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Shape Optimization Approach to the Bernoulli
Problem: A Lagrangian Formulation

Julius Fergy T. Rabago and Jerico B. Bacani

Abstract—The exterior Bernoulli free boundary problem is
reformulated into a shape optimization setting by tracking the
Dirichlet data. The shape derivative of the corresponding cost
functional is established through a Lagrangian formulation
coupled with the velocity method. A numerical example using
the traction method or H' gradient method is also provided.

Index Terms—Bernoulli free boundary problem, overdeter-
mined boundary value problem, shape derivative, Lagrange
method, minimax formulation.

I. INTRODUCTION

HE exterior Bernoulli free boundary problem (in two

dimension) is formulated as follows: given a bounded
and connected domain w C R? with a fixed boundary
T := Ow and a constant A < 0, one needs to find a bounded
connected domain B C U C R? with a free boundary
3 := 0B, containing the closure of w, and an associated
state function u :  — R, where ) = B\ @, such that the
overdetermined conditions are satisfied:

—Au=0 1in Q,
u=1 onT,
u=0 on X,

d,u=X on X.

(D

Here, v is the outward unit normal vector to the free bound-
ary 2, and J,u := Qu/0v is the normal derivative of u. The
Bernoulli problem appears in various physical systems that
arise or can be seen in electrochemical machining, potential
flow in fluid mechanics, tumor growth, etc. (cf. [1], [17],
[18]).

In this paper, we are concerned with the reformulation of
the ill-posed system (1) into the following shape optimization
setting: .

min J(X) = min 5 /Z u“ds, )

where u = u((Q) satisfies the mixed boundary value problem

—Au=0inQ, w=1onI, OJ,u=AonX. 3)

Same as in [25], we want to characterize the shape derivative
of the cost functional J over X along a perturbation field V.

This research was done under a project funded by the UP System
Emerging Interdisciplinary Research Program (OVPAA-EIDR-C05-015).
The publication was supported by UP System and UP Baguio.

J. F. T. Rabago was a research assistant of Prof. Bacani. He was a
graduate of MS Mathematics program of the Department of Mathematics
and Computer Science, College of Science, University of the Philip-
pines Baguio, Governor Pack Road, Baguio City 2600, Philippines. email:
jfrabago@gmail.com

J. B. Bacani is an associate professor of mathematics and currently
the chairman of the Department of Mathematics and Computer Science,
College of Science, University of the Philippines Baguio, Governor Pack
Road, Baguio City 2600, Philippines. e-mail: jicderivative @yahoo.com,
jbbacani @up.edu.ph.

We, however, establish the expression for the shape derivative
of J using an approach independent from those exhibited in
[25]. The novelty of this work is the alternative rigorous
computation of the shape derivative of J derived from a
Lagrangian formulation coupled with the velocity method.
The shape derivative dJ(X; V) of J along the perturbation
field V is obtained by going to the limit of [J(X;)—J(X)]/t,
where Y, is the result of perturbing the free boundary X
through a non-autonomous perturbation field V. Meanwhile,
the idea behind the Lagrange method is to rewrite the
cost function under consideration as the min-max of an
appropriate Lagrangian; that is, a utility function plus the
equality constraints. As a consequence, the differentiability
of the cost functional is transferred to the differentiability of
the Lagrangian with respect to a particular parameter, which
is, in our case, the variable ¢. In this regard, one needs a
theorem to differentiate a minimax or the saddle point of a
Lagrangian with respect to a parameter. Fortunately, a very
powerful tool to fulfil the task has already been established
in [13]. Its application to shape sensitivity analysis, however,
is not completely straightforward because it leads to the time
dependence of the underlying function spaces appearing in
the minimax formulation [15]. Nevertheless, two techniques
can be employed to get around this difficulty: the function
space parameterization and the function space embedding
techniques (cf. [14, Section 10.2.2, p. 522-523 and Section
10.6]). It is worth noting that Lagrange methods have the
advantage of providing the shape derivative of cost func-
tionals without the need to compute the shape and material
derivative of the states. Some recent studies examining the
shape derivatives of cost functionals through Lagrangian
methods were delivered in [9], [19], [20], [26], [28], and
[29].

The rest of the paper is organized as follows. In the next
section, we give the essentials of our present investigation.
The Lagrangian formulation of the problem is formally
presented in Section III. The minimax formulation is coupled
with the function space parametrization and function space
embedding technique so that a theorem on the differentia-
bility of a saddle point (i.e., a minimax) of a Lagrangian
functional with respect to a parameter can be applied. After
computing the shape gradient, we give a concrete example
in Section IV and numerically solve the problem using the
traction method or H'! gradient method. In Section V, we
give a concluding remark regarding the present study.

II. PRELIMINARIES

In this section, we give the requisites of our study. First,
we give a brief discussion about the velocity method.

