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Initial Boundary Value Problem for a Generalized
Zakharov Equations

Shujun You, Xiaoqi Ning

Abstract—This paper considers the existence of the gener-
alized solution to the initial boundary value problem for a
class of generalized Zakharov equation in (2 + 1) dimensions.
By a priori integral estimates and the Galerkin method, the
author establishes global in time existence of the solution to
the problem.

Index Terms—generalized solution, generalized Zakharov
equations, initial boundary value problem, Zakharov equations.

1. INTRODUCTION

Set of coupled nonlinear wave equations describing the

interaction between high frequency Langmuir waves
and low frequency ion-acoustic waves was first derived by
Zakharov [1]. The usual Zakharov system defined in space
time R¥*! is expressed as

iE, + AE = nE,
ny —An = A|E|2 >

where E : R4 — C? is the slowly varying amplitude of the
high-frequency electric field, and n : R*! — R denotes the
fluctuation of the ion-density from its equilibrium.

This system has been the subject of many studies [2], [3],
[4], [5], [6], [7], [8], [9], [10]. The 1D Cauchy problem
for the Zakharov system is shown to be locally well-posed
for low regularity Schrodinger data and wave data under
certain assumptions on the parameters [3]. The study [4]
deals with the existence and uniqueness of smooth solution
for a generalized Zakharov equation and establishes local in
time existence and uniqueness in the case of dimensions 2
and 3. S. You studied a generalized Zakharov equation and
obtained the existence and uniqueness of the global solutions
to the initial value problem [10].

In this paper, we study the following systems of 2-
dimensional generalized Zakharov type equations

iE, + AE — nE = « |[E|* E, (D)
On+V-V=0, )
2
d
V,+Zagra—m—,8AVt+V(n+|E|2)=0. 3)

0x;

J=1

with initial boundary data as follows:
El=o = Eo(x),

Elspa =0,

nli=o = no(x), Vl=o = Vo(x), (4

nlaga =0, Viga=0 (5)
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where E(x,t) = (Ei(x,1),E>(x,1),---,En(x,1)) is an N-
dimensional complex valued unknown functional vector,
Vix,t) = (Vi(x, 1), Va(x,1)) is a 2-dimensional real-valued
unknown functional vector, n(x,) is a real-valued unknown
function, ¢(s) is a real function, and 8 > 0, x € Q c R?,
t>0.
We study the generalized Zakharov system in dimension

2 with initial boundary data. First, a priori estimates of
the problem is made. Next, using the Galerkin method, the
existence of the global generalized solution of the problem is
shown. In fact, nonlinear partial differential equations have
also been studied by others using different approaches, as
can be seen in [14]-[36].Now we state the main results of
this paper.
Theorem 1. Supposing that

(1) Eo(x) € H'(Q), Vo(x) € H'(Q), no(x) € L*(Q),

(2) ¢(v) € C*,0(0) = 0.

3) IEo)IIZ. < 1+88|a| €3]

@) |grade(m)| < C (W +1).

where 0 < € < 1, Y(x) is a solution of the equation

Ay -+ =0.

Then there is the global generalized solution of the initial
boundary problem (1)-(5).

E(x,t) € LR HY N W RY; HY,
V(x,0) e LR HY) n W(R"; HY),
n(x, 1) € L°(R*; L?) N Wh(R*; L?),

For the sake of convenience of the following contexts, we
set some notations. For 1 < g < oo, we denote LI(RY) the
space of all g times integrable functions in R¢ equipped with
norm ||-||z¢rey or simply |||z« and H*? (R%) the Sobolev space
with norm || - ||gsrrey. If p = 2, we write H*(R?) instead of
H2@RY). Let (f, g) = .ER" f (x)-@dx, where g(x) denotes the
complex conjugate function of g(x). We use C to represent
various constants that can depend on the initial data.

This paper is organized as follows. In Section II, we make
a priori estimates of the problem (1)-(5). In Section III, we
establish the global generalized solution of the problem (1)-
(5) by the Galerkin method.

II. A PRIORI ESTIMATES

In this section, we will derive a priori estimates for the
solution of the system (1)-(5).

