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On Global Generalized Solution for a Generalized
Zakharov Equations

Shujun You, Xiaoqi Ning

Abstract—This paper considers the existence of the gener-
alized solution to the initial vale problem for a generalized
Zakharov equation in dimension two. By a priori integral
estimates and the Galerkin method, one can arrive at the global
generalized solution to the problem.

Index Terms—generalized solution, generalized Zakharov
equations, initial value problem, Zakharov equations.

I. INTRODUCTION

HE Zakharov equations, derived by Zakharov in 1972
[1], describes the propagation of Langmuir waves in an
unmagnetized plasma. The usual Zakharov system defined in
space time R%*! is given by
iE, + AE = nE,
ng—An = A|EP,
where E : R4 — C? is the slowly varying amplitude of the
high-frequency electric field, and n : R“! — R denotes the
fluctuation of the ion-density from its equilibrium.
This system attracted the wide interest of many scientists
[2]-[10]. In [7], Dem zo. Jahrestag der DDR gewidmet

studied the following generalized Zakharov system, and
established the global existence for the Cauchy problem.

i+ e+ (@—ne=0,
1
v+ 5\/2—,3\1x+n+|E|2 =0,
X

n,+v, =0.

In this paper, we are interested in the following generalized
Zakharov system.

ig; + Ae —ne =0, (1)
50
Ve + ; a—xjgradga(v) ~Av+V(n+|EP)=0, ()
n+V-v=0, 3)
with initial data

nli=o = no(x), 4

where e(x,1) = (e1(x,1), &(x, 1), ---, ey(x, 1)) is an N-
dimensional complex valued unknown functional vector,
v(x,t) = (vi(x,1), va(x, 1)) is a 2-dimensional real-valued

&lizo = €0(X),  Vl=0 = vo(x),
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unknown functional vector, n(x, ) is a real-valued unknown
function, ¢(s) is a real function, and x € RZ, > 0.

We study the generalized Zakharov system in dimension
two with the initial data. First, a priori estimates of the
problem is made. Next, using the Galerkin method, the
global generalized solution of the problem is shown. In fact,
nonlinear partial differential equations have also been studied
by others using different approaches, as seen in [14]-[39].
The main results of this paper are as follows.

Theorem 1. Suppose that

(1) &o(x) € H'(R?), vo(x) € L*(R?), no(x) € L*(R?),
(2) ¢(s) € C*,¢(0) = 0.

3) lleo@I2: < T lw@7 ,

@) |grade(s)| < C(ls|+ 1).

where 0 < o < 1, Y(x) is a solution of the equation
Ay — g+ =0.

Then there is the global generalized solution of the initial
problem (1)-(4).

e(x,0) e LR HYN W R, H T,
v(x, 1) € L*(R"; L) n WHo(R*; H™?),
n(x, 1) € L°(R*; L) N Wh@R*; H™),

For the sake of convenience of the following contexts, we
set some notations. For 1 < g < oo, we denote LI(RY) the
space of all g times integrable functions in R¢ equipped with
norm ||-||zarey or simply ||-||« and H*? (R%) the Sobolev space
with norm || - ||gsrzay. If p = 2, we write H*(RY) instead of
H2RY). Let (f, g) = ﬁ.{ f(x)-g(x)dx, where g(x) denotes the
complex conjugate function of g(x). We use C to represent
various constants that can depend on the initial data.

This paper is organized as follows. In Section II, we make
a priori estimates of the problem (1)-(4). In Section III, we
establish the global generalized solution of the problem (1)-
(4) by the Galerkin method.

II. A PRIORI ESTIMATES

In this section, we will derive a priori estimates for the
solution of the system (1)-(4).