Let V be an element of E¥ = C([0,ty); 2F(R%,R?)),
for some integer £ > 2 and a small real number ¢y, > 0,
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where 2% (R2, R?) denotes the space of k-times continuously
differentiable functions with compact support contained in
R2. The field V(t)(z) = V(t,x), € R?, is an element
of 2%(R%,R?) which may depend on ¢ > 0. It generates
the transformations T3(V)(X) := Tx(X) = x(t; X), t > 0,
X € R?, through the differential equation

ot X) = V(t,(1; X)),
with the initial value X given. We denote the “transformed
domain” T3(V)(2) at ¢ > 0 by Q¢(V), or simply Q; =:
T:(?). In this work, we shall consider annular domains 2,
with boundary 0f2;, which is the union of two disjoint sets
I'; and X, referred to as the fixed and free boundaries,
respectively. The evolutions of the domain {2 are obtained
using non-autonomous velocity fields

(0, X) =X, &

V(t)(z) € V= {V(t,z) € C"'([0,tv]xTU,R?) : V|ruau = 0}.

(3)
For t € [0,ty], T; is invertible and T3, 77" € 2'(R? R?)
(cf. [7, Lemma 11], [8, Lemma 2.4]). In addition, the Jacobian
I, is strictly positive, ie., I; = |det DT;(X)| > 0, where
DT, (X) is the Jacobian matrix of the transformation T} = T3(V)
associated with the velocity field V. In this paper, the expressions
(DT,)™" and (DT;)~7 refer to the inverse and transpose of
the the Jacobian matrix, respectively. Also, we use the notation
Ay = L(DT Y)(DTy)™ 7", and w, = L|(DT;)"Tv|, where DT;
is the Jacobian matrix of T} with respect to the boundary 0.
For the rest of this section we state the essentials of our analysis.
Proposition 1: For a function ¢ € W, (R?) and V € V, we
have the following formulas
i) V(poTi) = (DT)T(Vy)oT,

(ii) —t(gooTt) = (Ve V(1) oT,
(iii) X
(lV) &It = leV(t) o Ttlt,

(v) wi|i=0 = limgo0 %(wt —wp) = divs V(0),
where divy, denotes the surface divergence and is defined by

(poTy ) =—=(Vo- V(1) o Ty,

divs V(0) = div(V(0)) — DV (0)v - v.

The above results can be found in [14], [31], and are given as
properties of the transformation 7% in [7], [23], [25].

Lemma 1 ( [31]): We have the following domain and boundary
transformations:

() If ¢, € L' () then, ¢ o T; € L*(Q) and

/ Pt dl‘t = / Yt © TtIt dx.
Q4 Q

(i) If o € L*(3;) then, ;0 Ty € L'(Z) and

/ Pt dst = / Yt O Ttwt ds.
pP poF

We are now ready to examine the shape derivative of J through
a Lagrangian formulation in the next section.

III. MAIN RESULTS

Minimax Formulation

In this section we established the shape derivative of J through
a Lagrangian formulation. To begin with, we recall the variational
form of system (3):

Find u € H'(Q) such that

/Vu-Vga—/)\gaZO, Vo € Hto(); u=1onT. (6)
Q >

Since we have an essential boundary condition v = 1 on I', which is
tied with the definition of the function space Ht- ((€2), we introduce

the Lagrangian multiplier 1 € H'/?(T") and express the variational
form (6) of (3) as follows

/Vu-Vgadm—/ )\Lpds—l—/(u—l)udszo, Yo € Ht o(Q).
Q by r

To express this equation in terms of just one variable, we take
1 = Oy to obtain

/ Vu-Vgodx—/ Agpds—&—/ (u—1)dypds = 0, Yo € Hf ().
Q ) r

Now, we introduce the functional

G(S,0,0) = F(S,0)+L(Z, ¢;9), Ve € H'(Q), Vi € H%,o(g;),

where F(Q, ) = J(¢,X) = J(X), and L(X, p;1)) is the
Lagrangian functional given by

L(E,@;w):/QV<,0~V1/1d:r—/2/\wds+/F(<p—1)8U¢ds.

Given this construction of G, one can easily check that

J(2)= min max G(X,,v),
( ) PEHL(Q) weH%’O(Q) ( 4 w)
since
— F(Q7¢)7 if(p:U,
g G, p,0) = { +o00, otherwise.

