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Dynamics of Almost Periodic Mutualism Model
with Time Delays

Yaqin Li, Lijun Xu, and Tianwei Zhang

Abstract—By using some new analytical techniques, modified
inequalities and Mawhin’s continuous theorem of coincidence
degree theory, some new sufficient conditions for the existence
of positive almost periodic solutions to a mutualism model
with bounded and unbounded delays are obtained. Further, the
boundedness and global asymptotic stability have been studied.
To the best of the author’s knowledge, so far, the result of this
paper is completely new. The work of this paper extends and
improves some results in recent years. Finally, some examples
are given to illustrate the main results in this paper.

Index Terms—Almost periodicity; Coincidence degree; Mu-
tualism model; Bounded and unbounded delays.

I. INTRODUCTION

Et R, Z and NT denote the sets of real numbers,
integers and positive integers, respectively. Related to a
continuous function f, we use the following notations:

= inf f(s), M= ilelﬂgf(S),

14T
[l =suplf(a)l F = Jim % [ p(s)ds.

Mutualism, or cooperation, is found in many types of com-
munities. For example, some species of Acacia require the
ant Pseudomyrmex in order to survive (see [1]), blue-green
algae can grow and reproduce in the absence of zooplankton
grazers, but growth and reproduction are enhanced by the
presence of the zooplankton (see [2]).

In [3], Gopalsamy had proposed the following model to
describe the mutualism mechanism:

S = n@M) | BEESEEE -Me)L
PR = raNar) [FUERG - No(0)]

where 7; denotes the intrinsic growth rate of species IV;,
i = 1,2. The carrying capacity of species NN; is K; in the
absence of other species, while with the help of the other
species, the carrying capacity becomes [K; + a; N3_;]/[1 +
N3_;], i = 1,2. The above mutualism can be classified as
facultative, obligate or a combination of both.

Naturally, more realistic and interesting models of popula-
tion interactions should take into account both the seasonality
of the changing environment and the effects of time delay.
In system (1.1), the mutualistic or cooperative effects are
not realized instantaneously but take place with time delays.
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Therefore, by way of Mawhin’s continuous theorem of
coincidence degree theory, Li [4] investigated the existence
of positive periodic solutions for a periodic mutualism model
with bounded delays:

dN; (t)
dt

= RN (0| Sl

~Ni(t - yl)},

(1.2)
dNa(t) _ ro(t) Na(t) {KQ(t)ng(t)Nl(t—m(t))

dt 1+N1(t7;l,1(t))

—Na(t — VQ)},

where 7, Kj, o € C(R,(0,00)), i > K;, pi,vi €
C(R,[0,00)), r;, K;, v, s, v; are functions of period w > 0,
1=1,2.

Next, Li and Xu [5] studied the following model of two
species mutualism with unbounded delays:

AN, (¢ Hy(t)+B1(t) 5~ J2(s)Na(t—s)ds
dlt(*) = Tl(t)Nl(t){ . 1+.f:°° Jio(s)]\?g(tf;)ds

Nt - m(0)]

1.3
= 7o(t)No(t) |:H2(t)+52(t) Ji£° Ji(s)Ni(t—s) ds( )

dN2(t)
dt

14+ [5° Ji(s)Ni(t—s) ds

—No(t — yg(t))} .

Under the assumption that r;, H;, 3; and v; are continu-
ous periodic functions with common period w, a; > Kj,
J; € C([0,00),[0,00)) and [;° Ji(s)ds = 1, i = 1,2,
they showed that system (1.3) admits at least one positive
w-periodic solution by way of Mawhin’s continuous theorem
of coincidence degree theory.

In real world phenomenon, the environment varies due to
the factors such as seasonal effects of weather, food supplies,
mating habits, harvesting. So it is usual to assume the
periodicity of parameters in the systems. However, if the var-
ious constituent components of the temporally nonuniform
environment is with incommensurable (nonintegral multiples,
see Example 1.1) periods, then one has to consider the
environment to be almost periodic [6-12] since there is no a
priori reason to expect the existence of periodic solutions.
Hence, if we consider the effects of the environmental
factors, almost periodicity is sometimes more realistic and
more general than periodicity.

Example 1. Let us consider the following simple population
model:

N(t) = N(t) [| sin(V2t)| - \sm(ﬁt)uv(t)} (14

In Eq.(1.4), |sin(v/2t)| is @-periodic function and
|sin(v/3t)| is Y37 -periodic function, which imply that E-
g.(1.4) is with incommensurable periods. Then there is no

(Advance online publication: 28 May 2018)



TAENG International Journal of Applied Mathematics, 48:2, [JAM 48 2 09

a priori reason to expect the existence of positive periodic
solutions of Eq.(1.4). Thus, it is significant to study the
existence of positive almost periodic solutions of Eq. (1.4).

