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Positive Periodic Solutions of Second Order
Functional Differential Equation with Impulses

Lili Wang

Abstract—This paper deals with a second order functional
differential equation with periodic coefficients and impulses of
the following form

2 (t) + a(t)z' (t) + b(t)x(t) = f(t,x0),t # Ly,
A~70|t t; = Ii(=(t)),

A90|t v, = Ji(a(ty),t =t;,5 € Z*.

By using the fixed point theorem of cone expansion and cone
compression of norm type, sufficient conditions for the existence
of at least two periodic solutions of the equation are obtained.
The results in the present paper generalize and improve many
known conclusions.

Index Terms—Periodic solutions; Functional differential e-
quations; Impulses.

I. INTRODUCTION

T is well known that the theory of impulsive differential

equations has become an important aspect of differential
equations. Differential equations with impulses provide an
adequate mathematical model of many evolutionary process-
es that suddenly change their states at certain moments.

Recently, impulsive differential equations have been stud-
ied both in theory and applications; see, for example, [1-6]. In
[6], Tian et al. considered the following impulsive differential
equations

71'”+M‘T = f(tvx)vt#tja
Ax|t:tj = Ij(x(tj))v
—Am’\t:tj = Jj(ac(tj)),t = tj7j c7Z+.

By using the theory of fixed point index in cones, sufficient
conditions are presented for the existence of one or two peri-
odic solutions to the impulsive differential equations. In [8],
Wang et al. considered the following second order nonlinear
delay differential equation with periodic coefficients

2(t) + p(t)a' () + q(t)(t)
=r(t)z'(t = 7(t) + f(t, x(t), 2(t — 7(1))).

By using Krasnoselskii’s fixed point theorem and the con-
traction mapping principle, established some criteria for the
existence and uniqueness of periodic solution to the delay
differential equation.

Motivated by the above statements, in this paper, by using
a fixed point theorem on a cone to study a second order
impulsive functional differential equations with periodic co-
efficients of the following form

2"(t) +a(t)z'(t) + b(t)x(t) = f(t, ), t #t;,
A$|t t; = Li(x(t;)), (1)
CAT |y, = Jy(@(8)), t =1, € 2,
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where I; € (R™,R),J; € (RT,RY), Axl—y, = z(t]) —
a(t;), Ax'fi—y; = = 2/(t]) — a/(t; ), where z*(t]) (respec-
tively @ it ) denote the right limit (respectively left limit)
of x(t) at t = t;, i = 0,1. There exist a positive
constant k such that ¢4, = ¢; + T, L x(x(tj4r) =
Ii(2(t;)), Jjwk(@(tjpn)) = Jj(x(t;)),j € Z*. Without
loss of generality, we assume that [0,7] N {¢;,j € Z1} =
{t1,to, -, tr}.

f(t,z;) is a nonnegative function defined on R x BC,
where BC' denotes the Banach space of bounded continuous
functions ¢ : R — R with the norm ||¢|| = supyer |#(6)].
If z € BC, then z; € BC for any t € R is defined by
x¢(0) = x(t + 0) for 6 € R. f(t,z;) is continuous in ¢,
T-periodic whenever z is T-periodic.

In this paper, we shall use the following assumptions:

(A1) a,b: R — RT are all continuous T-periodic functions,
fo s)ds > 0, fo s)ds > 0.

(A2) f(t, 5) 2 0 for all (¢, f) € Rx BC(R,Ry).

(A3) For any L > 0 and € > 0, there exists > 0, such that

imply
‘f(87¢s)) - f(37"/]t)|0 <eE.

For convenience, we first introduce the related definition
and the fixed point theorem applied in the paper.

Definition 1. Let X be a Banach space and K be a closed
nonempty sunset of X, K is a cone if

(1) au+ pPv € K for all u,v € K and all o, >0 ;

(2) u,—u € K imply u=0.