Lemma 1. Suppose that £y(x) € L*(R?). Then for the
solution of problem (1)-(4), we have
e, D722, = lleo(O 2z, -

Proof: Taking the inner product of (1) and &, it follows
that

(ig; + Ae —ne, ) = 0. (@)

(Advance online publication: 24 May 2017)



TAENG International Journal of Applied Mathematics, 47:2, [JAM 47 2 15

and since

Im (ish 8) ||8||L7 >

2 dt
Im (Ae — neg, ) =

hence from (5), we get

d

= leCx Dl = 0.
We thus get Lemma 1. [ |
Lemma 2. Supposing that

(1) £0(x) € H'(R?), vo(x) € L*(R?), no(x) € L*(R?),
(2) ¢(s) € C*, (0) = 0

Then we have
F (1) + f IVv(x, DI, dr = Z(0).
where
P() = 31 + 5 Il + Vel + [ nlef

Proof: Taking the inner products of (2) and v, it follows
that

2
[v, + Z‘ aixjgradgo(v) —Av+V (n+EP), v] =0. (6)
=

And since

(v, v) = IIVIILz, (=Av, v) = [[VV][7.,

2 9 2 A
[Z 78 gradg(v), v] =- Z (gradcp(v), a_x,»)

i=1 Jj

—_

2
((erade(v)),, . 1) = 0,
1

~.

(Vn,v) ==, V-v) =(n,n) = IInIILz,

1
2d
(VIel, v) = = (1, V-v)

2 2
=(|8| ,nr)=f nlel"dx,
R2

thus from (6) it follows that

1d
2dt

Taking the inner products of (1) and —¢&,, it follows that
—&) =0. ®)

(IME + linli?. ) + 19 VI, + f nleffdx=0. ()
R

(ig; + Ae — ne,
And since
Re (igf, _8[) = 0

Re (A, —&) = Re (Ve, Vey) = 37 IVell;,

1
Re (—ne, —g;) = 3 fz n(lslz)t dx
R

1d 1
=57 B nlelPdx — 5 .[1;2 nileldx.

Thus from (8) it follows that

ld 2 2 1 27 _
a4 (||V8|| ) f%z nle| dx) -3 ‘fRz ndel“dx=0. (9)

Hence from (7) and (9), we get

d(l 5
I (5 [IvIl7. +

Letting

1
3 lInll7, + IVl +f nISIZdX) +[IVvlij, = 0.
R?

Ft) == ||v||Lz ||n|| +IVell?, +f nlel*dx.
R2
It follows that

F (1) + f IVv(x, DI.dT = F(0).
0
|

Lemma 3 (Gagliardo-Nirenberg inequality [11]). Assume
that u € LIR"), D"u € L'(R"),1 < q,r < 00,0 < j <
we have the estimations

1D/ ull @y < C||D’”u|IL,(R,I)Ilulqu(Rn),
<a<l,

where C is a positive constant, 0 < =
1 ;
1_J,

1 1
a(— - T) +(1-a)-.
P n r n q
Lemma 4 (Sobolev’s best constant estimates [12]). Suppose
that f(x) € H'RN). Then we have

2p+2 2p+2 2+p(2—-N)
||f||L2p+"(RN) ||Vf||L2(RN)”f”L2(RN) >

, N>2,

2
O0<p<
p N
where the constant

p+1

1
2p+2
Con = [—]
||w||L2(RN)

and Y(x) is a ground state solution for the equation

PN p 2p+l _
7A¢—(1+5(2—N))1//+l//p -0

Obviously, the solution of equation (10) exists, and y(x) # 0.

(10)

Lemma 5. Supposing that the conditions of Lemma 2 are
satisfied and
leo()ll7> < o eI »

where 0 < o < 1, ¥ is a solution of the equation
A=y +y° =0

Then we have
!
IVell? + llnllz + V5 + | [IVv(x, DI%dr < C.
L
0

Proof: By Holder inequality and Young inequality, there

holds
f nlel dx
RZ
(11

Using Gagliardo-Nirenberg inequality and Lemma 4, we
write

2
< linll2llellys

o0 1 4
< S linll + 5—llells

2
llellfs < ——=IIVell7.llell7..

12
IIWII 12

(Advance online publication: 24 May 2017)



TAENG International Journal of Applied Mathematics, 47:2, [JAM 47 2 15

Note that Lemma 2 and Equations (11), (12), one has
1 o l-c lleoll2, s
—|ll5, + ——Inll5, +]1 — Vel
S 2|wy[ AR

!
+jﬂwmﬂ@wg9@L
0

Note that |lgg(0)|17, < olly(x)ll7, and 0 < o < 1, we thus get
Lemma 5. u

Lemma 6. Supposing that the conditions of Lemma 5 are
satisfied and |gradga(s)| < C(|s|+1). Then we have

el + el + lindlg- < C.