So, the aim of this paper is to investigate the following
almost periodic mutualism model with bounded and un-
bounded delays:

VHD = M) R
Hl(t)+ﬁ1(t) fooo JQ(S)NQ(tfs) ds
1+ [5° J2(s)Na(t—s) ds

Nt - m(t»] |

+

(1.5)
AP0 = o (1) No(t) | K2z @Mi o (1)

Ha(t)+B2(t) [° Ji(s)N1(t—s)ds
1-|-f0°Q J1(s)N1(t—s)ds

Nt - u2<t>>] |

+

where r;, K;, H;, «;, B;, pb; and v; are continuous nonnega-
tive almost periodic functions, J; € C([0,00),[0,00)) and
JoS Ji(s)ds =1,i=1,2.

Obv10usly, systems (1.1)-(1.3) are special cases of system
(1.5).

It is well known that Mawhin’s continuation theorem
of coincidence degree theory is an important method to
investigate the existence of positive periodic solutions of
some kinds of non-linear ecosystems (see [13-26]). However,
it is difficult to be used to investigate the existence of
positive almost periodic solutions of non-linear ecosystems.
Therefore, to the best of the author’s knowledge, so far,
there are scarcely any papers concerning with the existence
of positive almost periodic solutions of system (1.5) by
using Mawhin’s continuation theorem. Motivated by the
above reason, our purpose of this paper is to establish
some new sufficient conditions on the existence of positive
almost periodic solutions for system (1.5) by using Mawhin’s
continuous theorem.

The paper is organized as follows. In Section 2, we give
some basic definitions and necessary lemmas which will be
used in later sections. In Section 3, we obtain some new
sufficient conditions for the existence of at least one positive
almost periodic solution of system (1.5) by way of Mawhin’s
continuous theorem. Some illustrative examples are given in
Section 4.

II. PRELIMINARIES

Definition 1. ([27,28]) z € C(R,R") is called almost
periodic, if for any ¢ > 0, it is possible to find a real
number | = I(e) > 0, for any interval with length [(e),
there exists a number 7 = 7(€) in this interval such that
|zt + 7) — z(t)]| < e Vt € R, where || - || is arbitrary
norm of R™. 7 is called to the e-almost period of z, T'(z, €)
denotes the set of e-almost periods for = and I(e) is called
to the length of the inclusion interval for T'(x,e€). The
collection of those functions is denoted by AP(R, R™). Let
AP(R) := AP(R,R).

Lemma 1. ([27,28)]) If x € AP(R), then x is bounded and

uniformly continuous on R.

Lemma 2. ([27,28]) If z € AP(R), then fo s)ds €
AP(R) if and only if fo s)ds is bounded on R.

Next, we present and prove several useful lemmas which
will be used in later section.

Lemma 3. ([12]) Assume that x € AP(R) N CY(R) with
z € C(R). For arbitrary interval [a,b] with b —a = w > 0,
let £, € [a,b] and

I={se[&b]:i(s) >0},

then ones have
z(t) < x(§) Jr/z(s) ds, Vte bl
I

Lemma 4. ([12]) If x € AP(R), then for arbitrary interval
[a,b] with b—a =w > 0, there exist { € [a,b], § € (—00,q]
and £ € [b,+00) such that

@) =2(€) and (&) < a(s), Vs € [£,€].

Lemma 5. ([12]) If x € AP(R), then for arbitrary interval
la,b] with I = b—a = w > 0, there exist n) € [a,b], n €
(—00,a] and 7j € [b, +00) such that

w(n) = () and wx(n) = x(s), Vs € [n, 7).

Lemma 6. ([12]) If x € AP(R), then for Vn € N*, there
exists ay, € R such that x(ay,) € [z* x*], where x* =

SUp, g Z($).

Lemma 7. ([28]) Assume that x € AP(R) and T > 0, then
for ¥ty € R, there exists a positive constant Iy independent
of to such that

to+T
7/ dse{x 31, VT > Ty,
0

Lemma 8. ([4]) Ler

TL’

ar — b z az — by
flz,y) = (al— 11+ ev —cae a2 — 1+ e* _026y>
and Q = {(z,y)T € R? : |z| + |y| < M}, where

M, a;, b; and c; are constants, a; > b;, 1 = 1,2, and
M > max{2|1In(a;/c;)|,2|In(b;/¢;)|,i = 1,2}. Then

deg{f(z,y), 9, (0,0)"} # 0.
Lemma 9. Let
flz,y) = a1+b1_a1 —c1e”,aq9 + 272 cae?
’ 1+ev ’ 1+ e®

and Q@ = {(z,y)T € R? : |z| + |y| < M}, where
M, a;, b; and c; are constants, b; > a;, i = 1,2, and
M > max{2|1In(a;/c;)|,2|In(b;/c;)|,i = 1,2}. Then

deg{f(z,y),%,(0,0)"} # 0.

