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Variations Detection of Bivariate Dependence
Based on Copulas Model

Yan-ling Li, Yun-peng Zhang, Ling Zhou

Abstract—Copulas theory provides a convenient way to
express joint distributions of two random variables. This paper
presents an introduction to detect variations for bivariate
relationship, based on the methods of sliding window and copula
function, illustrated by the case of monthly precipitation and
streamflow sequence in Xianyang station of Weihe River nearly
60. Euclidean distance criterion is presented for selecting an
appropriate model, estimating its parameters, and checking its
goodness-of-fit. We obtain the combined probability density
copula function of relationship between precipitation and
streamflow before and after the variations. Result shows that
the relationship variant between precipitation and streamflow
occurred in 1993, and at different times, precipitation and

streamflow follow the different probability distribution function.

The goal of this paper is to put forward copula-based in the field
of variations detection, so as to provide a stepping stone
exploring variations detection research of the bivariate
dependence.

Index Terms—Variations, Dependence structure, Copulas,
Joint distribution

I. INTRODUCTION

ARIABLES are often correlative and hence require the

joint modeling of several random variables in
hydrology[1]. Traditionally, the dependence between
variables such as precipitation, streamflow depth and volume
has been described using classical families of multivariate
distributions. Perhaps the most common models occurring in
the hydrological variables are the univariate, or bivariate
normal, gamma, lognormal distributions [2]. The limitation
above mentioned methods are that the variables must then be
characterized by identical distribution [3]. Global climate
changes and human activities are strongly affecting the
patterns of river runoff and other key hydrological variables
[4] (Birsan et al., 2005). Especially in the last decades, there
are significantly changes in climate, such as temperature,
rainfall, and runoff. The dependence of between the variables
has been increasingly emphasized [5]. To date, most
dependence analyses are focused on identical distribution. In
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most cases transformation will lose part information of
compared with the original variable analysis. In addition
hydrological data that are assumed to be multivariate normal
distributed are highly developed, but general approaches for
joint nonlinear modeling of nonnormal data are not well
developed [6]. But unfortunately a lot of variable distribution
is not the same; we have to a transform variables to the same
distribution.

Copula function analyses, which avoid this restriction, are
just beginning to make their way into the dependence
multivariable analysis [7, 8]. The theorem of the copulas was
introduced in a 1959 article by Sklar [9]. Copulas are
functions that connect multivariate distributions to their
one-dimensional margins. It can separate the joint distribution
into two contributions: the marginal distributions of each
variable by itself, and the copula that combines these into a
joint distribution. Copulas represent a substantial advantage
of over recently proposed simulation based approaches to
joint modeling. Copulas have proved useful in a variety of
modeling situations[10]. Copulas analysis has been
successfully applied to climate and weather related
research[11], to various multivariate simulation studies in
civil [12], to being used for Warranty data analysis [13], to
modeling turbulent partially premixed combustion, which is
common in practical combustors[14], to the analysis of
neuronal dependencies [15], and to various simulation-based
performance studies[16].

This paper presents several common copulas, introduces
methods for selecting which copulas may be most appropriate.
in addition to this, the behavior of the copulas in tail
dependence can be used to distinguish among joint
distributions. Based on the methods of sliding window, we
detect dependence variations of the precipitation and
streamflow of Weihe River in Xianyan station from 1951 to
2010, and pointed out the bivariate distribution pattern before
and after the variations. The purpose of this paper Provide an
overview of two-dimensional copula-based constructions in
Variations detection.

II. CoPULA FUNCTION

A. Copula theory

Let F(x), G(y) be random variables marginally uniformly
distributed on [0, 1]. A 2-dimensional copula function C :
C:[0,1]*—[0,1] is a joint distribution:

C(F(x),G(y) =PX <x,Y < y). M
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Sklar’s theorem [9] states that the joint distribution
H(x,y) can be represented as a copula function C(+) of

its marginal distributions:
H(x,y)=C[F(x),G(y)] @)

The function C(-) is called a copula. For many bivariate
distributions, the copula form is the easiest way to express and
generate the joint probabilities.