Theorem 1 ([9]). (Fixed point theorem) Let K be a cone in

a Banach space E, and €1, €)z be two bounded open sets in

E suchthat0 € Qy and Q1 C Qo. Let T : KN(Q Q) — K

be completely continuous operator. If

(1) There exists ug € K \ {0} such that u — Tu # auy,
u€ KNoQs, a>0; Tu # pu,u € KNOQy, 1> 1,
or

(2) There exists ug € K \ {0} such that v — Tu # «uy,
u€ KNy, a>0; Tu # pu,u € KN, u>1,

then T has at least one fixed point in K N (Qa ).

II. PRELIMINARIES

In order to use Theorem 1 to prove the existence of
periodic solutions of system (1), we shall consider the
following spaces:

Let J,:J\{tl,tg,"',

PO(J, R) = {I :J > R: x|(tj7tj+1) € C(t]7t
w(ty) = x(t;), Ja(t]),j = 1,2,--- k}

tr}, then

j+1)7
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is a Banach space with the norm ||z pc = sup,¢jo r|®(t)].
Let

PCYJ,R)={x:J = R: Lt 5000t ,4540)
€ C(ty tj41),x(t;) = z(ty), 2’ (t;) = 2'(t),
Elx(t;_)a :E/(tj—),j = ]-a 23 e 71/”'}
with the norm ||z pcr = max{||z|pc, ||| pc}, then

PC(J, R) is also a Banach space.
Lemma 1 ([7]). Suppose that (A1) hold and

Rufexp(f atudu) ~1] _
T -

where

t+T exp(f? a(u du) b(S)dS

exp fo a(u)du)—1

R, = maXeio, ] ‘

Q1= (1 + exp(f0 a(u)du)) R2.

Then there exist contmuous T-periodic functions p and q
such that q(t) > 0, fo w)du > 0, and

p(t) +a(t) = a(t), q'(t) + p(t)q(t) = b(t),
for all t € R. Therefore
p(t) +a(t) = a(t), q'(t) + p(t)a(t)

Lemma 2. Suppose the conditions of Lemma 1 hold and
¢ € BC. Then the equation

a”(t) +a(t)2' (t) + b(t)z(t) = (1), )

has a T-periodic solution. Moreover, the periodic solution
can be expressed by

=b(t),t € R.

4T
o= [ Gl 9)os)ds G)
t
where
Gt s) N expft (v)dv + [ p(v dv]du
[exp fo w)du) — 1][exp fo du) — 1]
fﬁ” expﬁ (v)dv + ‘“*T )dv]d
[exp fo u)du) — 1][exp fo du) — 1]
Proof Define E, = exp( fOT du) — 1,E, =

exp fo u)du) — 1. By direct calculatlon we can see that
B)isa T -periodic solution of (2).

Suppose z(t) is a T-periodic solution of (2), from Lemma
1, we have

() +p(t)2’ () +q' (t)2(t) +q(t)2’

which is equivalent to

O +p()g(t)2(t) = ¢(1),

(x’(t)efot P(u)du)l + (q(t)x(t)efot P(u)du)/ _ (;5(15)6[(; p(u)du
integrating it from ¢ to ¢ 4+ 7', we obtain
tHT oy w)du
0+ ot = [ SRR g
¢ exp(fy plu)du) — 1

Therefore,
u)du)

LT exp ft
=) = /t exp fo du) —1
/ - eXP(fs” pdy)
s exp(fOTp(u)du) -1
t+T s
~ 55 [ el dwa
s+T v
/ exp(/ p(u)du)qﬁ(v)dv} ds

- 55/ " sy [ et [ty

+/:p(v)dv)du

1 t+T t+T u
mg | os [ el g
PS+QT s

+/ p(v)dv)du

4T
= G(t, s)p(s)ds.

t

)dv] ds

X

+

This completes the proof.
So the equation

2"(t) + a(t)a' (t) + b(t)x(t) = f(t,24),

has a T-periodic solution, it can be expressed by

t+T

x(t) = G(t,s)f(s,x¢)ds.

t
By (A2), we have

G(t,8)f(s,zs) >0,(t,s) € R

Corollary 1. Green function G(t,s) satisfies the following
properties:

Gt.t+T)=G(t1),Gt+T,s+T) =Gt s),
v)d
9 Gt,5) = p(s)Clt,5) — —=2 ft v
s exp fo dv —1
v)d
9 Gt,5) = —q()G(t,s) + —2 ft E
ot exp fo v)dv — 1