Proof: Set
by —aq by — as
R4 = —
(x,y,¢) (al + T+ ev c1e”,as + L4 er

¢ € [0,1]. For V(x,y,t) € R? x

_ my),

[0, 1], it is then easy to see

that
a, + Zil_;LZ; — e’ <by —c1e® <0, asx> %,
as + ?24__;5 —coe¥ < by —cee¥ <0, asy> %,
aq lil—l—_L ; —ce® >a; —c1e® >0, asx< —%,
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b M
2 2—026y2a2—026y>0, asy < ——.

@2t =77

Hence

U(x,y,0) #0 for (x,y,t) € 0 x[0,1].

It follows from the property of invariance under a homotopy
that

deg{f(x7 y)v Q, (07 O)T} = deg{\ll(x’ Y, 0)7 Q, (07 O)T}

= —1#0.

The proof is complete. ]

IIT. MAIN RESULTS

The method to be used in this paper involves the appli-
cations of the continuation theorem of coincidence degree.
This requires us to introduce a few concepts and results from
Gaines and Mawhin [29].

Let X and Y be real Banach spaces, L : DomL C X — Y
be a linear mapping and N : X — Y be a continuous map-
ping. The mapping L is called a Fredholm mapping of index
zero if ImL is closed in Y and dimKerL = codimImL <
+o00. If L is a Fredholm mapping of index zero and there
exist continuous projectors P : X — X and @ : Y — Y such
that InP = KerL, Ker@Q = ImL = Im(I — @). It follows
that L|pomrnkerp : (I — P)X — ImL is invertible and its
inverse is denoted by K p. If 2 is an open bounded subset of
X, the mapping N will be called L-compact on Q if QN (£2)
is bounded and Kp(I — Q)N : Q — X is compact. Since
Im@ is isomorphic to KerL, there exists an isomorphism
J : Im@Q — KerlL.

Lemma 10. ([29]) Ler Q C X be an open bounded set, L

be a Fredholm mapping of index zero and N be L-compact

on . If all the following conditions hold:

(a) Lx # ANz, Vo € 90N DomL, X € (0,1);

(b) QNzx #0, Vo € 00 NKerL;

(¢) deg{JQN,QNKerL,0} # 0, where J : Im@Q — KerL
is an isomorphism.

Then Lz = Nz has a solution on Q N DomL.
For f € AP(R), we denote by

A(f) = {wER hm —/ f(s _‘wsds#O}

the set of Fourier exponents of f.

Now we are in the position to present and prove our result
on the existence of at least one positive almost periodic
solution for system (1.5).

Let
vo := max{vM v} = max{sup v (s),supv(s)}.
seR sER
Theorem 1. Assume that
(F1) infsep[Ki(s) —ai(s)] <0, i =1,2.
(Fo) infser[Hi(s) = Bi(s)] <0, i=1,2.
(F3) ®; >0, where ®; :=r;(s )[ () H;(s)], i=1,2.

Then system (1.5) admits at least one positive almost peri-
odic solution.

Proof: Under the invariant transformation (N7, No)T =
(e*,ev)T, system (1.5) reduces to

K, (t)_i_al(t)ev(t*#Z(t))
Tl(t) |: 1 fev(E—n2(D)

Hi(®)+B1(t) [§° Ja(s)e" =) ds

+ 1+ [5° J2(s)evt==) ds

Fi(t),
0 = i)

Ha(H)+82(1) [5° Ja(s)e* =) ds
1Jrj0 J1(s)eu(t—=5) ds

_ eu(tmm)}

Ko (t)+ag(t)e*t—#1(t)
14-eu(t—r1(t))

+
= F2(t)

_ ev(tw(t»}

(3.0
It is easy to see that if system (3.0) has one almost periodic
solution (u,v)T, then (N7, Na)T = (e%,e”)T is a positive
almost periodic solution of system (1.5). Therefore, to com-
pletes the proof it suffices to show that system (3.0) has one

almost periodic solution.
Take X =Y = V; @ V,, where

Vi = {z = (u,v)" € AP(R,R?):

Vo € A(u) UA(v), |m| > 90};

Vo = {z = (u,v)T = (kl,kg)T,

where 6 is a given positive constant. Define the norm

kl,kg S R},

|z]] = max { sup |u(s)|, sup |v(s)|}, VzeX =Y,
seR seR

then X and Y are Banach spaces with the norm | - ||. Set

L:DomL CX =Y, Lz=L(uv)" =@/, v)7,

€ X:u,ve CHR),u v €
. _ u(t) | _ | Fi(t)
N:X-=>Y, NZ—N|: o(#) ] = { B |
With these notations system (3.0) can be written in the form