B. Families of copulas

Some well-known copulas distributions are reviewed here
[17].

The bivariate Gaussian copula C% (u,v; p) is given in
the following form:

rb" () (07 (1) 1 B s* —2pst+t°
- 2A1-p%)

X ex }dsdt (3)
271 p’

Where @' is the inverse cumulative distribution function
of a standard Gaussian and the correlation parameter p
approaches —1 and 1.

The Gaussian copula is flexible in that it allows for equal
degrees of positive and negative dependence.

The t-distribution with k degrees of freedom and

correlation p takes the form, C'(u,v; p,k) is given in the

following form:
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where t ' denotes the inverse of the cumulative distribution
function of the t-distribution.

Archimedean copulas are a set of functions which are
popular because they allow modeling dependence in
arbitrarily high dimensions with only one parameter,
governing the strength of dependence. Most common
Archimedean copulas admit an explicit formula. Commonly
used functions contain Gumbel Copula, Clayton Copula and
Frank Copula. Distribution functions are described as follow:

1
C (u,v;0) =max[(u? +v "’ -1)?] (5)

Where, € € (0,0)
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C%(u,v;0) = exp{—{(—Inu)’ +(~Inv)?1°} 7)

Where, 8 €[1,0)

The Clayton copula cannot account for negative
dependence. It has been used to study correlated risks because
it exhibits strong left tail dependence and relatively weak right
tail dependence. As 0 approaches zero, the marginal
distribution become independent. The Frank copula is
popular for several merit reasons. First, unlike some other
copulas, The Frank copula permits negative dependence
between the marginal distribution, and dependence is
symmetric in both tails. Parameter values of 1 correspond to
independence. Gumbel does not allow negative dependence,
but it contrast to Clayton, Gumbel exhibits strong right tail
dependence and relatively weak left tail dependence.

C. Tails dependence of copulas

In some cases the concordance between tail values of
random variables is of interest. It requires a dependence
measure for upper and lower tails of the distribution. The tail
dependence measure is essentially related to the conditional
probability and the upper and lower tails of the distribution
can be defined as follow,

A7 =1im PIY > G )| X > F~™ (u)] ®)
u—1"
A" = lim P[Y <G WX <F )] )

The measure A and A" are widely used in drought or
floods applications of extreme value theory to handle the
probability that one event is extreme conditional on another
extreme event. For copulas with analytical expressions, the
computation of A and A" can be straight-forward. For
example, for the Gumbel-copula A" equals 2 — 2°.

D. Empirical copula

Empirical copula function can help in choosing a copula
that is appropriate for modeling given data. The bivariate
empirical copula for a bivariate sample of length n is defined
for random  variables X and Y o as: et

(x,,y)(i=1,2,---,n) be samples taken from the two
dimension random variable (X,Y) , and F (x) and
G,(y) are empirical distribution functions X and Y

respectively.

A 1 n

C”(”’V):;zI[Fn(x,»)Su]I[Gn(y,»)Sv]’ u,v€[0,1] (10
i=1

In the formula (10) /, [o] is indicator function,
when F,(x,) <, L vy = 1 oy = 1
I[F,,(x,»)Su] =1 else I[F,,(x,»)Su] = 0 .The Euclidean distance of

E-Copula and bivariate copula is defined as equation (11),
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2

z C(ul.,v,.)—én(ul.,vl.)

i=1

d = (11)

Euclidean distance can reflect goodness of fit, the smaller
the value, the copula function is more appropriate.

E. Sliding copula function

The correlation coefficient will obvious change when
changes in the relationship between two random variables.
The variation analysis steps two random variables are as
follows:

(1)Choose the length of the sliding window W, window
length of two random variables should be consistent.

(2)Select sliding step length L, and sliding window W
remains the same, starting from the first time series data with
sliding step moving window W, L until the end of the time
series.