Lemma 3 ([8]). Let

T 1 (T
A= / a(u)du, B = Tzexp(—/ Inb(u)du).
0 T Jo

if
A% > 4B, )
then
min { fOTp(u)du7 fOT q(u)du} > 1(A- VA2 - 4B),
max { fOT p(u)du, fOT q(u)du} <i(A+VA2-14B).
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Let %(A — VA% —4B) =1, %(A + VA% —4B) =
from Lemma 3, the function G(¢, s) satisfis
T Texp( f w)du)
Ny = ————— < G(ts) < 0
0< Ny (m_l)Q*G(’s)f (el—l)
=My, s €[t,t+T],
0 exp v)dv
55O 8)ls=t; = p(t;)G(t, 1)) — ft :
exp fo dv —1
tj € [t,t+T],
here we assume that
0
—G(t, 8)|s=t, > 0,t; € [t,t+T).
Js J
Define P
N2 S SG(t 5)‘ f < MQ,
M = max{M;, M>}, N = min{Ny, N2},
then G(t,5) N
s
1> > — .
=" “wm~°

The following lemma is fundamental to our discussion.
Since the method is similar to that in the literature [10], we
omit the proof.

Lemma 4. z € PC(J) N C?(J') is a solution of problem
(1) if and only if x € PC(J) is a solution of the equation

t+T
o(t) = /t Glt, 5)f (5, z:)ds
+ ) Gt Ji(=(ty)

jit; €t t+T)

Gitj E[t,t+T]
Let K be a cone in PC(JR), which is defined as
K ={z e PC(JR) :

‘S:tj1j<m(tj))- &)

z(t) > ollz||pc,t € J}.
Define an operator
t+T
(Tx)(t) = /t G(t,s)f(s,xs)ds
+ Y Gt t)T(())

ity €[t 04T

>

jit €[t +T)

0G(t, s)

|s=t; L (x(;)),
that is

t+T
(Tz)(t) = / G(t, 5)f(s,2.)ds
+ ) Gt i)

Jits CILAAT]
+
jitjElt, t+T]
expf v)dv
S £ )1ttt
exp fo v)dv —1

Then we have the followmg lemma.

(puj)G(t,tj)

Lemma 5. T : K — K is well defined.

Proof: For each z € K, by (A3), we have (Tx)(t) is
continuous in ¢ and

(Tz)(t+T)

t+2T
= [ G Y Gt Sal)
t+T it €[t t+T]
X v)dv

+ (t)G(t,t;) — — pft )
j:tje%,:wT] <p exp fo v)dv — 1

< I, (x(t,))

+T
= / Gt+T,v+T)f(v+T,xpsr)dv
¢

+ ) Gt J((t)

jitj €[t ¢+T)
expf v)dv
+ p(t))C (1) — P )
J=tj6[zt:¢+T] ( ’ Ve ) g dv ~1
x I (x(t;))
t+T
- / Gt v)f(v,z)dv+ Y Gtt;)i((t;)
' Jitj €[t t+T)
X (p(t»G(t, t) - expft 0)dv )
ity €[t t+T) exp fo dv —1
xIj(x(t;)
= (Tz)(t).

Hence, for x € K, we have

t+T
I(T)| < M( / fsads+ S Jiw(t)

Jitj €, t+T)
+ Y L),
jit; €[, t+T)
and 6)
t+T
T = N[ fwdist Y )
t it €[t,t+T)
+ Y L)
jit; €[, t+T)

t+T
%M(/t fs,z)ds+ > Jia(ty)

Jitj €[t,t+T)
Y L)

jit; €[t t4+T)
o||Tx]|.

Vv

Therefore, Tz € K, this complete the proof.
Lemma 6. 7' : K — K is completely continuous.