Lz= Nz, VzeX

where DomL = {z = (u,v)?
C(R)} and

It is not difficult to verify that KerL = Vo, ImL = V; is
closed in Y and dim KerL = 2 = codim ImZL. Therefore,
L is a Fredholm mapping of index zero (see Lemma 3.2 in
[31]). Now define two projectors P : X — Xand Q : Y - Y
as

rerfn] =

Then P and () are continuous projectors such that ImP =
KerL and ImL = Ker@ = Im(/ — Q). Furthermore, through

an easy computation we find that the inverse Kp : ImL —
KerP N DomZL of Lp has the form

u } _ fo s)ds —m fot u(s)ds
v fovs s—m fotv(s)ds

Then QN : X — Y and Kp(I — Q)N : X — X read

ave=an[ 1] = [ e |

}:Qz, w:{ﬂexzy

KPZ:KP|:
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_ flu(t)] = Qf[u(?)] e
Kol =M= fot) - Qflote] | 2S00
where f(x) is defined by f[z(t)] = [y [Na(s) —

QNz(s)] ds. Then N is L-compact on €)(see Lemma 3.3
in [31]).

In order to apply Lemma 10, we need to search for an
appropriate open-bounded subset ().

Corresponding to the operator equation Lz = Az, A €
(0,1), we have

. K (8) oy (£)e (=12 ()
alt) = M’l(t)[ 0o (e

Hi(t)+B1(t) [£° J2(s)e” =) ds
1+f0°° Ja(s)ev(t=5) ds

o(t) = m(t)[

Hy(t)+B2(t) [° Ji(s)e" =) ds
1+f0 Ji(s)eu(t=5) ds

+

- eu(tm(m},
3.1)

Ko (t)+as(t)e T #1(1)
14eu(t—r1(¥)

+

_ evauz(t))} .

Suppose that (u,v)T € DomL C X is a solution of system
(3.1) for some X € (0,1), where DomL = {z = (u,v)T €
X :u,v € CHR), 4,0 € C(R)}. By Lemma 6, there exist
two sequences {7}, : n € N*} and {P, : n € NT} such that

1
Tn *_7a*a

u* =supu(s), n € N*, (3.2)
seR

, v* =supuv(s), n € NT.
seR

v(P,) € |:U* — l,v*] (3.3)
n

From ®; > 0(i = 1,2) and Lemma 7, for Va € R, there
exists a constant wy € (2u0, +00) independent of a such that

f/ c T 3
272 |’
o, 3P,
T (bz d ) )
7/ (S)SE|:2 2]
VT>%, i=1,2 @)

For Vno € N*, we consider [T}, — wq, Tn,] and [Py,
w0, Pn,], where wy is defined as that in (OJ). By Lemma 4,
there exist £ € [T}, — wo, Th,)s £ € (=00, Ty, — wo] and
€ € [T,,,+0o0) such that

u(§) = u(§)

3
Integrating the first equation of system (3.1) from £ to ¢ leads

to
3 K1 (S
/5 m(s) { 1 4 ev(s—n2(s))

H1 () + y(5) J5° a(2)ee—) dz
L+ [ J2(2)evt—2) dz

—e"(syl(s))] ds =0,

and u(&) <wu(s), Vse[§,&. (34

) _|_ (o7 (s)ev(sfﬂa(s))

which yields that
© o [aals) —Kis)
1S 1\S
/E r(s) L T oo

+et ) _ (o (s) + By (8))] ds =0,

Bi(s) — Hi(s)
L+ [° Jao(2)evt=2) dz

which implies from (F})-(F3) that

13 3
/ rl(s)e“(“‘_”l(s)) ds < / o] (s)e“(s_yl(“‘)) ds
§+vo 13

13
< /£ r1(s)(a1(s) + Bi(s)) ds

By the integral mean value theorem and ([J), there exists
s0 € [£ +10,&] (so — vi(s0) € [€,€]) such that

1 ju(so—v1(s0)

4

< Lﬁ_”o "1 ju(so—i(s0))

eu(so v1(s0)) _

"—‘ J‘m
\J‘m
Iy
|
Fa s N
|
N
(=)
——
+ ™
N
o

eu(s—11(9)) 4o
T E—€ Jetu
3

< _
e g/
3r
7( + 51 )7
which implies from (3.4) that
u(€) < Inf6(a)!
Let I = {s € [£,Ty]:

s) + Bi(s)) ds

<

+ 8]

u(s) > 0}. It follows from system

(3.5)

(3.1) that
. du(t)
/ (s)ds = T ds
Kl( +a1( ) v(s—p2(s))
/\
1 v
( )"‘/Bl fo J2 U(S Z) dZ . eu(sul(s)):| dS
1+f0 Ja(z)ev(s=— Z) dz
_ o (s) — Ki(s)
= /I>\7°1(8) [(al(s) +5108) — T e m)
B Bi(s) — Hi(s) _ eu(s—ul(s)):| ds
1+ [° Ja(z)ers=2) dz