Proof: Taking the inner product of Eq. (1) and ©, Eq.
(2) and T, Eq. (3) and n, it follows that

(ie; + Ae —ne, ) =0 (13)
Sl
2 —
Ve + ; 8—xjgradt,o(v) ~Av+V(n+|EP),T|=0, (14)
n+V-v,m=0 (15)
where 1,n;,{; € H(z) G = 1,---,N, £k = 1,2), ® =
(771, e an)9 I'= ((1’4’2)'
By Holder inequality, it follows from Eq. (13) that
(&, @) < |(Ae, D) + |(ne, D)
=|(Ve, VO)| + |(ne, )|
< |IVellp2 VD22 + [nll2 [lellzs 1Pl - (16)
By Gagliardo-Nirenberg inequality, we know that
1
llellzs < CIIVSIIZZIISIIZZ <C 17
DIz < CIIVCDIILZIICDIIZZ < C(IVDl2 +[|Dllz2) -
Hence from Eq. (16) we get
I(er, D) < ClID]lg:.- (18)
Using Holder inequality, from Eq. (14), there is
2
(v, T)| < (Z ——gradg(v), r] +|(Av, )|
1
‘ (V(n+EP) )]
2
= Z (gradgo(v) ) +|(v, AD)|
+| (n+1EP, V r)|
< C(Wllez + DTz + VI A2
+lall2 IV - Dllgz + llell7a IV - Tllz . (19)
From Eq. (17) and (19) we get
|(ve, DI < ClIllg2 - (20)
From Eq. (15) and Holder inequality, we have
|(ne, I = (V- v, pl = (v, Vi)
< AWz [1VAll2 < Clillg: (2D
Hence from (18), (20) and (21), we obtain
lledlz-1 + Vel + lIndlg- < C.
|

III. THE EXISTENCE OF GLOBAL GENERALIZED
SOLUTION

In this section, we formulate the proof of Theorem 1. First
we give the definition of generalized solution for problems

(D-(4).

Definition 1. The functions
em(x,1) € LR HY N WH(RT; H ™),
va(x, 1) € L(RT; L) n WHR*; H?),
n(x, 1) € LR LHN W R H ™)

m=12,--- N,
1=12,

are called generalized solution of problems (1)-(4), if for any
e Hé they satisfy the integral equality

(igm, &) — (Ven, VE) — (ney,€) =0
0 0 0
Var &) — Z( g(:) 8§-) - (v, Aé) - (n +lef*, %) =0,
(n,6) — (v, Vé) =
m= 1,2,--- N, A=1,2.

with initial data

li=0 = &0(x),  nli=o = no(x),  Vli=0 = vo(x),

Next, we give two lemmas recalled in [13].
Lemma 7. Let By, B, B| be three reflexive Banach spaces
and assume that the embedding By — B is compact. Let

V
W = {V € L™((0,T); By), — € L”'((0,T); Bl)}
T<00, 1<p0,p1<00.
W is a Banach space with norm

IVIlw = [IVllzroo,1y:80) + IVillLe (0,7):81)-
Then the embedding W — LP°((0,T); B) is compact.

Lemma 8. Let Q be an open set of R" and let g,g. €
LP(R"), 1 < p < oo, such that

g — g ae. inQ and llgellzry < C.

Then g. — g weakly in LP(Q).

Now, one can estimate Theorem 1.
Proof: By using the Galerkin method, choose the basic

periodic functions {w;(x)} as follows:
—Aw;(x) = Lw;(x), wi(x) € Hj(Q), j=1,2,-+,1

The approximate solution of problem (1)-(4) can be written
as

l l
dxn = w0, Vien =) Binw,,
j=1 j=1

!
nl(x, 1) = Z ’}’;(f)wj(x),

J=1
where
! ! ! ! )
&€ =(31,"‘ ,SN), ozj(t)z(a'jl(t),-~ s

V= (Vab), Bl = (BL0.850).