Proof: We first show that T is continuous. By (A3), for
any L > 0 and € > 0, there exists a § > 0 such that

{¢,9 € BC,[|0]| < L, |9l < L, [l — 4[| <4},

imply
€

f(saql)s)h) < 3]\477

supo<s<7|f(8; ¢s)) —
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and since I; € C(RT,R), J; € (RT, R"), we have

1(6) = L < g, 195(6) ~ L)l < g
If 2,y,€ K with ||z|| < L, |ly|| < L, ||l — y|| <4, then
|(Tz)(t) — (Ty)(®)]o

IN

t+T
| 165 = fsmods
+ > Gt)j(ty) — Jiy(t)]

j:tje[t,t+T]

>

JitjElt+T]

Mfﬁ@%%

+MD T () = Ti(y(t)]

ity €[t,t+T)

MY

Jitj €t t+T)

OG(t, s)

[s=t; 11 (2 (t5)) = L3 (y(t5))

IN

f(57 ys)|0d5

|15 (z(t5)) — L (y(t5))l
< g,

for all t € [0,T], this yields ||Tx — Ty| < ¢, thus T is
continuous.

Next we show that 7" maps any bounded sets in K into
relatively compact sets. Now we first prove that f maps
bounded sets into bounded sets.

Indeed, let ¢ = 1, by (H3), for any p > 0 , there exists
5> 0 such that {z,y € BC, |e] < o, llyll < plle -y <
5,0 < s < T} imply

‘f(saxs) -

Choose a positive integer N such that £

f(s9s)lo < 1.
L < 6. Letx € BC

and define o*(t) = “0F f — 0,1,2,. NI ||z]| < g
then
Kk )k x(t)(k—-1)
2% — 2" = sup;en N TN
1
< ol <4 <9
Thus
[f(s,a8) = f(s,2f Do <1

for all s € [0, 7], this yields
(s, 2)lo = [£(s,27)]

N
< Zlf(s zk) — o + [ £(5,0)[o
<N+ |f(5,0)|0 =: W, (7
and
1L ()0 = (= (t5))]

N

< ZUJ — L@ (t5)lo

+|IJ(O)|0 < N+|LO0)o=U, (8
PACICN NP ACR )]

< Z|JJ = Ji(=V 7 (t)]o

+|JJ( No <N +1J;(0)fo=V. (9

2

It follows from (6) that for ¢t € [0, R]
T[] = sup;ep|(T2)(2)]

M/ fsalds+M S Tia(ty)

jit €[t +T)

+M Y L(a(ty)
Jit; €[t,t+T)
< MTW + Mk(U 4+ V).
Finally, for £ € R, we have

(Tz)(T)
t+T
:w[ [— ()Gt 5) +

o

it €t t+T)
exp v)dv
ft (x(t;))
exp fo v)dv — 1
D [p(tj)[—Q(tj)G(tvtj)
it €[t t+T)
exp [, p(v)dv
exp fo (v)dv —1
exp [ q(v)dv
‘ i (x(t))),
exp fo (v)dv — 1
combine (7)-(10) and Corollary 2.1, we obtain

d
(T2 (1)

IN

exp f:
exp f o

[—a(s)G(t, 5)

dv - 1]f(s,xs)ds

(10)

= sup,cp|(Tz)' (t)]
(TW + kV + kPU)(M| Q||
e em
_ —k U,
)+ Il
where [|Q| = maxo<¢<7|q(t)|, [ P = maxo<i<r|p(t)].
Hence {Tz : ¢ € K, ||| < p} is a family of uniform-
ly bounded and equicontinuous functions on [0,7]. By a
theorem of Arzela-Ascoli, we know that the function T is
completely continuous.
For convenience in the following discussion, we introduce
the following notations:

IN

+

IO = maxogugT Z Ij (u),
Jitj €[t t+T)

JO = maxo<u<T Z Jj (u),
Jit; €[t t+T]

Io = minoSuST Z Ij (U),
jit; E[t,t+T)

JO = minoSuST Z J](u)
itj €[t t+T)

III. MAIN RESULTS

Theorem 2. Suppose that (A1) — (As) hold, and there are
positive constants 1,7y and r3 with r1 < r3 < ro such that

Moo 50 T8,
(A4) IQ+J0<2N,I +J >2]\47

T
(4s) i gen [ 1 0)lpds > 3

T
. ry
mf\|¢\|zrz,¢€K/0 [£(s: @)l ds > 5
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T
T3
(AG) SUPH¢H:T3a¢€K/O |f(8,¢8)|0 ds < m

Then system (1) has at least two positive T-periodic solu-
tions.