< /1 e (s)an (s) + B (s)] ds

Tho
/ ri(s)[en
T, —wo

no
! (e + B wo
By Lemma 3, it follows from (3.5)-(3.6) that

u(t) < u(§)+/I u(s)ds

IN

(s) + B1(s)]ds

I /\

(3.6)

< In[6(ad’ + BI)] + rM (o + B )wo
= p1, VtE[E°, Thl,
which implies that
U(Tno) < P1-

In view of (3.2), letting n9p — +oo in the above inequality
leads to

' = lim u(Ty,) < p1.

nog——+oo

(3.7)

(Advance online publication: 28 May 2018)
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Similar to the argument as that in (3.7), we can obtain that
v* < In[6(ad! 4+ B3N] + rd (ad! + B3 )wo == p2. (3.8)

Taking

driferryg (14 efr) drdlerziy(1 + ef?)
o, ’ o, '
For Vng € Z, by Lemma 5, we can conclude that there exist
n € [nomo, nomo + mol, 1 € (—00,nemo] and 7 € [nomo +
o, +00) such that

To =— mMax {wo,

u(n) =u(7) and u(n) >u(s), Vse€[nq]. (3.9

Integrating the first equation of system (3.1) from 75 to 7
leads to

g K1 (s) + ay(s)e?(s712(5))
g m(s) 1+ ev(s—n2(9)
Hy(s) + B1(s) fooo Jg(z)e”(s_z) dz

L+ [57 J2(2)evt=2) dz

—e"(syl(s))] ds =0,

which yields from (3.7)-(3.8) that

1+ er2 /" r1(s) [Kl(s) + H1(s)] ds

7 Ki(s) + ay(s)e?(s=#2(5)
= /?7 ri(e) |: 1 4 ev(s—p2(s))

Hi(s) + Bi(s) [y Ja(z)evs72) dz} ds
L+ [° Ja2(2)evs=2) dz

" <s>eu(s—u1(s)) ds

I
— s T

7

n+vo
rl(s)e“(s_”l(s)) ds + / rl(s)e“(s_”l(s)) ds

Yo

33
E

IN

r1(s)et 6D qs 4 pMepry
+vo

which implies from (F3) and (OJ) that
B
2 + 2er2 )
1 1 K
r1(s)[K1(s) + Hi(s)] ds

l+erznn—nJ,
1 U

IN

M
ri ePlyy

IN

rl(s)e“(s_”l(s)) ds +

n—n n+vo

nm=n

M
ri” ePlyy

1 7
< — rl(s)e“(s_”l(s)) ds +
n—n n+vo 7o
1 Ul

S -

)
— ri(s)enC ) qs 4 ——L _(3.10)
=1 Jytv, 4

+ 4er2’

In view of (3.10), by the integral mean value theorem and
(3.9), there exists s1 € [+ 19,7] (51 —v1(s1) € [1,7]) such

that _ _
o eu(slful(sl)) Ul
< —

4+ 4er2 —

which implies that
P,
n—-——.
4rM (1 + er2)
Further, we obtain from system (3.1) that

nomo+mo
/ li(s)] ds
n

070

nomo+mo \ Kl(s) + al(s)ev(s—uz(s))
r1(s) 11 ev(o—na(s)

u(n) >1 (3.11)

Hq(s) + B1(s) fooo Jo(2)evs=2) dz
L+ [)° Ja(z)ers=2) dz

< r{w [K{M —|—af46p2 —|—H{w —&—,3{”6”2 + epl]ﬂ'o

_ euls=n() | g

It follows from (3.11)-(3.12) that
nomTo+7o
u®) = - [ i) ds
IL(JTFO
D
>n——— -0
- n4r{‘/1(1+ep2) !
= p3, YVt € [noﬂ'o,nOﬂ'o + 7T0}. (3.13)

Obviously, ps is a constant independent of ng. So it follows
from (3.13) that

« = inf > inf {p3} = ps3. 3.14
u :IelRu(s) _nlglez{pg} p3 (3.14)

Similar to the argument as that in (3.14), we can obtain that
P,
n—t
4rd (1 + er2)
+HM 4 pMer 4 e”?]mg = pa.

v > 1 fré\/[[Kéw + adler

Set C = |p1| + |p2| + |p3| + |pa| + Co + 1, where Cj is
taken sufficiently large such that

(i + Bi)]

m(r;)

,21In

o> ma {21n mlr; m[r;(K; + H;)] }

m(r;)

Clearly, C is independent of A € (0,1). Consider the
algebraic equations QNzy = 0 for zg = (ug,v9)? € R?
as follows:

mlri(on + By)]
_m[Tl(a1+31)]*m[7‘1(K1+H1)] _ m(rl)euo =0,

mlra(az + B2)]
_ m[ra(aa+B2)]—mlra (Ka+Hs)]
1+e%0

Similar to the arguments as that in (3.7)-(3.8) and (3.14)-
(3.15), we can easily obtain that

m(re)e?® = 0.

p3 < ug < p1,  pa < vy < pa.