Lemma 1. Suppose that Ey(x) € L*(Q). Then for the solution
of problem (1)-(5), we have

IEG D720y = IEo()72q -
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Proof: Taking the inner product of (1) and E, it follows
that
(E+AE - nE, E) = («|EP E, E) (©6)

Since

1d
Im (iE;, E) = 3 IEI7, .
Im(AE - nE, E) = Im (a|E|2 E, E) =0,

hence from (6), we get
d
S IE DI, = 0.
We thus get Lemma 1. [ |

Lemma 2. Suppose that

(1) Eo(x) € H'(Q), Vo(x) € H'(Q), no(x) € LX),
(2) @(v) € C2, (0) =0

Then we have

M (t) = #(0).

where
) =IVER: + f (w1EF + 5 1£1)dx

B

1
+ SIVVIL: + 5 linlizs + 3 IV

Proof: Taking the inner products of (1) and E, it follows
that
GE,+AE - nE, E;) = (a|EP E, E,). (7

Since
Re (iE;, E;) =0

1d
Re(AE, E;) = -Re(VE, VE)) = -5 — ||VE”L2 ;

Re (—nE - «|EPE, E,)

- _% f (n(|E|2)t+a|E|2 (|E|2)r)dx

14 , @ 4) lf )
-2 (nIEI + 2B )dx+ 5 | miBPdx.

thus from (7) it follows that

d a
d—t(||VE||§2 + f (n|E|2+§|E|4)dx)= f n|EPdx.  (8)

From (2)-(3), we obtain

f n|EPdx = - f (V- V)|EPdx = f V- V|EPdx
=fV'[—Vz Zc’)gradg&(V)

Ox;
:—ﬁfVV Vv,dx+f(v V)ndx———llVIIzq
+]Z_;fgradga(V)~a—xjdx
2
_ Bd 2 ld o de(V)
= 5 ZIVVIE: = | nindx— = VI, + ; o, dx

1d
= =5 7 (BIVVIZ: + Il +1IVIZ:). ®

+ BAV, — Vn] dx

Combining (8) with (9) we obtain

d a
s (||VE||iz + f (n|E|2 + —|E|4)dx)

1d
+ 52 (BIVVIE, + Il +IVIE,) =

Letting
() = IVEIE, + f (it + 218 ax

1 2 2 2
+ 3 (BIVVIE, + I, + IVIE)

It follows that
M(t) = M ().

Lemma 3 (Gagliardo-Nirenberg inequality [11]). Assume
that u € LIR"), D"u € L'(R"),1 < q,r < 00,0 < j < m,
we have the estimations

. -
”D']M”LI’(R") < Cl|Dmu|lzr(Ru)||u||Lq([]an),
<a<l,

where C is a positive constant, 0 < =
| ;
2oty

1 1
a(— - @) +(1-a)-.
p n r o n q
Lemma 4 (Sobolev’s best constant estimates [12]). Suppose
that f(x) € H'@RN). Then we have

2p+2 2 +2 2+p(2-N)
||f||L'27,,+a(RN) p IIVfIILz(RN)IIfIILz&N) ,
2
O<p<——=,N2>2,
P=N2

where the constant

1
2p+2
p+l 1
CP’N = 2p
”"b”B(RN)

and ¥(x) is a ground state solution for the equation

N
%A¢—(1+§(2—N))¢+¢2p+1 -0 (10)
Obviously, the solution of equation (10) exists, and y(x) # 0.

Lemma 5. Suppose that the conditions of Lemma 2 are
satisfied and

IEo(oI7, < Toaa W& Oll7

where 0 < & < 1, ¥ is a solution of the equation
Ay -y +y? =0
Then we have
IVEIE +IVVIE +[Inll? + IVIEE < C.
Proof: By Holder inequality, Young inequality, there

holds
‘ f n|El* dx
Q
(11)

Using Gagliardo-Nirenberg inequality and Lemma 4, we
express as

2
< lnllz2 I ENZ

& 1
< Eunniz + 2—8||E||j4

IEI;. < —IVEILIEI, (12)

II!ﬁII
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Note that from Lemma 2 and Equations (11), (12), one has

1+ &la|
[1 Bivie,
eI, 2

1-
+ Tllnlle

———|Eoll} ]HVEniz +

1
+ §||V||§2 < |.#(0).