It is easily shown that the functional G is convex continuous with
respect to ¢ and concave continuous with respect to . Therefore,
according to Ekeland and Temam [16], the functional G has a saddle
point (u,p) if and only if (u,p) solves the following system

V@ € Hl}‘,O(QL
VQD S Hl}‘,O(QL

L(Z,u; ) =0,
dF (2, u; ) + dL(Z, u, p; ¢) = 0,

or equivalently,
— Au=0in Q,
—Ap=0in Q,

u=1lonI, O,u=A\onb; ®)
p=0onT, Op=-uonX. (9

Similarly, the previous analysis holds in the transformed domain €2
under the action of the velocity field V for ¢ > 0. Thus, we have

J(Et) = G(Et7¢7¢)7

min max
PEH () YEHT ()

whose unique saddle point (u, pt) is completely characterized by
the system

L(Eﬁut;gO) = 07
dF(Etaut; 30) + dL(E7ut7pt; SO) = 07

V(p S H%‘,O(Qt)7
Vo € Hll‘,O(Qt)v

or equivalently,

Vui - Vodry — Apds; + /(ut —1)d,pds =0,
Q po r

Vo € H%,O(Qt);
Vp: - Vodze + /

Xt

(10)
urpds, =0, Vo € Hpo(Q). (11)
Q4

Our next objective is to find the limit

where

min max

j(t) :=J(X¢) =
i) (%) PEH! () EHE ()

G(Zt, 0,9).

Hereon, we need a theorem that would give the derivative of the
minimax with respect to a parameter ¢ > 0 at ¢ = 0. Unfortunately,
the Sobolev spaces H' () and Hy: ((€2:) depend on the parameter
t. To overcome this difficulty and obtain an infimum with respect to
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a function space that is independent of ¢, we can use two techniques
[14], namely:

« Function space parametrization technique; and
« Function space embedding technique.

We will first use the idea of function space parametrization
technique below, followed by the application of function space
embedding technique afterwards.

Function Space Parametrization Technique

This section is devoted to the application of function space
parametrization technique to the problem. It consists of transporting
the quantities defined in the variable domain 2; back into the
reference domain 2. Once the technique is employed, the usual
methods in differential calculus can now be applied since the
functionals involved are now defined in a fixed domain €2. The idea
is to parametrize the functions in H'(;) by elements of H' ()
through the transformation ¢ +— @ o T; ' : HY(Q) — H' ().
Since T and T;l are diffeomorphisms (cf. [7, Thm. 7]), it
transforms the domain 2 into 2: and changes the boundary ¥
to the boundary ¥; of . In particular, since V € C L1 we
have o o T, ' € H'(Q) for all ¢ € H'(Q), and conversely,
oT, € H'(Q) for all ¢y € H'(Q). Also, we introduce the
parametrization Hp o(Q:) = {@ o T, ' : ¢ € Hf ()} These
parametrizations do not affect the value of the minimum J(X;) but
changes the Lagrangian functional G:

min max

J(5) = mi ;
PEHL(Q) peHL o(9)

G(Sr, oo Ty Lo T, ).

Given this formulation, we define a new Lagrangian
é(t7 2 1/’) = G(Zt7 wo Tt_la 1/} © Tt_1)7

that is,

1 _
Clt.p) =5 [ (o7 as

+ [ VipoT/ ) -V(¥oT, ') da
Q

— [ AwoT;')ds
3¢

+/(<poT;1 ~ 1), Wo T, )ds, (12
N

for all p € H'(Q) and ¢ € Hy ((€2). The saddle point of this new
Lagrangian is completely characterized by the following variational
systems:

State equations. Find u* € H* () such that
V(u' oT; ') - V(poTy V) dxy — / Mo Ty ') ds:

Q4 p)

+ /(ut oT, ' —1)du(po T, M)ds =0, VYo € Hio(Q).
r
(13)

Adjoint state equations. Find p* € H1£,0 () such that

v(pt o th1) V(o Ttil) dzy
IoR

[ e T we T ds =0, Vo€ Hig(e)
P
(14)

Remark 1: Comparing these expressions with the characteriza-
tion of the minimizing element (us, p;) of G(Z4, -, -) on H () x
H%’O(Qt) which satisfies equations (10) and (11), we see that
w=u' oI, ut =us 0Ty, pr = p' oI, and p* = p, o T. So,
(u®, p*) is actually the solution (u¢, p;) of equations (10) and (11)
in §2; transported back onto the fixed domain {2 by the change of
variables induced by the transformation 7%.

Using the transformation 7} and Proposition 1(i), we can rewrite
the Lagrangian (12) on  as

Gt p,9) = %/EwtgozdS—I—/QAtV@-dex
—/ wtkwds—k/wt(@—l)a,ﬂ/}ds. (15)
b r

Furthermore, in view of Lemma 1, we find that the saddle point
(u®,p") of the above Lagrangian is, in fact, the solution of the
following variational systems:

State equations. Find u* € H'(Q) such that

/AtVut-Vnpdx—/wt)\gods
Q b

+ / we(u' — 1)d,pds = 0,V € Hp o(Q). (16)
r

Adjoint state equations. Find p* € H%’O(Q) such that

/ A Vp' - Vpde +/ wiuteds =0, Yo € H%,O(Q). 17
Q b

Hereafter, a theorem concerning the differentiability of a minimax
will come into play. In particular, we will apply Theorem 2 (see
Appendix) due to [13] in order to get the first-order shape derivative
of J. To do this, we need to verify the four assumptions (H1)—(H4)
of the theorem.