Then ||zo]|x = |uo| + |vo] < C. Let Q@ = {z € X: ||z]|x <
C'}, then Q satisfies conditions (a) and (b) of Lemma 10.

Finally, we will show that condition (¢) of Lemma 10 is
satisfied. By Lemma 8, we have

deg (JQN, QNKerL, O) = deg (QN, QNKerL, 0) #0,

where deg(-, -, -) is the Brouwer degree and J is the identity
mapping since Im(@) = KerL. Obviously, all the conditions
of Lemma 10 are satisfied. Therefore, system (3.0) has one
almost periodic solution, that is, system (1.5) has at least one
positive almost periodic solution. This completes the proof. B
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Remark 1. By Theorem 1, it is easy to obtain the existence
of at least one positive almost periodic solution of Eq. (1.4)
in Example 1, although there is no a priori reason to expect
the existence of positive periodic solutions of Eq. (1.4).

Assume that all the coefficients of system (1.5) are w-
periodic functions, we have

Corollary 1. Assume that (Fy)-(F3) hold. Suppose further
that all the coefficients of system (1.5) are w-periodic
Sfunctions. Then system (1.5) admits at least one positive w-
periodic solution.

Theorem 2. Assume that (F3) holds. Suppose further that
(Fy) infser[K;(s) —ai(s)] >0, i=1,2.
(F5) infser[Hi(s) — Bi(s)] 2 0, i =1,2.
Then system (1.5) admits at least one positive almost peri-

odic solution.

Proof: Proceeding as in the proof of Theorem 1, we
see that (3.4) holds. Integrating the first equation of system
(3.1) from & to &£ leads to

/E (o) {Kl(s) + ay(s)ev(s=r2(5))
3

11 cvG—na()
Hi(s) + Bi(s) [y° Jo(2)e’*=2) dz
L+ [F Jo(2)evt=2) dz
which yields from (Fy)-(F5) that

13
/ o] (s)e“(sf”l(s)) ds
£

e [fate) ety
S

1 + ev(s—pa(s))

Hy(s) = Bi(s)
1+ [ Ja(2)evt—2) dz

< /5 (o) ([m(s) e

_eua=n @) | gg = 0,

+ + (a1(s) + 51(3))] ,

HUHL(s) — Bi(3)] + (aa(s) + ms))),

3
/5 1 () [ (s) + H (s)].

Similar to the argument as that in (3.7)-(3.8), we can obtain
that

uw* <n[6(KM + HM)] + 7P (KM + HM )wo := p}, (3.15)
and
v* < 1n[6(Kéw + Hé”)] + réw(Kéw + HQM)wO = py. (3.16)

By a parallel arguments as that in (3.14)-(3.15), there exist
p5 and p/; such that

Uy > Py, Uy > Pl (3.17)
Set C' = p} + ph + ph + piy + C) + 1, where CJ is taken

sufficiently large such that

{21n mlri(ei + Bi)]

!
C" > max )

1=1,2

PRI

m(r;)

Clearly, C' is independent of A € (0,1). Consider the
algebraic equations QNzy = 0 for zp = (ug,vo)? € R?
as follows:

m[ry (a1 + B1)]

m(ry)ete =0,

m[ra(az + B2)]
+m[rg(K2+H2)]*m[7“2(a2+52)] o
14-e%0

m(ra)e” = 0.

Let Q' = {z € X : ||z|lx < C'}. From the proof in
Theorem 1, it is easy to see that ' satisfies conditions (a)
and (b) of Lemma 10. Further, by Lemma 9, condition (c)
of Lemma 10 is also satisfied. Obviously, all the conditions
of Lemma 10 are satisfied. Therefore, system (3.0) has one
almost periodic solution, that is, system (1.5) has at least one
positive almost periodic solution. This completes the proof. B

From Theorem 2 and Corollary 1, we also have the
following corollary:

Corollary 2. Assume that (F3)-(F5) hold. Suppose further
that all the coefficients of system (1.5) are w-periodic
functions. Then system (1.5) admits at least one w-positive
periodic solution.

Now we give some assumptions:

(F@) infseR[Kl(S) - 041(8)] > 0 and infseR[Kg(S) —
as(s)] <0.

(F7) infeer[Ki1(s) — ai(s)] < 0 and infier[Ka(s) —
as(s)] > 0.

(Fg) infser[H1(s)—p1(s)] > 0and inf,er[Ha(s)—F2(s)] <
0.

(Fy) infser[H1(s)—B1(s)] < 0 and infser[Ha(s)—B2(s)] >
0.

From the proof of Theorems 1-2, we can easily show that

Theorem 3. Assume that (Fy)-(F3) hold, suppose further
that (Fg) or (Fy) is satisfied. Then system (1.5) admits at
least one positive almost periodic solution.