Note that

IEo()ll7, < T oIl

and 0 < £ < 1, we thus get Lemma 5. [ |

Lemma 6. Suppose that the conditions of Lemma 5 are
satisfied and |grad(p(v)| < C(v|+1). Then we have

Ed g1 + 1Villgy + llnell2 < C.

Proof: Taking the inner product of Eq. (1) and ®, Eq.
(2) and ¢, it follows that

(E,+ AE - nE, ®) = (¢ |EP E, @),
Om+V-V,9)=0

where ,@; € Hy (j=1,---,N), ® = (p1,--- ,op).
By Holder inequality, it follows from Eq. (13) that

13)
(14)

(E,, @)| < [(AE, ®)] + (1, )] + |(ol EPE, ©)
= [(VE,Y®)| + [(nE, ®)| + |(ol EPE, )|

< IVE]lp2 [IVDIlz2 + lnll2 | Ell s (|l 4

+ e [LEI 112 - (15)

By Gagliardo-Nirenberg inequality, we know that
IE+ < CIVEILIEIL <
IElls < CIVEILLIEN, <
Pl < CIIVQIIL%ZIICDIIL%Z < C(VOll2 + [[@ll2) -
Hence from Eq. (15) we get
|(E, @)| < Cl|Dl|; - (16)
Using Holder inequality, from Eq. (14), there is

(e, @1 = (V- Vo) < [[VVII2 [lgll 2 < Cligl| 2
Taking the inner product of Eq. (3) and V,, it follows that

(Vz Z dgradp(V)

A7)

7, —BAV, +V (n+|EP), v,]:o. (18)

J=1
Since
- BAV,, V) = V17,

Z c’)gradgo(V)
ox j

j=1

+BIVVIIE, ,

[Z grade(V), ]

< C(Vllz2 + DIIVVilz

<c+ B

r*°

|V, Vol = (n, V - VOl < lnll 2 IV Vil < C + gIIVVzIIiz,

(VIER, V;)

= |(er.v - v.)

B
Zuvvzniz.

<EIFNVV.2

<C+

from Eq. (18) we get

Wi+ Siovig. < (19)
Hence from (16), (17) and (19), we obtain
NEdlz-+ + Vil + llnllz2 < C.

|

III. THE EXISTENCE OF GLOBAL GENERALIZED
SOLUTION

In this section, we formulate the proof of Theorem 1. First
we give the definition of generalized solution for problems

(D-(5).
Definition 1. The functions

En(x,t) € LR HY N W R HY),
Va(x,0) € LR HY N WH(R™; Hy),
n(x, 1) € L*(R*; L) N W' (R*; L?)

m=12,---,N,
1=1,2,

are called generalized solution of problems (1)-(5), if for any
(e Hé they satisfy the integral equality

GEnir€) = (VEp, VE) = (nEp, €) = (@ |EP Ep, €),

m=1,2,---,N.
(0, &) —(V,VE) =0
2
op(V) 0&
V&) = [jl av, 6—%] + (BVV)y,, V&)

- n+|E|2,£ =0, 1=1,2.
6)(/1

with initial boundary data as follows:

Eli—o = Eo(x),
Elso =0,

nli=o = no(x), V0= = Vo(x),

oo =0, Vipa=0

Next, we give two lemmas recalled in [13].
Lemma 7. Let By, B, B| be three reflexive Banach spaces
and assume that the embedding By — B is compact. Let

V
W= {Ve LP((0,T); By), — € L”'((0,T); Bl)}
T<OO, 1<p0,p] < 00,
W is a Banach space with norm

IVIlw = [IVllzroo,1y:80) + IVillee (0,7):81)-
Then the embedding W — LP°((0,T); B) is compact.

Lemma 8. Let Q be an open set of R" and let g,g. €
LP(R"), 1 < p < oo, such that

g — g ae.in Q and llgellzr) < C.

Then g. — g weakly in LP(Q).

Now, one can estimate Theorem 1.
Proof: By using the Galerkin method, choose the basic
periodic functions {w;(x)} as follows:

—Awj(x) = jw;(x), wi(x) € Hy(Q), j=1,2,--,L
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The approximate solution of problem (1)-(5) can be written
as

l !
Elx,n =Y dw, Vien =) Binw,
j=1 Jj=1

!
nlen = ) Yw(),

j=1

where
E'=(E}.-- EY). o= (1. .ay0),
Vi=(ViLVe). Bio = (B50).8'50).