Verification of Condition (H1). First, assume that V. € V.
Choose a sufficiently small number 7 > 0 such that there exist
two constants a1, a2 (0 < a1 < ag), a1 < Ii(= |Ii]) < aq, for
all t € [0, 7] (cf. [7, Lem. 6]). So, we can find a number 8 > 0 such
that Ay > BI, for all ¢t € [0, 7], where I is the two-dimensional
identity matrix (cf. [7, Lem. 11]). The existence and uniqueness of
solution u* of (13) is now easily verified as shown in [7, Sec. 4.2].
Meanwhile, the existence and uniqueness of solution p’ of (14) can
also be shown by following a similar reasoning delivered in [7, Sec.
4.2], and by taking the test function ¢ = p’ in (17). Hence,

X ={u"}#£0, Y(t)={p'} #0.

Thus, (H1) is satisfied.
Verification of Condition (H2). The partial

G(t, p, 1) with respect to the parameter ¢ is characterized by

vt € [0,7] :

derivative  of

0:G(t,p,p") = %/ w£@2d3+/ A;V¢Avwdxf/ wy i ds.
b Q by

Since V € 2'(R* R?), then ¢ — DT is continuous in [0, 7] (cf.
[7, Lemma 11]). Hence, 0:G(t, ¢, ¢) is well-defined and it exists
everywhere on [0, 7], for all ¢ € H'(Q) and ¢ € Hf ((€2). Thus,
assumption (H2) is satisfied.

Verification of Conditions (H3) and (H4). We first show that for
any sequence {t,} C [0, 7], such that ¢, — 0, there exists a sub-
sequence of {u’™ p‘»} (which is still denoted by {u‘",p'}) such
that (u', p') — (u°,p%) = (u, p) weakly in H*(2) X Hy (),
where (u, p) is the solution of systems (8) and (9). To do this, we
need to show that (u’, p*) is bounded in H"(2) x H} ((2). In view
of the discussion delivered in [7], one easily finds that u! is bounded
in H'(Q). Also, following a similar line of arguments laid out in
[7, Section 4.2], we find that p® is bounded in HﬁO(Q). Hence, the
pair (u,p’) is bounded in H'(2) x Hp ,(£2), and so, there is a
subsequence {u‘",p'"} and a pair (z, q) in H*(Q) x Hf 4(Q2) such
that (u'",p') — (z,q) weakly in H'(Q) x Hf (). The pair
(%, q) can be characterized by passing to the limit in the variational
equations

/Athut" -thdx—/ we, Ap ds
Q b
- / we,, (u' —1)dypds =0, Ve € Hr,o(R);
r

/ Ay, Vp'™ - Vedz —|—/ wy, u'"pds = 0, Y € Hf o(Q).
Q by

(Advance online publication: 17 November 2017)
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By passing to the limit, (z, q) is characterized by

/Vz-Vgod:c—/)«pds—i—/(z—l)@uwds:o,
Q by r

Vi € Hr o(9);
/Vq~Vg0dac+/zgods:0, V@GH%’O(Q).
Q b

By uniqueness (z,q) = (u,p), where (u,p) is the solution to
systems (13) and (14) at ¢ = 0; that is, the pair (u,p) satisfies
the system

/Vu-Vgodxf/)\cpds+/(u71)8unpds:0,
Q by r

Vi € Hi o(Q);
/Vp-Vgad:c-i—/ucpds:O, Vo € Hi (Q).
Q b

Furthermore, we can deduce the H'(Q) x L?(f)-strong con-
vergence: (u'™,p'") — (u,p). Hence, (H3)(i) and (H4)(i) are
satisfied for the H2(Q) x H"'(Q)-strong topology by the classical
regularity theorem (cf. [21]). Finally, assumptions (H3)(ii) and
(H4)(ii) are readily satisfied in view of the strong continuity of

(t, 0, 0) = OG(L, p,7).
We have just shown that all of the four assumptions in Theorem
2 are satisfied, and so, we have the derivative

dJ(Z; V) = 8:G(t, u, p)|i=o = %/ whu® ds
b

+/A6Vu~Vpdx—/w6>\pds. (18)
Q =

Here Ay = A =: divV I, — (DV + (DV)7T) and w) = divsV.
This expression for the shape derivative of J can be written in
terms of the boundary integral. To do this, we recall the following
result whose proof can be found in [1] (see also [7, Lem. 32] for
an alternative proof).

