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A New C? Piecewise Bivariate Rational
Interpolation Scheme with Bi-quadratic
Denominator

Xiangbin Qin and Qingsong Xu

Abstract—We present a new C” piecewise bivariate rational
interpolation scheme with bi-quadratic denominator. The given
interpolation scheme based only on the values of the inter-
polated function which includes two steps: in the first step,
we construct a kind of z-direction C? interpolation curves
based on a new Hermite-type rational interpolation basis; in
the second step, by using another new class of Hermite-type
rational interpolation basis to interpolate the generated -
direction interpolation curves, a kind of piecewise bivariate
rational interpolation surfaces with bi-quadratic denominator
and two parameters is established in a rectangular domain. The
conditions for the interpolation surface to be C*? continuous
in the whole rectangular domain are given in detail. And the
interpolation surface is proved to be bounded and its error
formula is provided. Several numerical examples are given and
the numerical results show that the given interpolation scheme
is effective and practical.

Index Terms—Hermite-type rational interpolation basis, In-
terpolation surface, C* continuity, Bounded property, Error
estimate

I. INTRODUCTION

N Computer Aided Geometric Design (CAGD), Com-

puter Graphics (CG) and scientific data visualization,
constructing smooth interpolation surfaces to given data in
rectangular grid is an essential issue. Generally speaking,
for most applications, C I smoothness is sufficient, and there
are many schemes to tackle this problem, see for example
the classical Coos surface schemes [1], the bivariate rational
interpolation schemes [2], [3], [4], [5], the bi-cubic blending
rational interpolation schemes [6], [7], [8], the bivariate
rational Hermite interpolation schemes [9], and the rational
trigonometric interpolation schemes [10]. In some practical
applications, curvature continuity is needed sometimes and
this leads to the need for C? smoothness.

By using the classical Coons surface scheme, it is a
more difficult task to construct C? interpolation surfaces
for 3D data defined over rectangular grid. For example, for
generating a C? bi-quintic Coons surface, there need to
provide the second and higher mixed partial derivatives at
the data points in advance. In practical applications, however,
the second and higher mixed partial derivatives are hard to
estimate and control, and there may also exist compatibility
problem in generating the classical C? bi-quintic Coons
surface, see [11]. Recently, a class of rational interpolation
spline with bi-cubic denominator and two parameters was
constructed in [12]. For generating interpolation surfaces,
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the given interpolant only use the values of the interpolated
function and can be C? continuous for equally spaced knots.
And the shape of the generated C? interpolation surfaces
can be modified conveniently by using the parameters for
the unchanged interpolating data.

The purpose of this paper is to present a class of piece-
wise bivariate rational interpolation surface scheme with bi-
quadratic denominator and two parameters over rectangular
domain. The given interpolation surface can be C? con-
tinuous in the whole rectangular domain without using the
second or higher mixed partial derivatives at the knots. The
values of the generated interpolation surface are bounded and
stable no matter what the parameters might be. It improves
on the existing schemes in some ways: (1) The classical
C? bi-quintic Coons surface have to estimate the second
or higher mixed partial derivatives at the knots in advance,
while the given C? interpolation surface is based on the
interpolated function only; (2) Compared with the rational
interpolation spline with bi-cubic denominator developed
in [12], the given interpolation scheme with bi-quadratic
denominator has less computational cost. The rest of this
paper is organized as follows. In section II, the construction
of the new piecewise bivariate rational interpolation scheme
is described. section III discusses the properties of the inter-
polation surface in detail, including C* continuity property,
bounded property, and error formula. In section IV, several
numerical examples are given to prove the effectiveness and
practicability of the new developed schemes. Conclusion is
given in the section V.

II. NEW PIECEWISE BIVARIATE RATIONAL
INTERPOLATION SCHEME

In this section, we firstly construct two classes of Hermite-
type interpolation basis functions. Then we use one of the
two classes of Hermite-type interpolation basis functions
to construct a kind of C? x-direction interpolation curve
with a parameter. Based on this, by using another new kind
of Hermite-type interpolation basis functions to interpolate
the x-direction interpolation curve, we construct a class of
C? piecewise bivariate rational interpolation surface scheme
with bi-quadratic denominator and two local parameters in a
rectangular domain.

