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On Optimization Criteria of Fuzzy Linear
Programming

Bichuan Jiang and Dong Qiu

Abstract—In this paper, we consider the expansion of linear
inequality and some related theorems in the fuzzy case, and
propose an optimization criterion of fuzzy linear problems.
Firstly, the fuzzy version of Tucker’s lemma is carried out,
and then based on the fuzzy Tucker’s lemma, it is proved
that Tucker-First existence theorm and Tucker-second existence
theorem are established, thus the Motzkin’s theorem is deduced.
Finally, Farka’s theorem is deduced to construct the optimiza-
tion criterion of fuzzy linear programming by fuzzy Farka’s
theorem.

Index Terms—Fuzzy numbers, Linear optimization, Duality
method.

I. INTRODUCTION

FTER leading the concept of fuzzy set in [28], many

applications of fuzzy sets have been developed. One of
them is fuzzy optimization, it explains any imprecision in
the optimization problems. The fuzzy optimization problems
were introduced by Bellman and Zadeh in [1]. They think
that a fuzzy decision can be considered as a fuzzy target
and a constraint problem at the intersection. Then, many
articles about fuzzy optimization were published. In this
direction, we are here to mention that some of the recent
work have been carried out , [15] used unified approach
to investigate Fuzzy mathematical programming. The large
scale fuzzy and possibilistic optimization problems have been
studied by Lodwick and Bachman in [8]. Lodwick et al. in [9]
and [10] have studied distinctions and relation-ships between
fuzzy and possibilistic, individually.Barkley and Abdallah
[2] have applied the Monte Carlo methods in fuzzy theory.
[3] basically introduced the main models and methods of
fuzzy linear programming. Several authors put forward the
optimality conditions for the fuzzy optimization problem (see
[22] , [23] and [12]).

By using the fuzzy set theory in [7] [19], the fuzzy
optimization problem has been widely studied since 70s. The
first method to solve the fuzzy linear programming problem
in the method of [27], [4]. In [27], the main focus is the fuzzy
goal and the application of the strategic theory to the fuzzy
decision problem. However, the focus is on the concepts of
mathematical programming and using the level set, and some
classical results are generalized to include fuzzy constraints
and objective functions. In [4], the fuzzy set theory is applied
to the fuzzy linear programming problem, which proves how
the fuzzy linear programming problem is solved without
increasing the computation amount.
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At present, there has been a great development in both
the optimization field and the fuzzy field. In [24], we have
learned about the new method to solve the linear optimization
problem, a new linear relaxation technique is proposed,
and the problem EP is reduced to a sequence of linear
programming problems by using the new linear relaxation
technique. In [14], the author studied edge detection method
by fuzzy C-means. In [20], the author solved the problem
of low prediction accuracy in utilizing the current filter
methods for adaptive neural fuzzy inference system (ANFIS)
parameters learning. In [25] [13], optimization of convex
and generalized convex fuzzy mappings are derived, and the
author studied the fuzzy differential equations in the quotient
space of fuzzy numbers. In [21], the author establishes a
Stackelberg game for manufacturers in a fuzzy decision-
making environment.

In this paper, we first introduce and comment on the
necessary knowledge of triangular fuzzy numbers and a
partial order relation, which provides a basis for judging
the order relations in the future. Then, the theorems of
the alternative in the linear problem is proved in the fuzzy
domain. Through fuzzy linear theorems of the alternative, we
get the optimization criteria for linear problems in the fuzzy
case, thus the optimization of fuzzy linear problem can be
solved.

II. PRELIMINARIES

The following notations, definitions and results will be
needed in the sequel.

We denote K¢ as the family of all bounded closed
intervals in R [5], that is,

Ke ={lar,ar]lar,ar € R and ar, < agr}.

A fuzzy set z of R is characterized by a membership
function pz : R — [0,1]. For each such fuzzy set Z, we
denote by [7]” = {x € R: uz(z) > a} for any a € (0,1],
its a-level set. Define the set [z]° by [7]° = Uac,1) 217
where A denotes the closure of a crisp set A. A fuzzy
number z is a fuzzy set with non-empty bounded closed
level sets [Z]" = [ZL(a),Zr(a)] for all a € [0, 1], where
[ZL(a),Zr(c)] denotes a closed interval with the left end
point Z,(«) and the right end point Zr(a) [6]. We denote
the class of fuzzy numbers by .Z.

Definition 1: [4] Let 7 : % — R be a function defined

by
@) = / afFL(@) + Fr(a)]da.

0

for all ¥ € .%. Then 7 is called ranking value function.
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Definition 2: [4] Suppose that = and y are two fuzzy
numbers. Then Z precedes y (x < y) if

1 1
[ alin() + Fntallda < [ alfu@) + Tn(e))da.
0 0

Note that the order relation < is reflexive and transitive.
Moreover, any two elements of .% are comparable under the
ordering <. For more details see [16], [17].