(3)Calculate the parameters of the two variables’ copulas
within each window function, get along with the parameter
sequence.

(4)Analyze parameters sequence each window copulas;

(5)Determine the best copulas types before and after
variation based on Euclidean distance criteria.

III. CASE STUDY

We analyze variation relationship of precipitation and
runoff of Xianyang station in weihe river basin in this paper.
The Xianyang station is located in the mainstream. The data
analyzed here are annual average steamflow and runoff
collected from 1951 to 2010 archived by the Weihe River
Hydrological Bureau. Both sequence length of precipitation
and runoff are 720. The steamflow and runoff were affected
by global climate changes and human activities are strongly
affecting the spatial and temporal patterns of river runoff and
other key hydrological variables. Due to human activities and
climate factors, the relationship of rainfall and runoff changed,
and showed a trend of decrease in Xianyang.

A. Correlation coefficient

To illustrate the variation relationship between rainfall and
runoff, first we calculate correlation coefficient of monthly
precipitation and runoff in the different window. The sliding
step length is 12, and the length of the moving window is 12,
24,36, 48, 60 respectively, as shown in figure 1.
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Fig. 1. The correlation coefficient of precipitation and streamflow different
moving window.

TABLE I
COPULA FUNCTION PARAMETERS

1751.1-1971.12  1972.1-1993.12 1994.1-2010.12

Gauss £ =072 £ =072 £ =0.64
L =072 L =072 L =0.64
T k=4 k=1 k=13
Gumbel 0=1.95 0=1.388 O=1.65
Clayton 0=1.73 0=1.75 O=1.46
Frank O=512 0=535 0=433

In order to further explain the occurrence of the abrupt
change points of precipitation and streamflow, the correlation
coefficient is calculated, as shown in figure 1. The size of the
window have play an important role in smoothing, and we
choose the window size is W=12, step length L=12 using
sliding copula function in this research [18,19].

As can be seen from the figure 1, the correlation coefficient
sequence of precipitation and streamflow is divided into three
sections by two points of 1971 and 1993, so can be
preliminarily ascertained two variation points occurred in
1971 and 1993 at Xianyang from 1951 to 2010. In addition,
the variation tendency of the correlation coefficient is
consistent in different sliding window.

As shown in figure 1, the correlation coefficient of
precipitation and streamflow significantly declined in the
Xianyang, and the correlation coefficient of precipitation and
streamflow is divided into three parts by two points, and
significant changes in the correlation coefficient occurred at
1971and 1993.

B. Fitting copula function

Three stages of copulas connect function of various
parameters such as shown in table I, only considering the
correlation coefficient.

TABLE I
COPULA FUNCTION PARAMETERS

1751.1-1971.12  1972.1-1993.12  1994.1-2010.12

Gauss £ =072 0L =072 £ =0.64
L =072 L =072 L =0.64
! k=4 k=1 k=13
Gumbel ~ @=1.95 0=1.388 G=1.65
Clayton ~ @=1.78 0=1.75 O=1.46
Frank G=572 0=535 G=433

Calculate tail-dependence coefficient of three stages, as
shown in figure 2:
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Fig. 2-1. Tail-dependence coefficient from 1951 to 1971.
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Fig. 2-2. Tail-dependence coefficient from 1972 to 1993.
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Fig. 2-3. Tail-dependence coefficient from 1994 to 2010.
Fig. 2. Tail dependence coefficient from 1951 to 2010 of Xianyang
station.

UPPER TAIL

Fit copula-based bivariate distributions to bivariate data,
and estimate both the marginal and the copula parameters (the
correlation coefficient, the number of degrees of freedom, the
upper tail dependence coefficient, the coefficient of lower tail
dependence, the empirical distributions etc.) of precipitation
and streamflow copulas within each window function.
According to the section 1, slide copulas connect method step,
we choose the window size is W=12, step length L=12 in this
paper.