A. Two new classes of Hermite-type rational interpolation
basis functions

Firstly, for ¢, s € [0, 1], we construct two new classes of
Hermite-type rational interpolation basis functions Hy(t; @)
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and G(s; ), k =0,1,2,3 respectively as follows
Ly (=12 ta(1-t)3t(142t)
Holtie) = (A—D7+a(l—Dt+2
. _ t+a(1-t)t°(3—2t)
H(t;a) = (0 Fa(l-0)L2”
. _ (A=t)’t+a(l-t)’t
Hy(t: @) = hrraqnine
Hy(t: ) = —[a-t)t*+a(1—1)%"]

(1—t)2+a(1—t)t+t2
with « > 0 and
(1—s)3 (1+s+252)+ﬁ(175)3s(1+2s)

Go(s; 8) = (1—8)2+B8(1—s)s+s2 ’

Gi(s; 8) = TUTB Ao 2,

Ga(s: p) = (lsearotos) s

Gy(s; ) = LD G awbog]
with g > 0.

For the two classes of Hermite-type rational interpolation
basis functions H(t;«) and Gg(s;8), & = 0,1,2,3, by
directly computing, we can obtain the following important
end-point properties

Hy(0;) =1, H)(0;0) =0, HY(0; ) = =2,
Hy(L;0) =0, Hy(L;) =0, Hy(L;) =2,
Hy(0;a) =0, Hi(0;0) =0, H{(0;00) = 2,
Hi(1;0) =1, H{(1;a) =0, H{(1;a) = -2,
Hy(0;0) =0, Hy(0;00) =1, Hy(0;00) = =2,
Hy(1;0) =0, Hi(1;) =0, HY(1;0) =0,
H3(0;0) = 0, H3(0;0) =0, Hy(0;00) =0,
HS(I;O‘) = 07 Hé(l;a) =1, Hé/(l;a) = 2a
and
GO(0§B) =1, G()(Ovﬁ) =0, Gg(O’ﬁ) =0,
GO(hB) =0, Ga(lvﬁ) =0, 6/(176) =0,
G1(0;8) =0, G1(0; 8) =0, GY(0; 8) =0,
Gi(1;8) = 1,G1(1;8) =0, GY(1;8) =0,
G2(0;3) =0, G5(0; 8) =1, G5(0;8) =0,
Go(1;8) =0, G5(1;8) =0, G5(1;8) =0,
G3(0;8) =0, G5(0; 8) =0, G5(0;8) =0,
G3(1;8) =0, G3(1;8) =1, G5(1;8) = 0.

For any ¢,s € [0, 1], it is easy to check that Hy (t; ) +
H; (t;a) =1 and Gy (s;8) + G1 (s;8) = 1.

It is interesting to note that for a large value of « and 3 ,
the given Hermite-type rational interpolation basis functions
Hy(t; ) and G (s; 8), k = 0, 1,2, 3 will give approximation
to the standard cubic Hermite interpolation basis functions.

B. Bivariate rational interpolation scheme

Let {(z;,yi, Fij),i=1,2,...,m;5=1,2,...,m} be a
given set of data points defined over the rectangular domain
R = [z1,2n] X [Y1,Ym], Where 7, 1 21 < @2 < ... < xp
is the partition of [x1,z,] and 7y : Y1 < Y2 < ... < Y,
is the partition of [y1,ym]. Df; and D}, are known as the
first partial derivatives at the grld point (atl, y;). Denote hY =
Ti+1— T4, h = Yj+1—Yj» Rij = [Ti, Tiv1] X [y, yj+1], and
for any (z, y) €ER;j, lett = (ac —x;)/h¥, s =(y — y;) /h
and
P —Fij  pny _ Fign—Fij

h? Y hY

J

T
Al =

For each y = y;, j = 1,2,...,m, and = € [z;,z;11],
by using the new Hermite-type rational interpolation basis

functions Hy(t;«), k = 0,1,2,3 given in the previous
subsection, we construct a kind of z-direction interpolation
curve with a free parameters o ; as follows

P;:j(l‘) = Ho(t; aﬁj)Fi’j + Hl(t; Ozga7 )FZJFLJ 1)
+ H(t; Ozij)th‘f:j + Hs(t;af )h DHLJ’
where aij > 0.