Lemma 1: [4] For z,y € %, then & < y if and only if
m(2) < 7(y).
Lemma 2: [11] Let a; be fuzzy numbers and z; > 0(i =
n
1,2,---,n) be an real numbers. Then, Y a;z; is a fuzzy
i=1
numbers.
Definition 3: [22] Let Z be fuzzy numbers, If the mem-

bership function uz(z) of the fuzzy number Z is denoted
by
0, r<bx>ec,
=2 b<z<a,
, a<zx<c

8
o

uz(z) =

aQ

8o

o

s}

Then, 7 is called a triangular fuzzy number. Furthermore,
the triangular fuzzy number Z is presented by = = (b, a, c),

the a— level set of a is the
o =[(1 —a)b+ aa, (1 - a)c+ aal.
Definition 4: [18] According to Zadeh’s extension prin-
ciple, we can define:
@+ b)o = [ak + 0%, aY +0Y],
(A @) = [NaE, XaY], x>0,
(- @)a = [NaY, Nak], A<,
Definition 5: [24] Let @ = (a”,a,aV) be a triangular

fuzzy numbers, we assume that a”,a,a” > 0.The square
and multiplicative inverse of @ using its a-level sets are
define as
(@) = (1 - a)a” + aa)®, (1 — a)a” + aa)?],
(1/aq) =[1/((1 - a)aL + aa),1/((1 - a)aU + «a)).

Definition 6: Suppose we have a p X ¢ matrix A, that is
A = (@ij)pxgqs if a;; is a triangular fuzzy number. Then we
can say

a1l a12 G1q
~ as1 @ a
A— |9 22 2q

ap1  Gp2 Apq

is a triangular fuzzy matrix.

III. THEOREMS OF THE ALTERNATIVE OF FUZZY LINEAR
PROGRAMMING

_Lemma 3: For any given p X n matrix A, let elements of
A are triangular fuzzy numbers. The systems

(1) Az-0;

(2) Az =0, y>0;

possess solutions x and y satisfying

Ale—i-yl - 6

Proof. We prove by using mathematical induction on p. For
p—llfAl—Otakeyl—lx_OlfA1>- , take
y1=0,2=1; 1fA1<0 take y1 =0,z = —1;

Suppose

Ay

~ | A | -
Apta ~Ap
Apt1

and A satisfy the above Lemma, that is n = p . When n =
p + 1, we have known the following conclusions,

Az éﬁ,ﬁ’y =0,y >0,A1z+y = 0.
(I) Let /L,Hxéﬁ, g = (y,0). Hence

~ ~ ~/ ~ ~ ~

A=0, Ay =0, 7=0, Arz +y1 = 0.

(II)Suppose gp_Hx < 0. The following triangular fuzzy
matrices are constructed

B N N
~ El A+ M Apn
B= |72 =
é Ap + ApApia
2
Let ~
A
>\J = T(~J‘T) 207 ] = 1a25 LD
T(—Apt12) ™
Thus,

éjl‘ = ij + /\jAVIH_lI,
because we can get T(gjx + )\j/~1p+1x) = 0, then

Thus,
Bx = 0.

Suppose that v, u satisfy lemma 1, that is,
Ev;ﬁ, B'u=0,u>0,

and we can get Elv +up > 0.

Let w = (u, %_ A\ju;)", so we can get u>0.
Hence
~/ ~
Aﬁ:Au—&—A'HZ Aju; =Bu=0
_ T(App1v)
Let w=wv T(Ap+1m)x7 we can get

Apr = Ap+1’U — Aerl’U

hence A, 1w = 0, because of

A1) 5 Busd.

Bw = Bv —
(A;o+1x)
And we know
B ~ -
_ El AL+ MAp B
Bw = 2 w= w;O,
B’p Ap + X Apia
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hence gw;ﬁ.
We can get B
~/ AUJ ~
Aw= ‘e =0
Ap-HW
because of
- ~ A ~ -
Biw+u; = Bi(v— Mw)—i—ul = Bjv+u; = 0.
T(Apt12)

From the above we can know A\ A, ;w = 0. Hence

f~11w+/\1gp+1w+u1 = (f~11+)\1/~1p+1)w+u1 = §1w+u1 - 6,

that is, _ B
T(A1w + M Appiw +ug) > 0.

Since T(A1g£+1W) = 0 and (4w + u1) > 0, we have

Ajw 4 w1 > 0. To sum up, the conclusion is established.