Table I and figure 2 shows, the first stage (1951-1971) and
the second stage (1972-1993) of the various parameters of
precipitation and streamflow are close, whether the
relationship between precipitation and streamflow vary in
1971, has yet to be further verified. Euclidean distance of
E-Copula and b cty b cc8vgvbivariate copula can
reflect goodness of fit.

Euclidean distance of E-Copula and bivariate copula of
three stages as shown in table II,

TABLE I
EUCLIDEAN DISTANCE OF E-COPULA AND BIVARIATE COPULA IN
XIANYANG STATION

1951.1-1971.12 1972.1-1993.12  1994.1-2010.12

GAUSS d =0.491 d =0.398 d =0.327
T d =0.387 d =0379 d =0.492
GUMBEL =0.357 d =0.339 d =0415
CLAYTON  d =0.493 d =0.456 d =0.527
FRANK d =0478 d =0.455 d =0.369
OPTIMAL GUMBEL GUMBEL
FRANK -COPULA

COPULA -COPULA -COPULA

Kernel density of precipitation and streamflow as shown

figure 3,

Kernel density
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Fig. 3-1. Kernel density from 1951 to 1971.
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Fig. 3-2. Kernel density from 1972 to 1993.
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Fig. 3-3. Kernel density from 1994 to 2010.
Fig. 3. Kernel density from 1951 to 2010 of Xianyang station.

We can be seen from table 2 and figure 3, there are changes
of copulas parameter of precipitation and steamflow in the
first stage (1951-1971) and second stage (1972-1993), but the
type of density function has not changed. The density function
obeys Gumbel-copula distribution in 1951-1993 and follows
Frank-Copula function distribution in 1994-2010. The
optimum density functions at each stage as shown in figure 4:
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Fig. 4-1. Bivariate Gumbel-copula density function from 1951 to 1971
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Fig. 4-3. Bivariate Frank -copula density function in from 1994 to 2010
Fig. 4. The joint probability density function of best copula functions
each stage

IV. DISCUSSIONS

Hydrological cycles and water resources are strongly
influenced by climatic factors, such as El Nifio events and
global climate changes, and human activities, such as
large-scale water conservation constructions and ecological
restoration measures [20, 21]. In 1993 a third ENSO event
occurred, while the West Pacific Subtropical high pressure
system was strong, resulting in a further significant drop
(14.9%) in precipitation in the Weihe River[22], which
substantially contributed to a 42.4% reduction in average
annual runoff. However, human activities have also markedly
influenced runoff patterns. Notably, the construction of
terraces, reservoirs and irrigation canals, and other water
conservancy measures, reduced the efficiency and runoff of
watershed source area. Continuous increases in industrial and
agricultural water consumption, combined with climate
change, contributed to both the abrupt change of runoff in
1993 and its tendency to decline [23, 24].

V. CONCLUSIONS

Copulas have become a popular tool in multivariate
modeling successfully applied in many fields. Copula
function was used to estimate the probability distribution of
precipitation and streamflow in the paper. And on this basis,
we discuss the variation of dependence structure between
precipitation and streamflow. The copula function contains all
information on the dependence structure between the
components of precipitation and streamflow, whereas the
marginal cumulative distribution function contains all

information on the marginal distribution. The copula function,
calculated as described above, show significant correlation
features with significant decreasing trends in month runoff
throughout the study period were detected at Xianyang
hydrological station. During the period of records, the Weihe
River basin has been becoming drier. Meantime, the local
human activities have become more and more extensive.
Because of climate changes and a series of water conservancy
measures, there is one variation of precipitation and
streamflow in Xianyang station. Result shows that the variant
of the dependence structure between precipitation and
streamflow occurred in 1993, obeyed Gumbel-copula
function distribution in  1951-1993 and followed
Frank-copula function distribution in 1994-2010. Many
advantages of the copula function help us further understand
the tail dependence of precipitation and streamflow
relationship in the simulation relationship bivariate.
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