From the end-point properties of the Hermite-type rational
interpolation basis functions Hy(¢; «), k = 0,1, 2, 3, we have

P'* ( ) 7]7 ( j_) zg’

% 2 A 1 «
P N( j_) = ( hr )a P (szrl) Fi+1,j’

* — x * — 2 Dz’ 7j7Af,.7‘
Pi,j/(xiﬂ) = Di+1,ja Pi,j (xi+1) = ( +1hf )

Thus, we can see that if the first partial derivative values

D7;,i=2,3,...,n—1 are chosen as follows
. AL +hEAY
Di; = hm z ; )
1R
then for ¢ = 2,3,...,n — 1, we have

Pijj(/x;;) = Pifj(%—) =F,;,
P (xf) = P} (x;) = D},

_ 2(AY —AF_ |
Py (wf) = Pr, () = 280 b

which implies that the resulting interpolation function P;; ()
defined by (1) is C? continuous in [z, x,]. At the end
knots x; and z,, the derivative values are computed by the
following formulas

Dy =A% hT+h (Az — A7 ) J 3)
5= Dy e (Bh — ATey)
For any (z,y) € R;j, ¢ = 1,2,...,n -1, j =

1,2,...,m — 1, we further use the z-direction interpolant
P ;(x) given in (1) to construct a new kind of piecewise
bivariate rational interpolation surfaces P; ;(z,y) as follows

P j(z,y) = L PE () + Guls; B ) Py (2)
+Ga(s éf’u( )+G3( B fbm+1()

Go(s;
;81 )h

“)

where the four Hermite-type interpolation basis functions

Gi(s;87;) with 8/, > 0, k = 0,1,2,3 are given in the

previous subsection, and the functions ¢;;(z),l = 7,5 +1

are given by
¢ia(z) = (1—1)° (1+4t +92) DY,
+ 13 (6 — 8t + 3t* )Df’Hl,

where | = 3,5 + 1.
From (1) and (4), after some manipulations, we can also
rewrite the interpolation surfaces P; j(x,y) as the following

form
i+1j+1

22

k=i l=j

Py (2,y) = (k.0 (£ ) Fiog =+ bi (2, 5) b DE,

en (t5) R DY, |
&)
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where

Qj 5 (t, S) =
aij+1 (t,8) = Ho (t a”+1) G1 (
aip1 (t,s) = Hy (t;af ,
e ) = (8, )G ﬂz» ,
bz( )_Hz(t'az)GQ(S'ﬁy
bij+1 (t,s) = Ha (t; a”+1) Gy (s ﬁ s
bi+1,5 (t,s) = Hs (t of )GO (5 ﬁ
biy1,j4+1(t,s) = H3 (¢ a”H) Gy (3 ﬁ )
i (t:8) = (1—1)° (L+4t+9¢) G, (s BY))
Cigi1 (ts) = (1—1)° (1 + 4t + 9?) G (s,gi’j) ’
ciyrj (t,8) = 1% (6 — 8t +3t%) G2 (s;57)
Cip11 (t,8) =13 (6 — 8t +3t) G3 (5,87 ;) -

We call the terms ay, by and ¢y, k = 4,1+ 1,1 = j,j+

1, as the interpolation basis functions of the interpolation
surface defined by (5).

III. PROPERTIES OF THE INTERPOLATION SURFACES

In this section, we shall discuss the properties of the
interpolation surfaces in detail, including the C? continuous
property, the bounded property, and the error formula.

A. C? continuity property

For any (z,y) € R;;, from the interpolation surface
P, j(x,y) given in (4), direct computation gives that