Proof: Let Q1 = {u € X : ||u|| < r1}. Then for any u €
KN 99, we have u — Tu # aug, ug € K\ {0}, > 0. For
the sake of contradiction, we choose ug = (1,1,---,1)T €
R™. Suppose that there exists u € K N 02y such that u —
Tu = agug for some oy > 0. Then, we have

a(t) = (Ta)(t) + a.
From this, the definition of T, it follows that
t+T
jasl = [ Gl f(s.)ds
t
+ ) Gt Ji((ty)

it €[t t+T)
tv
exp [,” q(v)dv
. (puj)G(t,tj) o),
jetj €[t.t+T) exp [, q(v)dv —1

xI(2(t5)) + ao

t+T
>N(/t fls,a)ds+ Y Ji(x(t;)

jit €t t+T)

+ Y L) +ao

it €[t t+T)
t+T
> N(/ f(s7:1cs)ds) + Iy + Jo.
t

Hence, we have

t+T
r = 2] > N( / (s, 2)dslo) + To + Jo > 11,
t

which is a contradiction. Therefore, we derive that

u— Tu # aug, Yug € K\ {0}, > 0. (11)

Let 22 = {u € X : |lul]| < r2}. Then for any u € K N 05,
applying the second inequality in (Ajs), similarly to the proof
of (11), we have u — Tu # aug,ug € K \ {0}, > 0.

On the other hand, Let Q3 = {u € X : |lu|]| < r3}. Then
for any u € K N 03, from the definition of T, we have

t+T
| Tl §M(/ f(s,z5)ds) +1°+ J°.
t
Hence, in view of (As), one has

4T
(| Tul| SM(/ |f(s,2s)ds|o) + 10+ JO <rs,
t

that is ,
| Tu| < ||u|| Yu € K NOQs.

Therefore,
Tu # pu,Vu € K N 0Nz, 1 > 1.

It is clear that Q; C Q3 C o, by Theorem 1, we can
conclude that T has two fixed points u; € KN (23\Q;) and
us € KN (52 \ Qg) with r; < Hu1|| <rs,ry< ||UQ|| < To.
Therefore, uq(t) and us(t) are positive solutions of system
(1). This complete the proof.

Theorem 3. Suppose that (A1) — (A3) hold, and that there
are positive constants R1, Ry and Rs with Ry < R3 < R
such that

B o o B,
(Ae) Lo+ Jo < 5rs 10+ 00> o
T R1
(A7) subjg=r,pex | If(s,95)lgds < 57,
0
T
R
sup”(bl‘:Rz;(PEK/ |f(87¢s)|0 ds < MQ,
0
g R
i 3
(As) mfn¢|\:R3,¢eK/0 |£(s,09)|ds > 7

Then the system (1) has at least two positive T-periodic
solutions.

Proof: By condition (A7), from the proof of Theorem
2, we know that

Tu # pu,Vu € 0Qq, 1 > 1,
Tu # pu,Vu € 005, 1 > 1,

where Oy = {Te X : |T|| < R}, ={Te X :|T| <
Ry}

From condition (4g), Let Qs = {T € X : ||T|| < Rs},
for any u € K N g, it is similar to the proof of (11), we
have

u— Tu # aug,up € K \ {0},a > 0.

It is clear that Q4 C Qg C Q5, by Theorem 1, we can
conclude that T has two fixed points uz € KN (Q\Q4) and
Uy € Kﬂ(ﬁg)\ge) with Ry < HU3H < R3,R3 < ||U4|| < Rs.
Therefore, us(t) and u4(t) are positive solutions of system
(1). This complete the proof.

IV. CONCLUSION

This paper studied the existence problem for a second
order impulsive functional differential equations. Some ex-
istence results of multiplicity positive periodic solutions are
obtained. The proof techniques used in this paper are new and
can be used to many other functional differential equations,
for example [11-16].
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