Theorem 4. Assume that (Fy) and (F3) hold, suppose
further that (Fg) or (Fy) is satisfied. Then system (1.5)
admits at least one positive almost periodic solution.

Theorem 5. Assume that (F5) and (Fg) hold, suppose
further that (Fg) or (Fy) is satisfied. Then system (1.5)
admits at least one positive almost periodic solution.

Theorem 6. Assume that (Fs) and (F7) hold, suppose
further that (Fg) or (Fy) is satisfied. Then system (1.5)
admits at least one positive almost periodic solution.

From Theorems 3-6, we can easily show that

Corollary 3. Assume that all the coefficients of system (1.5)
are w-periodic functions and (F3)-(F3) hold, suppose further
that (Fg) or (Fr) is satisfied. Then system (1.5) admits at
least one positive w-periodic solution.

Corollary 4. Assume that all the coefficients of system (1.5)
are w-periodic functions and (Fy) and (F3) hold, suppose
further that (Fg) or (Fy) is satisfied. Then system (1.5)
admits at least one positive w-periodic solution.

Corollary 5. Assume that all the coefficients of system (1.5)
are w-periodic functions and (F3) and (Fg) hold, suppose
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further that (Fg) or (Fy) is satisfied. Then system (1.5)
admits at least one positive w-periodic solution.

Corollary 6. Assume that all the coefficients of system (1.5)
are w-periodic functions and (F3) and (F7) hold, suppose
further that (Fg) or (Fy) is satisfied. Then system (1.5)
admits at least one positive w-periodic solution.

In [4], Li obtained that

Corollary 7. ([4]) Assume that (Fy)-(F3) hold. Suppose
further that all the coefficients of system (1.2) are w-periodic
Sfunctions. Then system (1.2) admits at least one positive w-
periodic solution.

Remark 2. Obviously, the works in this paper extend and
improve the result in [4].

IV. BOUNDEDNESS

Theorem 7. In system (1.5), assume that

(S1) HM = M = vM =0, p(t) = p; for all t € R,
i=1,2.

Then every solution of system (1.5)  satisfies

limsup,_,. N;(t) < Nf = KZ-M + aﬁ”, 1 = 1,2

vt e R

Proof: From system (1.5), it leads

dN1(¢)
dt

IN

rM N () | KM + oM — Ny ()],

AN < DN () | K3+ ad! — No(t) .

A

By the comparison theorem of differential equations, we
have

lim sup N;(t) < KM + oM, i=1,2.

t—o0

This completes the proof. ]

V. GLOBAL ASYMPTOTIC STABILITY

Let
ki :=sup |K;(s) — os(s)], 1 =1,2.
seR
Theorem 8. Assume that (S1) holds, then system (1.5) is
globally asymptotically stable.

Proof: From Theorem 1, we know that system (1.5)
has at least one positive almost periodic solution (N1, Ny)T'.
Suppose that (N7, No)7 is another solution of system (1.5).

Let (z1,72)7 = (InNy,InNy)T and (71,72)7 =
(In Ny, In N5)7, then system (1.5) is transformed into

0 — ()| S - N).
S0 = )| SRR ).
00— o) Ko Ottn) ) o
0| CLTE A1
Define _ _
V(t) = Vo(t) + Vi(t) + Va(?),

where
Vo(t) = fe1(t) = 21 ()] + |2(t) — Z2(1)],
) =i [ Na(s) = Na(o)] s
Va(t) = 13" ks /t— |N1(s) — Ni(s)| ds.

By calculating the upper right derivative of Vj along
system (5.1), it follows that

D V(1)
= sgn[z1(t) — 21 ()][z1 (1) — 71(t)]
+sguza(t) — Z2(1)][z5(t) — 75(H)]
< =1 Ni(t) = Ni(t)] = r5|Na(t) — No(t)]
1 k1| No(t = p2) — Na(t — puo)|
+r5 k| Ny (t — pa) — Na(t — ). (5.2)

Further, by calculating the upper right derivative of V7, Vs
and V3 along system (5.1), it follows that

DTVi(t) = k1| Na(t) — Na(2))|

1T k1 |No(t — po) — No(t — p2)|, (5.3)

DVa(t) = rylko|Ni(t) — N1 (2)]

=3 ko Ny (t — 1) — Nu(t — )] (5.4)
Together with (5.2)-(5.4), it follows that

DTV (t) < —(rf —ry"ka)| N1 (t) — N (t)]
—(rh — 1M k)| Na(t) — Na(t)|, Vt>T.