P ; (x’y;-) =P (x), P, (x, yj_+1) =P, (z),
Py j(zf,y) = Go(s; B, Fij + Gi(s; B ) Fija
+ Ga(s; BY ;)i DY, + G(s: B )hyD““im,
P j(xi1,y) = Go( 5 D Fiv1j +G1( s BY ) Fig, 1
+ GZ( ) )hnyH N + GS( B )hyDz-H g+
Thus we have P; ; (:c,yj ) = P (x,yj_) ,Pi,j(xi y) =
Piyj(xi_ﬂy)'
Furthermore,
aPi,jégm,yj*) _ dPij(z)7 6Pi,_,»(;:.,y;+1) _ dPifZl+1(z)7
oP; ; fcj,y 3y z i i
P = Go(si 3D, + Ga(si L) D
+ Ga(s; J)hj h’ +G3( B )hy ”H
OP; (%, 1y .
% :GO(% ! DE+Ga(s 5y ) z+17j+1
+ G B, ) 2 1 Gy By s
aivrﬂf OP; i(z,y. 1“.10*,1
thus we have P”a(z JJ) = P”éx v) and 2P ’]a(zi v) _
6P7;1]’ I;, . T xT
#ﬁhi_ =hi and 87, ; = B},
Similarly, we have
oP; ; w,y;.r OP; ; a:,y;
Pulevi) _ i@y, ealevind g @),
oP; ;(zy) _ dGo(s 5”)Fij dGi(s;8Y,) F, ”H
oy - ds + ds j
dGz(;B )Dy dGs( 7,)D§;j+1’
OP; ;(z71w) dGo(s,B ;) F, 7+1 i dGi(siBY) Figrjia
y - ds h ds hj
dG2(s;8] ;) dGs(S;ﬂf’,j) 3
+ Dl — 5 D
it follows that api’jé;c’y") = aP'i‘jég:’y;) and ok, Jéyl v) =
SP”( ;1Y)
if 61 1 ] z]’

From the above analysis, we can see that the interpolation
surface P; ;(z,y) is C'' continuous in the whole rectangular
domain R if hf =constant and 3/, =constant for each
j e {1,2,...,om—1} and all 4 = 1,2,...,n — 1, no
matter what the parameters «; . might be. In the following,
we shall further discuss the Cé continuous property of the
interpolation surface.

For any (z,y) € R; ;, stralghtforward computatlon gives

8% P; 8%P
the mixed partial derivatives 8”6(; ) and 81;8(;,5/) as
follows
a P1 J(zay) 1 dGO(S:'ﬁ'?,j) dP* ( ) 1 dGl(s ﬁ ) 1J+1(x)
Ozdy - W ds + hy ds dx
+ dG?(S B, ) d¢i,j(x) + dG3(S Bl ) d¢1,,j+1($)
dx ds dx
_ 0 Pqt,j(%y)
- oyoxr  °
Thus we have
2 + 2 +
0°Pi;(xyf) _ dgij(@) _ 0Pij(zy))
Oxdy - dz - By[‘)a: ’
o? Pm(”” yj+1) _ doijm(z) o P’J(z yj+1)
8163 - dz dyoz ’
BQPM(wi ,y) o dGO(&By ) D:'C 1 dGl(&ﬁy ) D;J‘+1
deoy s R T @ By
ng(s;,@ ) DiJJ ng(s ,8 ) D
t gt 75!17;
_op, (=)
Oyox ’
9*P; j(x m,y) dGo(s;BY )DMJ dG1(siBY ;) DYy ja
Oxdy = ds + ds hy
dGa(s;B] ; )Dl+1 i dGs(Sﬁ” DY i
ds 1’ ds hf
6 P J( 1+1vy)
oyox
~ Pig(ey) 0 Pu(mwi)
Tzlese 1n:ply that T = . 020y =
0 Pi,j(x,yi ) _ 8°%p;. ](x ) and o Pi,j(Ii ,y) _
Jyox oyox 0z oy
BQPU( :,y) _ BQP“J(rzr’y) _ azpi‘j($;7y) if B — K%
Oxdy _y dyOx - Oyox i—1 7 %
and 51 1,5 = Bij-
O P; ;(a . . . . .
For w, since the x-direction interpolation curve

P} () is C* continuous if the first partial derivative values

Df], 1=2,3,...,n— 1 are given by (2) and
P (@) _ Pou(rng) _
dI‘Q - dI‘Q - Y - j?] + 9
we have
82&5(;@) = LRL@ Oy 8(aﬂzyﬁﬁ = PP
T xr xT X
P (at ) 2(A7 ;=27 4 ;)
(;xz = GO ( i ]) h£71+}Lfl -
e AT
+ Gl (8757?/7]) ( LJ}EEI +;zf11]+1)7
%P (2, 2(AZ AZ
]8(527'+71 y) GO ( i ]) ( ]ﬁi%%l%ﬁ
AP AT
+ G (s ) Sz