Lemma 2: Let p, € H?(Q), where  is a C**-domain having
the boundary 02 =T'UX (I'NX = (), and V be a vector field
belonging to V. Then,

/AV<p~dex:/Aap(V~V¢v)dm
Q Q
—|—/A¢(V~V<p)dm+/(Vg0-Vw)V-yds
Q b>

— / Ovp(V - Vi)ds — / AY(V - Vo) ds.
s )

Taking ¢ and ¢ as w and p in the previous lemma, and noting that
they satisfy equations (8) and (9), respectively, we get

/ AV -Viydz = /(Vu -Vp)V -vds
Q by
- / Oyu(V - Vp)ds — / Oyp(V - Vu)ds
b b
= / (Vu-Vp)V -vds — / A(V - Vp)ds
b by
+ / u(V - Vu)ds.
b
However, V(u?) = 2uVu, so
/ AV -V dr = /(Vu -Vp)V -vds
Q b

f/ AV - Vp)ds + l/(VAVuz)ds,
bl 2Js
Therefore, the computed shape derivative (18) is equivalent to

dJ(S;V)

= / [V -V (%u2 + )\p> + (%u2 + )\p) disz} ds
b

+ / (Vu-Vp)V -vds. (19)
bl

We further characterize the derivative dJ(X; V). First, we note
that the map ¥V 3 V — dJ(X;V) is linear and continuous (cf.
[7]), and so J(X) is indeed shape differentiable. Then, according
to Hadamard-Zolésio structure theorem (cf. [14]), there is a scalar
distribution ¢ € 2'(Z)" such that dJ(3;V) = [, gV - vds.
If we assume that the boundary of Q2 is a C%1, then we see that
(u,p) € H*(Q) x (H*(Q) N HY(Q)) (cf. [7, Thm. 29]). This
regularity of the pair (u, p) implies that we can use the Hadamard’s
domain and boundary differentiation formulas [14]:

%{/m Ft,z) dmt} = /QatF(o,x) do

+ F(0,s5)V -vds;
a0

— F(t,x) dst} =
dt { N e Joo

+ / (0.F 4+ kF(0,s))V -vds,
o0 o

(20)

0. F(0,s)ds

where F : [0,7] x R* — R is a sufficiently smooth functional.
Thus, we can compute the partial derivative 9;G (¢, u,p) from the
expression (12) using the above formulas. That is, we have

0G0, u,p) = T+ L) + 1)+ L0}

t=0
where

Li(t) = 7/ (uOTt_l)2 dsy;
p

V(uoT; ') - V(poT; V) dar;

Q¢

L) = [ @l = 1a.(poTi ) ds:
Tt

Apo T, ") ds:.

P

Taking into account Proposition 1(iii), the expressions for I7(0),
15(0), I5(0) and I3(0) are easily computed as follows. For the first
integral, we have
d
—Li(?)
dt =0
ds

:/ ) {l(uonl)z}
= 2 t=0
+/ o, (L) £ xle2| viovd
. v 2u K,2u rvas

:f/u(Vu-V)derl/ (6‘,,u2+/-su2)V-1/ds.
) 2Js

Meanwhile,

d
TE®

t=0

:/ Bt{V(uoTtil)’V(POTtil)}’t:O dz
Q
+/ (Vu.Vp)V~uds
oN
~ [ oSt e
Q
+/ 0 {V(po T7 }|,_, Vudz
Q
o0
_ / V(~Vu-V)Vpde
Q

+/V(—Vp~V)Vudx+/ (Vu-Vp)V -vds.
Q EY)
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We know by definition that the perturbation field V vanishes at the
fixed boundary T', i.e., V|r = 0. Hence, by Green’s first identity,
we obtain the following simplification for I5(0):

d
120

:/QAP(VU.V)dx—[Z&,p(VwV)ds
+/QAu(Vp-V)dx—/28uu(Vp'V) ds

+ / (Vu-Vp)V -vds.
o%

Note that u and p are solutions of systems (8) and (9), respectively.

So,
[
t=0 =

+ / (Vu-Vp)V -vds.
s

(Vu-V)dsf/ AVp-Vds
b>

For the third integral, we have

7O:/Fat [(wo T = 1)au(po T, ]|,y ds

— [ o= 1)0p) + w3V - v
_/F[Vu-vayp+uV(6up) - V]ds

_ /F [0 ((u — 1),p) + kAP V - v ds.

But V vanishes at T, so, I5(0) = 0.

Remark 2: The above computation of the derivative I5(0) pro-
vides an alternative proof of Lemma 2 which was proven in [7] and
[25] in different ways.

Finally, for the fourth integral, we have

d zozi{f/zf)\(poTt )dst}

FrRiQ)
= /3t (poTy )]|t 0d

- /2 [0, (Ap) + AP V - vds

t=0

/)\Vp-Vds—/()\&,p—i—m\p)Vﬁ/ds.
> =

Adding all these terms yields the desired expression for dJ(3; V),
that is,

dJ(S; V)

:/ [ﬂ <1u2—)\p>+(lu2—)\p>m+VU-Vp]V-Vds.
s [Ov \ 2 2

The above result can be obtained directly from (19). To see this,
one simply employs the following result referred to as the tangential
Green’s formula (cf. [23, Lemma 3.3], [8, Lemma 2.15, Eq. 19]).