Therefore, V' is non-increasing. Integrating of the last in-
equality from 7T to ¢ leads to

V() + (rd — k2> / Ny (s) — N (s)] ds

< 400, Vt>T,

Ny(s)|ds < V(0)

that is,
“+o0
/ |N1(s) = Ni(s)|| ds < 400,
0
+o0 _
/ |Na(s) — Na(s)|ds < +o0,
0
which implies that
Jim [Ni(s) = Nu(s)] = lim [Na(s) = Na(s)| = 0.
This completes the proof. ]

Theorem 9. Assume that (Fy)-(F3) and (S1) hold. Then
the almost periodic solution of system (1.5) is globally
asymptotic stable.
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VI. SOME EXAMPLES AND SIMULATIONS

Example 2. Consider the following almost periodic system:

dNy(t)
dt

— Ki(t)+ar (8)Na(t=1)
- Nl(t){ 1+(;V2(tff)

Hy(t)+B1(t) [° e *Na(t—s)ds
1+fo°o Ja2(s)N2(t—s)ds

—Ni(t — sinz(\/gt))] ,

+

6.1)
dN2(t)
dt

_ Ko (t)+az(t) N1 (t=2)
= Nz(t){ : 143\[1(1572)

Ho(t)+B2(t) [5° e " Ni(t—s)ds
1+ [5° Ji(s)N1(t—s) ds

—Na(t — 0.5)},

+

where

([ ).

Hy(t) sin?(v/2t)
Hy(t) ) - ( cos?(v/2t)
)= (S )

Bi(t) \ _ [ sin®(vV2t) +0.5
Ba(t) )\ cos?(v/2t) +0.5
By a easy computation, it is not difficult to verify that (F})-

(F3) in Theorem 1 are satisfied. By Theorem 1, system (6.1)
admits at least one positive almost periodic solution.

I/~ 7N
s
—~
NNt

Example 3. In system (6.1), let
Ki(t)\ Hy(t) \ _ [ sin®t
Ky(t) ) ’ Hy(t) ) — \ cos?t )~
ar(t) \ [ 2|sint|
as(t) )\ 2|cost| )’
Bi(t) \ _ [ sin®t+0.5
Ba(t) ) — \ cos?t+0.5 )°
By a easy computation, it is not difficult to verify that (F})-

(F3) in Corollary 1 are satisfied. By Corollary 1, system
(6.1) admits at least one positive m-periodic solution.

| sin |
| cost|

Example 4. In system (6.1), let

(K )= (33 vy,

Hy(t) N _ (0
Hy(t) )\ 0 )’
ar(t) | _ [ lcos V5| Prt) N _ (0O
sz (t) |sinv/5t| )’ Ba(t) 0 )"
By a easy computation, it is not difficult to verify that (F3)-
(F5) in Theorem 3 and (S7) in Theorem 8 are satisfied. By
Theorem 3 and Theorem 8, system (6.1) admits at least one

positive almost periodic solution (see Figure 4.1), which is
globally asymptotic stable.

title("yslice:600m;zslice: 150m’,’FontName’, Times New

Roman’, FontSize’,22);

0 5 10 15 20 25 30

Fig. 1 State variables N7 and N, of Example 2

Remark 3. In Example 4, |sin+/10¢| is ‘ﬁ“

function and | cos(v/5t)| is f” -periodic functlon So sys-
tem (6.1) is with incommensurable periods. Through all
the coefficients of system (6.1) are periodic functions, the
positive periodic solutions of system (6.1) could not possibly
exist. However, by Theorem 3, the positive almost periodic
solutions of system (6.1) exactly exist (see Figure 1).

-periodic

Example 5. In system (6.1), let
Ki(t) \ _ [ |sinv/5t] + | cos v10t|
Ky(t) ) — | cos v/10t] ’
1) [ sin?(V2t)
2(t) )\ cos?(v2t) )’
aq (t) 2| sin v/5t| 4 2| cos V10t
as(t) 2| cos v/ 10t ’
pit) \ _
Ba(t) cos?(v/2t) + 0.5
In Example 4, is almost periodic
function, which is not periodic function. Similar to the

argument as that in Example 2, it is easy to obtain that system
(6.1) admits at least one positive almost periodic solution.

sin?(v/2t) + 0.5 ) .

Example 6. In system (6.1), let
K (¢) 1.5 + | sint|
K (t) 2.5+ |cost| )’
Hy(t) 0.5 4 sin? ¢
Hy(t) 0.5+ cos?t )’
ar(t) \ [ sin?t Bi(t) \ [ sin®t
as(t) )\ cos?t )’ Ba(t) ) \ cos?t |-
By a easy computation, it is not difficult to verify that (Fj)-

(F5) in Corollary 5 are satisfied. By Corollary 5, system
(6.1) admits at least one positive 7-periodic solution.

Remark 4. It is obvious that the results in papers [4,5,30]
couldn’t obtain the existence of positive (almost) periodic
solutions for the models in Example 2 and Examples 4-5.
Therefore, our works extend the results in papers [4,5,30].
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