0°P; (=} ) 0°P; (z.y; )

these indicate that o o and
62P£1j(m;r,y) 8% P; J( ; 7y) if 5 _ By
Oz2 i—1,5 05"
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Finally, for w, we have
82P’i,j (z y*) _ 0 32Pi,j (m,y;+1) —0
0y2 oy? ’
0*Pis (o) _ deO(“ﬁj) Fi d*G1(siY;) F Figs1
Oy? - ds? ( )2 + ds? (hy)
J
d*>Gs(s;8¢ ) DY d2G3( 587 ) DY
ds? hy ds? hy )
0°Pij(z,y) _ dQGO(é B ) Fia, g d Gl( L ) Fia, it

dy? - ds? (hy) ds? (hy)
J J
dQGZ(S?ﬂ;'yj) Diiy J d2G3(3§'ij) Dl j41
+ ds? h;” + ds? hg ’
. Py j(wy] P j(zy;
it follows that % = # and
82Pi,,- a:j',y 8% P; Y
prted — PR e gy, =Y,

Summarizing the above discussion, we can conclude the
following theorem.

Theorem 1: If the knots are equally spaced for variable
x, that is A7 =constant, and the first partial derivative values
D7 ; are given by (2), then a sufficient condition for the
1nterpolatlon surface P; ;(z,y) to be C? continuous in the

interpolation surface P; ;(x,y) given in [5], we have

i+1j+1 i+1j+1
[P (2, )] <MZ lz |ak (t,5)] + Q1 Z ZZ |br.1 (£, 5)]
I]+1 =J
+ Q2 Z > e (t,5)]
k=il=j

=M+Qi(1—-t)t+Qy(1+t—10£

4 5 (1—s)s
+15t* — 6t°) (1 —s) s {1 + (1_8)2%%(1_5)8%2}
<M +0.25Q1 + Q2 (1+t— 103

1584 — 6t°) (1 —5) s |1+ (1(:)%}
<M +025Q, +1.5Q2 (14t — 1083

+15t* — 6t°) (1 —s) s
< M +0.25Q1 +0.375Q2 (1 + ¢ — 10t +15¢* — 6t°) .
Since
max (14 ¢ — 10t + 15¢* — 6t°) = 1.14675,
t€(0,1]
we can immediately conclude the following theorem.
Theorem 2: For any nonnegative free parameters

ay j,ﬁf’) ;» the values of the resulting interpolation surface

P, j(z,y) on R;; are bounded by
P, (x,y)| < M +0.25Q; + 0.43003125Q>.

whole rectangular domain R is that 3} ; =constant for each
je{l,2,...,m—1}and all i =1,2,...,n — 1, no matter
what the parameters o7 ; might be.

For generating the interpolation surface P; ;(x,y), we also

need to provide the first partial derivative values DY ., 1 = C. Error formula

i,

1,2,...,n, j = 1,2,...,m in advance. In this paper, they For any (v,y) € Rij, let Fy; = F(x;,y;),Df; =
are computed by the following formula W, i %{l’y]‘), and denote
8F(z y) H max ’ OF (z,y)
Dzl = A,Ly71 hy+hy (AzyQ A,i'j’l) 5 H (ZL’ y GR O ’
hY AV +hyAi’ OF (z,y) || _ IF (z,y)
Dy, = Mt g ) |7 = max [
hy
Dy,m = A%’,m—l + W (Afm 1 A;/m 2) For any (z,y) € R, ;, by using the Taylor formula of

(6) F(z,y) at the points (x,y), k =4,i+ 1,1 =747+ 1, we
have

F(Z‘,y) -

where ¢ =1,2,...,n.

OF (01, m) OF (0k,m)
o +(y —w) oy

where 6, and 7; are between z and xy, y and y;, respectively.