Lemma 3 (Tangential Green’s formula): Let U be a bounded
domain of class C** and Q C U with boundary T'. Also consider
Ve Ch([0,tv] x U,R?) and f € W' (U)

/(fdier +Vrf'V)dS:/lffV-l/dS, (22)
r

r
where « is the curvature of I' and the tangential gradient Vr is
given by

Vrf=Vflr—(0.f)v.

By using (19) and by taking f = 1u? — Ap in equation (22), we get
the same expression for the shape derivative d.J(%; V). In summary,
we have proven the following result differently from [25].
Theorem 1: Let Q@ C R? be a C'*'-bounded domain and con-
sider the shape optimization problem (2) where the state function
v is the solution of the mixed-boundary value problem (3). Then,

the shape derivative of J at X in the direction of the perturbation
field V € V, where V is defined by (5), is given by

dJ(3;V)

:/2 {v <%u2 - )\p> V4 (%qf - )\p) dngV] ds
—|—/E[(Vu~Vp)V~I/] ds.

Further, if ¥ has C’2-regularity (or 9 is C1Y), then
dJ(3;V)

:/ {% <%u2 —)xp) + (%u2 —)\p) K,:| V-vds
b

+ [ 190 VaV vds 23)
=

Here, the adjoint state p € H, %’O(Q) satisfies the variational equation

/Vp~V1/)dx+/u1/}ds:0,
Q )

for all ¢ € Hp o(9).

A. Function Space Embedding Technique

This section is devoted to the function space embedding tech-
nique. It means that the state and adjoint states are defined on a
large enough domain D called a hold-all [14] which contains all
the transformations {2; : 0 < ¢ < 7} of the reference domain €2
for some small enough number 7 > 0.

Let D = R2. Then we differentiate with respect to ¢ the minimax

J(Xe) = G(3:,9,7),

min max
PeH(R?) e HE ((R?)

where the new Lagrangian functional G(X¢, ®, V) is given by

Vo -
Q

G(t, ®, ) = %/ B2 ds, + VU dz,
P

— | AUds, +/(<1>— Do, V. (24)
o r

For sufﬁciently smooth domain Q: (in our case 9 is CbY),
the unique solution (ut,pt) of systems (16) and (17) belongs to
H?(Q4) x (H?(Q4) N Ht (%)) instead of H'(Q¢) x HE o().
Therefore, the set X x Y C H? (R?) x H?(R?) and the set of
saddle points S(t) = X(t) x Y (¢), which is not a singleton set
anymore, are given by

X(t) = {® € H*(R*):
Y (t) = {¥ € H*(R?) :

(I>|9t = ut};
\Ij|Qt :pt},

where (ug,p;) is the unique solution in H?(£2;) x
saddle point equations (16) and (17).

We now verify the four assumptions of Theorem 2.

Verification of Condition (H1). Construct a linear and continu-
ous extension II : H*(Q) — H?(R?) and define an extension
0, : H?(Q:) — H*(R?), II(¢) = [I(¢ o T;)] o Ty *. We see that
we can define the extensions ®; = Il;u; and ¥, = II;p¢ of u; and
pe, respectively. So, ®; € X (¢) and ¥, € Y (¢). These show the
existence of a saddle point, i.e., S(¢) # (. Thus, (H1) is satisfied.

Verification of Condition (H2). To check (H2), we compute the
partial derivative of the expression (24) using Hadamard’s formulas
(20) and (21):

8tG(t,q>,\Il) :/ (aalj (1 ) + —® li) Vt 'I/tdSt

+ / (V<I> . V\Ij) Vt -Vt d$z
Q4

— / (a(A\I/) =+ )\\I/ ) Vt -Vt dSt7 (25)
o ov

H?() to the
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where v; denotes the outward unit normal to the boundary 3J;. Since
V € 2'(R? R?), the expression 9;G (¢, ®, V) exists everywhere in
[0, 7] for all (®,¥) € H'(R?) x H'(R?). Hence (H2) is satisfied.

Verification of Conditions (H3) and (H4). For C'''-domain Q
and vector fields V € 2% (R? R?), we have shown in Section III
that (u’, p*) converges to (us, p:) in the H? x H'-strong topology
as t goes to zero. Hence, ®; — & = Ilu; and ¥y — ¥ = Ilp,
strongly in H?(R?) by using the following lemma.

Lemma 4 ( [14]): Given any integer m > 1, a velocity field
V € 2™(R% R?), and a function TT € H™(R?), if u* — «° in
H™(Q)-strong, then ®; — ®¢ in H™(Q)-strong, where ®; :=
(u') o T;7'. One can also show that the above result also holds
for the weak topology of H™(R%).

Furthermore, assumptions (H3)(i) and (H4)(i) are satisfied for
the H? x H?-strong topology.

