that ;1 # 0. From (3.1), we also have

A(zy) = m(a]) ™" + Ny (21), (3.2)

where Ny (u)(2) = fi(z,u(2)),u € W,yP(Z). From
(3.2), for —z] € W,*(Z), we have [Dxy |5 = 0 since
fr(z,2) =0 for ae. z € Z and x < 0, which shows that
x1 > 0and z1 Z 0.

From (3.2), we get

= Pp1(2) “H2) + flz21(2)),

a.e.on Z and z |gz= 0.

= m(z)x]
(3.3)

By nonlinear regularity theory [8], we have z; € C \ {0}.
From (2.30), we obtain ®,x1(z) < 0 a.e. on Z. By the
nonlinear strong maximum principle of [20], we show that
x1 € intCy.

According to Lemma 2.4, there is ¢ > 0 such that
[lm|lo < ¢. There also exists p = p(]|m|le) > 0,6 > 0 such
that infap, I (x) > & > 0, where B, = {z € Wy*(Z) :
]| < p}.

Next, we will show that —oo < infp I < 0. From
(2.29), we have —co < infg I;. Letu € C' = {u €
CY(Z) : u has support in Z} with u >0,u#0and A > 0,

then for F, > 0,
A" ,
—/ 0(z)u dz—/ Fi(z,  \u)dz
rJz z

I; (Au)
P T
%||Du||5—)\7 / 0(2)u"dz, (34)
zZ

Since » < p, from (3.4) and A small enough, we have
Ii(Au) < 0 and —oco < infg I, < 0. Let € €
(0,infyp, I+ — infz I) and consider the function I :
B, — R. By using Ekeland variational principle [6], we
obtain that there exists z(e) € B, such that

AP
?HDuHﬁ -

IN

I (z(e)) <inf Iy +e, (3.5)
Bﬂ
Ii(z(e) < Ii(y) +elly —a(oll, Vye B, (3.6)
Due to (3.5) and we choose suitable ¢ > 0 such that
Ii(z(e)) <infly +e < inf I,. (3.7
B 0B

P P

From (3.7), it is easy to see x(€) € B,. Define the following
function

ee(y) = L (y) + elly — z(e)]. (3.8)

From (3.6), it follows that x(e) € B, is a minimizer of

@ on B,. Therefore for all A\ > 0 and k € W,?(Z)
pe(z(c))

with ||k|| = 1, we have WG(I(E)H‘];) > 0, then
1+(90(6)+>\’/€\)*I+(r(6)) +¢|lk| >0, and
(I (2(€)),k) = —e[|k||, and H<Iﬁr(i€(6))>H <e (39

Let ¢, = and choose z, = =z, € DB,. Then by
B, I () — infz I, and I ( n) — 0. By Lemma
2.3, we can assume that T, — & € WyP(Z). Thus

~—3|=

I (z) = infg I, < 0= 1:(0), which implies that Z # 0.
Recall that I (%) = infg Iy <infyp Iy < I, (z1), then
T # xXq.

Since I’ (x,) — 0, we have I' (z) — 0 and A(Z) =
m(zH) =1 + N, (Z). Then, for —z~ € W, (Z), we have
[ Dz~[|P = 0 since fi(z,x) =0 for a.e. z € Z and x <0,
which shows that £ > 0 and T # 0. Also, Z is a solution
of problem (1.1). Then, in a similar way as we did for x,
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via the nonlinear regularity theory and the nonlinear strong
maximum principle, we show that T € intC,. ]

Similar to the proof of Theorem 3.1, we state the theorems
as follows but omit the proof.

Theorem 3.2: Let (HF)' hold and m € L*(Z)4 \ {0}.
If there is ¢ > 0 such that ||m|loc < ¢. Then (1.1) has at
least two negative solutions x3,z4 € —intC,..

Theorem 3.3: Let (HF) and (HF)" hold and m €
L>(Z)4+ \ {0}. If there is ¢ > 0 such that |m|. < C.
Then (1.1) has at least four solutions x1, 29 € —intCy and
3, x4 € —intCy.

IV. CONCLUSIONS

In this paper, we use Mountain pass lemma and Ekeland
variational principle to obtain the existence and multiplicity
of the solutions of p-Laplacian equations without the AR
condition, and our hypothesis condition is weaker than the
AR condition.
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