It follows that

Fzg,y) = (z — xx)
B. Bounded property

We denote

OF (x, OF (x,
s |F () — F (o) < ¢ | 2208|220
.. .. (z,y)ER; ; 67} ay
M =max{|Fyul,k =i,i+ 1,0 =j,j+1},
Qi =max{nz Dz, | k=i i+1,0=jj+1}, Thus for any (x,y) € R; j, we have
_ Y Y — i i i+17+1
Q2 =max by [Prf k=5 L= 574 F (@9) = Poy (@.9)] = | 3 fawa (8:5) (F (@.9) = F (@,30)
=i l=j
z OF (xg, OF (xy,
By directly computing, we can obtain the following prop- +bk,1 (¢, ) b M + e (L, 5) h;’!%} ’
erties of the basis functions i+1j+1
S o lhax |F (z,y) — F (zr, y1)] E > aky (t,s)
Y 3 =i l=j
@i (t,8) + aigyr (8:8) + aipr g (88) + aia i (8 9) o
=1,b; 5 (t,8) +bijr1(t,8) = biv1; (L, 8) = bit1j41 (L, 5) + hy || 2@y Z S by (¢, 5)
= (1 - t) t, =il=j
cij (t,8) = ciji1 (8,8) + i,y (8,8) = Ci1,41 (E, ) or(ea) i1 j+1
= (14t —10t° 4+ 15t* — 61°) (1 — 5) s [1 hyH : Z”Zj ekt (t:5)
SR v e < 125k || 255220 | + 143003125k || 25522 |

Summarize the above analysis, we have the following

Thus, for the given data, from the expression of the theorem.
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Theorem 3: Let F(x,y) € C'(R) be the interpolated
function with P; ;(x,y) is compared. Then for any (z,y) €
R; ;, the following error formula holds

|F (2,y) — P (z,y)] < 1.25h7 || 25422

+ 1.43003125h§-’

OF (z,y)
oy :

From Theorems 2 and 3, we can see that the generated
interpolation surface is stable for the parameters.

IV. NUMERICAL EXAMPLES

In this section, we shall give two numerical examples
to show that the proposed C? interpolation surface scheme
can give a good approximation to the interpolated function.
And for the unchanged interpolating data, the shape of the
interpolation surface can be modified by selecting parameters
according to the control need. In the following figures, the
interpolating data points have been marked with solid black
dots.

Example 1: Let the interpolated function be F(z,y) =
sin(z+vy), (z,y) €[0,1] x[0,1], and z; = 0.2(: —1),y; =
0.2(j —1),4,5 = 1,2,...,6. The parameters are chosen as
of ; = 5+5i+107, 87, = 10+105,4,5 = 1,2,...,6. Fig. 1
shows the resulting interpolation surface P(z,y) defined
by (4) and the error surface F'(z,y) — P(x,y). From the
results, we can see that the interpolation surface gives a good
approximation to the interpolated function.

00
(B) Error surface F(x,y)-P(x,y).

o]
(A) Interpolation surface P(x,y)

Fig. 1. Interpolation surface and the error surface.

Example 2: Fig. 2 shows the C? interpolation surface
with different parameters for the 3D data set given in Tab. I.
It can be seen that the interpolation surface can be modified
conveniently by selecting suitable parameters according to
needs of practical design.

TABLE I
A 3D DATA SET.

y/x 0 1 2 3 4 5 6
0 0 1 3 4 3 1 0
1 1 2 4 5 4 2 1
3 3 4 5 8 5 4 3
5 1 2 4 5 4 2 1
6 0 1 3 4 3 1 0

V. CONCLUSION

As stated above, the developed bivariate rational inter-
polation surface can be C? continuous based only on the
function values. The shape of the interpolation surface can
be modified conveniently by using the parameters under the
unchanged interpolating data. And the interpolation surface
is bounded and stable for the parameters. Compared with

=
s
R
SRR
R A

\\\\\\ge i
A\ %

R

.

SLTEEES

SRR

R
SRS
e
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N
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205
K

SRR
S
RIS

R
R

bttt
S
o

00 00

(E) e;=B];=100. (F) o;=100,B};=0.1

Fig. 2. C? interpolation surface with different parameters.

the rational interpolation spline with bi-cubic denominator
developed in [12], the given interpolation scheme with bi-
quadratic denominator has less computational cost. There
are still some problems worthy of further study, such as
the convexity control of the new constructed interpolation
surfaces. These will be our future work.
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