Now let us check (H3)(ii) and (H4)(ii). Since (®,¥) €
H?(R?*) x H?*(R?), we can use Stoke’s formula to rewrite (25)
as

8,G(t, ®, D)

/m aw { K% (%q’2> + %‘1’2") +(Ve- W)} Vt} dz
—/Q div{ K% +>\\Ilm>] Vt}dxt

= / le(FVz)dZI?t
Q4
Here we have used the fact that 0Q; = I' UX; and that V vanishes

on the boundary I'. Evidently, the map (®,¥) — F(®,¥) is
bilinear and continuous. Similarly, since V € 2*(R?,R?), the map

(t,F)— [ (div FV,) o 1, dx

Q
from [0,7] X X X Y to R is continuous. Therefore, (H3)(ii) and
(H4)(ii) are verified. This completes the verification of the four
assumptions of Theorem 2.

Consequently, we obtain

dJ(5; V) = SEX(0) TEY(0) AKG(t, 2, V)|, -

(26)

Furthermore, we note that the expression (25) can be expressed in
terms of a boundary integral on ¥ (as shown in the previous section)
which will not depend on (®, ¥) outside of ;. So, the inf and the
sup in (26) can be dropped, giving us the same expression as in
(23). This ends the computation.

IV. NUMERICAL EXAMPLE

The existence of optimal solution of the shape optimization
problem (2)-(3) has already been studied in [10], and so we just
carry out here a numerical realization of the optimization problem.
To numerically solve the shape optimization problem, we employ an
iterative algorithm based on the H! gradient method. This method
was introduced in [3] and was then called the traction method (see
also [4]). It was later on referred to as the H* gradient method
in [5], and was compared with other techniques was described in
[6]. The basic idea of the gradient method in a Hilbert space was
presented in [27]. For more details of this method, we refer the
readers to the aforementioned papers.

The optimization algorithm using the H' gradient method can
be summarized as follows:

1) Define an initial domain ¢ with boundary 029 = I" U Xy,
I'NXo = (), and generate a finite element mesh on the given
domain.

2) Solve the state equation (10) and the adjoint state equation
(11) on the current domain €.

3) Compute the descent direction Vj, by traction method, i.e.,
by solving the following PDE system

. oV
—AV+V =0inQ, V=0onT, Ez—GuonE7
where GG denotes the kernel of the shape gradient given in
(23) with the domain Q = .

4) Modify the current domain by the perturbation field Vi to
obtain a new domain. That is, define Q41 := {2+t Vi () :
x € Q}, for sufficiently small ¢, > 0, together with the
nodal points of the mesh.
5) Repeat step 2-4 until the domain €25 converges.
For a concrete example of the problem, we consider the shape
optimization reformulation (2)-(3) of (1) with A = —1. That is, we
consider the following optimization problem:

minJ(E):minl/uzds
> s 2 /s

where the state variable u satisfies
—Au =01in Q,

We consider a fixed boundary I' constructed in an arrow-shape
like figure, see Figure 1 (left). The free boundary is initially given
by circle with radius three, see Figure 1 (right). Implementing the
above algorithm in FreeFem++ (a free software for solving partial
differential equation), figures Figure 1-Figure 4 were obtained.

u=1lonT, OJy,u=—-1onX. 27
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Fig. 1. [Initial shape with mesh.
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Fig. 2. Final shape with mesh.

The algorithm given above was performed in FreeFem++ with
the following set-up. The step size ti for perturbing the reference
domain can be calculated through line search techniques, such as
the Armijo-Goldstein line search strategy. In our implementation of
the algorithm, we chose an initial step size to = 3 and increase its
value whenever the condition J(Qy41) < J(€4) is met. Otherwise,
we decrease the current step size value in half and use it for
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Final shape, Iteration 42, Cost Value = 9.38959e-08
IsoValue

W1.05265

Fig. 3. State solution on final shape.
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Fig. 4. Histories of the cost functional.

recalculation. Moreover, this new step size is chosen such that there
are no reversed triangles within the mesh of the new domain. The
iteration loop in the algorithm stops when the stopping criterion
J(Q) < 1077 is already satisfied. This condition was met after
42 iterations with the resulting optimal shape depicted in Figure 2
with with cost value J(Q42) = 9 x 10 as indicated in Figure
3 . The history of the cost functional values are shown in Figure
4. Notice that several fluctuations occur on the values of the cost
functional as shown, for instance, in iterations 7, 8 and 9. These
fluctuations occur due to the process of updating the step size ¢
as described above.

V. CONCLUDING REMARK

We have successfully carried out the computation of the shape
derivative of the corresponding cost functional of the tracking
Dirichlet problem which is obtained through a reformulation of
the exterior Bernoulli free boundary problem in a shape optimiza-
tion setting. In particular, we have established the expression for
the shape derivative of the cost functional through a Lagrangian
formulation coupled with the velocity method. The Lagrangian
is expressed as the sum of a utility function plus the equality
constraints for the state variable which is actually a mixed-boundary
value problem. At this juncture, we mention that another (formal)
method that is often used to derive a shape derivative of a functional,
which has to be used with caution because it may yield the wrong
formula, is due to [12]. This method, known as Céa’s Lagrange
method, uses the same Lagrangian as the minimax formulation.