().
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and Q is a 2-dimensional cube with 2D in each direction,
that is, Q= {x = (x1,x)||x] <£2D,i =1,2}. According to
Galerkin’s method, these undetermined coefficients cylj(t),
ﬂ’].(t) and yﬁ(t) must satisfy the following initial value prob-
lem of the system of ordinary differential equations.

(iefm, wK) - (stn, Va)K) - (nlsfn, wK) =0, 22)
2
(V) Ow
(Vflt’ “)K) - Zl ( 61}; > (9)6;) - (V]ﬁ’ AwK)
=
0
- (nl e a‘)‘;) -0, 23)
(nh @) = (v, Vo) = 0, (24)
m=1,2,---,N, A=1,2, «k=12,---,L
with initial data
&llizo = £0(x),  nllizo = no(x),  V'li=o = vo(), (25)

Suppose

Hl LZ
£h(xX) = eo(x),  VhH(xX) = vo(x),
2
n(l)(x) L—) no(x), [ — oo,

Similar to the proof of Lemma 1-6, for the solution £l(x, 1),
vl(x, ) and n'(x, f) of problem (22)-(25), we can establish the
following estimations.

el + IV + 'l < €
el + 2l + il < €

where the constant C is independent of / and D. By compact
argument, some subsequence of (s’ Y n’), also labeled as [,
has a weak limit (g, v, n). More precisely,

(26)
27

el(x, ) — &(x, 1) in L”(R+;H1) weakly star, (28)
Vi(x,1) = v(x, 1) in L*(R*; L?) weakly star, (29)
n'(x, 1) = n(x, 1) in L°(R*; L?) weakly star. (30)

Eq. (27) implies that
g — g in L°(R"; H') weakly star, (31)

vﬁ — v, in L°(R*; H2) weakly star,
nl — n; in L°(R*; H') weakly star.

Moreover, it should be noted that the following maps are
continuous.

H'R?) - LY(RY),
H'(R?) x L*(R?) — L*(R?),

U u,

(u,v) — uv.
It then follows from Eq. (28) and (30) that

lsl|2 — win L¥(R*; L?) weakly star,

n'sl — zin L®(R*; L?) weakly star.

(32)
(33)

First, we prove w = |¢>. Let Q be any bounded subdomain
of R2. We notice that

the embedding H'(Q) — L*(Q) is compact.
and for any Banach space X,

the embedding L™ (R™; X) — L*(0,T; X) is continuous.

Hence, according to Eq. (28), (32) and Lemma 7, applied to
By = H(Q),B = L*(Q),B, = H'(Q), and says that some
subsequence of & |, (also referred to as [) converges strongly
to g|q in L2(0,T; L*(©)). So we can assume that

&' — & strongly in L*(0,T; L} (Q)), (34)

loc

and thus

g — eae. in [0,T] X Q.

Then, using Lemma 8 and Eq. (32) imply that w = Isl2
Second, we prove z = ne. Let y be a test function in
L*(0,T; H"), suppy C Q c R%.

T
1
j(; jl;z (n £ ns))(dxdt
_ ! I _ fo I _
_L Ln (s s))(dxdt+ | Q(n n)s/\/dxdt.

Firstly,

T
I(
jo‘ jg;n (e e))(dxdt

I I
= Hn ||L°°(0,T;L2(Q)) “‘9 - 8||L2(0,T;L4(Q)) 20,7290 »
Since Q is bounded, we deduce from Eq. (30) and (34) that

T
I _
fo Ln (s s))(dxdt

Secondly, let us note that gy € L'(0,T;L?). In fact,

-0 (- +oc0).

HSXHL'(O,T;LZ) < llellzzo,7:14) ||X||L2(0,T;L4) < .

Therefore we deduce from Eq. (30) that

T
f f (nl - n) eydxdt - 0 (I - +00).
0o Ja

Thus n'e! - ne in L2(o, T; H™"). So z = ne.

Hence taking [ — oo from Eq. (22)-(25), by using the
density of w; in Hg(Q) we arrive at the local generalized
solution for the periodic initial value problem (1)-(4); letting
D — oo, the local solution for the initial value problem (1)-
(4) can be obtained. By the continuation extension principle
and a priori estimates, we can arrive at the global generalized
solution for problem (1)-(4).

We thus complete the proof of Theorem 1. ]
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