According to Galerkin’s method, these undetermined co-
efficients a/i.(t), B;(t) and yi(t) must satisfy the following
initial value problem of the system of ordinary differential
equations:

(iE,Zm, a)K) - (VEfn, Va)K) - (nIE,ln, wK)

=(Q|EZ|ZE{",Q,K), m=1,2,--- N, (20)
(0" w) = (V. V) =0, k=12,---.1, (21
2
(Vﬁ[, wk) _ [; 3;;‘?)’ ((9;):] + (ﬁVVﬁ,, Vw,()
- (n’ +|ET, chK) -0, 1=1,2. 22)
with initial boundary data:
Elleo = Eo(x), nlli=o = no(x), V'l = Vo(x),  (23)
Elaa =0, nllaa=0, V=0 (24)
Supposing

H! H!
E\(x) — Eo(x), Vi(x) — Vo(x),
() 5 mo(x), 1 co.

Similar to the proof of Lemma 1-6, for the solution E'(x, 1),
Vi(x, t) and n(x, 1) of problem (20)-(24), we can establish the
following estimations:

E o+ [V + Nl < €
I+ <c

(25)

gy + Il (26)

where the constant C is independent of / and D. By compact
argument, some subsequence of (E’, V’,nl>, also labeled as
[, has a weak limit (E, V,n). More precisely,

El(x, t) > E(x,1) in L°°(R+;H1) weakly star, 27
Vi(x,1) > V(x,t) in L°(R*; H') weakly star, (28)
n'(x, 1) = n(x, 1) in L°(R*; L?) weakly star. (29)

Eq. (26) implies that
E! - E, in L(R*; H™!) weakly star, (30)

V,’ — V;in L”(R*;Hé) weakly star,
nﬁ — n; in L®(R*; L?) weakly star.

Moreover, it should be noted that the following maps are
continuous.

H' - 1%
H'x1*— [

U u,

(u,v) — uv.

It then follows from Eq. (27) and (29) that

|E’|2 — win L°(R*; L?) weakly star,
n'E' = z in L*(R*; L*) weakly star.

€29
(32)

First, we prove w = |E . Let II be any bounded subdomain
of Q. We notice that

the embedding H 1(l'[) - L4(H) is compact.
and for any Banach space X,
the embedding L*(R*; X) — LZ(O, T; X) is continuous.

Hence, according to Eq. (27), (31) and Lemma 7, applied to
By = H'(I), B = L*(II), B, = H~'(I), and says that some
subsequence of E' |1 (also referred to as ) converges strongly
to E | in L*(0, T; L*(IT)). So we can assume that

E' - E strongly in L*(0, T; L} (1)),

and thus
E' 5 E ae. in [0,T] x 1.

Then, using Lemma 8 and Eq. (31) imply that w = |EJ?
Second, we prove z = nE. Let y be a test function in
L*(0,T; H"), suppy € Q c R%.

fo(nlEl —nE),\(dxdt
0 Ja
T T
= L Lnl (El - E))(dxdt + jo‘ L (nl - n) Eydxdt.

On one hand

T
(gl _
fo fgn (E E)dedt

= “nl||L°°(0,T;L2(Q)) ”El - E“LZ(O,T;L“(Q)) ”X”LZ(O.T;L“(Q)) ’

Since Q is bounded, we deduce from Eq. (27) and (29) that

T
Il _
fo Ln (E E)dedt

On the other hand, it should be noted that Ey € L'(0,T; L?).
In fact,

-0 (- +).

||EX||L'(0,T;L2) < ||E||L2(0,T;L4) ”X||L2(0,T;L4) < ©oo.

Therefore we deduce from Eq. (29) that

T
f f (nl - n) Exdxdt - 0 (I - +o0).
0o Jo

Thus n'E! - nE in L*(o,T; H™"). So z = nE.

Hence taking / — oo from Eq. (20)-(24), by using the den-
sity of w; in Hé(Q) we get the existence of local generalized
solution for the periodic initial boundary value problem (1)-
(5); letting D — oo, the existence of local solution for the
initial boundary value problem (1)-(5) can be obtained. By
the continuation extension principle and a priori estimates,
we can get the existence of a global generalized solution for
problem (1)-(5).

We thus complete the proof of Theorem 1. ]
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