However, it requires that the shape derivatives of the state and the
adjoint equation exist and belong to the solution space of the PDE.
Indeed, we may define G (¢, p,¢) := G(X¢, p, 1) where G is given
by (7) and assume that G is sufficiently differentiable with respect to
t, ¢ and 7). Since the strong material derivative 7 exists in Hll,O(Q)
(cf. [7]), then we may calculate the shape gradient as follows

d
dI(%V) = 24t u',p)
t=0

= G (t,u, p)|t=0 + OuG(0, u, p)[1] .

shape gradient

adjoint equation

The second expression on the right-hand side of the above equation
vanishes due to @ € Hg(f), and therefore we are left with
dJ(Z;V) = 46t ut,p)’t:O. The boundary expression of the
shape derivative can be calculated without any difficulty following
the line of computations in Section III. Consequently, the computed
expression for the shape derivative corroborate the result in [25],
and we observe that the shape derivative of the cost functional J
depends on the normal component of the deformation field V at
the free boundary ¥; that is, there exists a function g defined on
the free boundary ¥ such that

dJ(%; V) = / gaV -vds.
by

This result agrees with the Hadamard-Zolésio structure theorem (cf.
[31] and [14, Remark 3.2, p. 481]). The fact that we can write the
shape derivative of J in terms of a boundary integral allowed us
to develop an efficient boundary variation algorithm based on the
modified H' gradient method to numerically solve two concrete
examples of the shape optimization problem (2)-(27). Even though
shape optimization is, numerically, a very demanding process (cf.
[11], [30]), our results show that the proposed iterative algorithm
provides an (alternative) efficient numerical procedure in solving
the free boundary problem through shape optimization approach.

APPENDIX
We first introduce some notations. Consider a functional
G:[0,7] x X XY =R,

for some 7 > 0 and topological spaces X and Y. For each ¢ in
[0, 7], we define

g(t) = inf sup G(t,z,y)

and h(t) = sup inf G(¢, z,y)
T€X yey

yey ¢€X

and the associated sets

X(t) = {ﬁ: cX: sgg G(t,2,y) = g(t)} , (28)
Y(t) = {y eY: inf G(tz,j) = h(t)} . (29)

To complete the set of notations, we introduce the set of saddle
points

S(t) ={(#,9) € X xY :g(t) = G(t,%,9) = h()},  (30)

which may be empty. In general, we always have the inequality
h(t) < g(t). Further, for a fixed ¢ in [0, 7], and for all (z*,3") =
(#,9) in X(t) x Y(t), h(t) < G(t,2",y") < g(t), and when
h(t) = g(t), the set of saddle points S(t) is exactly X (t) x Y (¢).

Now, the objective of this method is to seek realistic conditions
under which the existence of the limit

49(0) = lim g(t) ; 9(0)

is guaranteed. We are particularly interested on the situation when
G admits saddle points for all ¢ in [0, 7].

Now, we quote the improved version [14, Thm. 5.1, pp. 556—
559] of the theorem of Correa and Seeger. The result also applies
to situations when the state equation admits no unique solution and
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the Lagrangian admits saddle points. The proof of this theorem is
also given in the said reference.

Theorem 2 (Correa and Seeger; [13]): Let the sets X and Y,
the real number 7 > 0, and the functional

G:[0,7] x X xY —- R

be given. Assume that the following assumptions hold:

(HD)
(H2)

(H3)

(H4)

Sit)#0,0<t<T;
for all (z,y) € [U{X{#):0<t<7}xY(0)] U
[X(t) x U{Y(t) : 0<t<7T}|, the partial derivative
OG(t,z,y) exists everywhere in [0, 7];
there exists a topology 7x on X such that for any sequence
{tn :0 < t, < T}ty — to = 0, there exist an x° € X(0)
and a subsequence {t, } of {¢»}, and for each k > 1, there
exists zn, € X (tn, ) such that

(i) @n, — 2° in the Tx-topology, and

(ii) for all y in Y'(0),

lim inf 0,G (t, @y, y) = 2:G(0,2%,y); (D)

k—oo

there exists a topology 7y on Y such that for any sequence
{tn : 0 < tn < T}, tn — to = 0, there exist y° € Y(0)
and a subsequence {tn, } of {t,}, and for each k > 1, there
exists Tn, € X(tn,) such that

() yn, — y° in the Ty -topology, and

(i) for all z in X (0),

limsup 0;G(t, x, yn, ) < 0:G(0, z, yo);
N0

k—oo

(32)

Then, there exists (2°,4°) € X(0) x Y(0) such that

inf  sup 9:G(0,z,y) = BtG(O,:/EO,yO)
z€X(0) yevy (0)

sup inf 0:G(0,z,y).
yeY (0) zE€EX(0)

dg(0)

(33)

Thus (x°,4°) is a saddle point of 9;G(0,z,y) on X (0) x Y (0).
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