__Theorem I: For any given p X n matrix gl let elements of
A are triangular fuzzy numbers. That is, A = (AL A AY),
[A]* = [(1 — a)A" + oA, (1 — @) AV + «A]. The systems
(1) Az = 0

(2) Ay =0, y > 0;

possess solutions x and y satisfying

Az +y - 0.
Proof. There exist z° € R",y* € RP,i = 1,2,---,p. By
Lemma 1, we have
gﬂ;ﬁ,
Ayt =0,y'>0;
Aiz' +yi - 0;
we define © = X0_ zf y = %P 4.
Hence _ - . ~
Ax = ZleAxi, Aly =%t A ‘
because of T(lel) >0, T(Z’yi) =0.
Ef:ﬂ'(gxi) = T(Elegxi) 20,
SE_ (A = r(SP_ Ay =0,

then

Az = 0;
Ay =0;
and y = X_,y'>0. Then when i = 1,2,...,p,
Az +y; = 41‘2'5:11321 + 37y _
= Aix' +y; + ZII;:l,k;éi(Aixk + )
and we already know
gixi + yf > 0, ﬁw’éﬁ

S0 B
7(Apz?) >0

that is N
Apz' = 0, k=1,2,---,p.

Since y'> 0, then yj, > 0,k =1,2,--- ,p.
So _ _
EZ:L(Aixk + yf);()
hence, we can get _ _
then _ B
Az +y > 0.

Theorem 2: For any given p; X n matrix A,and P2 XM
matrix B,A is non empty. Then the systems
(I)Axéo, Bx = 0;

(2) A'yr + B'yz =0, y > 0;
possess solutions zeR"™, y,e RP', yoe RP? satisfying
Az +y1 > 0.

Proof. By Theorem 1, we can construct the following form

% W Y1
B |z »=0,[A", B, =B'] |z1| =0, |21| >0.
-B 2 2
The conclusion obtained by Theorem 1
Az +y1 - 6,
Bz + 21 > 6,
—E:v + z9 > 0.
Also because
A
B | =0,
-B
then
Az=0, , Baz0, , —Bxx0.
And 7(Bz) = 0, Bz = 0, because
- — | = —~ —~ -
(A7, B", —=B']|z1| =A'y1+ B'z1 — B’z =0,
2o

which implies yo = 21 — 29.Then

Eyl + Ej’zl — §22 = Ey1 + ﬁ(yz + 29) — ﬁzz
= A/yl + B/yg + B/ZQ — B/ZQ = 07
which implies
T(Eyl + g’(yz +29) — E’Zz) =0,

and T(ELZQ + ﬁzg) = 0. Then T(,/Fyl + Eyg) =0 and
Ty, + Bys =0, X

__Corollary 1: For any given p; X n matrix A, pa X n matrix
B,p3 x n matrix C and p4 X n matrix D,A , B and C is non
empty. If satisfying the following conditions

(1) Az = 0, Bz =0, Cx = 0, Dx = 0;

(2) A'ys + B'yoa + C'ys + D'ys =0, y; > 00 =1,2,3;
then zeR™ , y1eRP' | y2eRP? | y3eRP? | y,eRP* are the
solution of conditions (1) and (2), then they are satisfied

Zx—i—:m >6,
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§x+y2>5,

5z+y3 = 0.

Theorem 3: For any given triangular fuzzy matrixes ﬁ, C
and D Ais non empty. Either
@ Az = 0, Cx > 0 and Dz = 0 has a solution x
or
(1) A'yy 4+ C'ys + D'yy = 0,11 >0,y3 > 0 has a solution

Y1,Y3,Y4
but never both.

Proof.(I = I1)If both I and II hold,then we would have
T,Y1,Y3, Y4 such that

Az = 0,020, Dz =0,
Eyl + ay3 + ﬁy4 = 6, 1 > Oa 29320,

) T(J:A’yl) > 0, then a:A’y1 >~ 0.

The same can be obtained: xC”y3>0 J;D’ Yg = =0.

Then xA’yl + xC”yg + xD’y4 = 0.

But now we have a contradiction to the first equality of I1.
Hence,l and I cannot hold simultaneously. Thus, I = II.
(I = II)Suppose I is as follows:

Az =0,Cz=0,Dz =0

which is

Az-0,

O}
1)4
“O
o
8
Il
(@)

7173/1 + 53/3 + ﬁyzl = 6, y1éo, yggﬂ

By corollary 1 we can get: 3; > 0, which implies I = I1.
Theorem 4: For any given p X n triangular fuzzy matrix

A, and each given triangular fuzzy vector b. Either

)] Ax = 0, o’z = 0 has a solution zeR"

or _

(I1) A’y = b,y>0 has a solution yeRP

but never both.

Proof. ijﬁ, which shows T(Zx) < 0, then

—7(Az) = 7(—Az) > 0, —Az> > 0

Condition (I) can be converted to: &/ = 0, (—A)z ;6
From the above, condition (I) is equivalent to condition
(I') in theorem 3.

Suppose that the condition (/I’) in theorem 3 is:

b+ (—A')ys = 0,1 >0, y3>0,neR, y3 eR”

Let y = £, then condition (/1) changed to Aly = b. which
(I < (I I).
From theorem 3 we can get the conclusion above.

IV. OPTIMALITY CRITERIA FOR FUZZY LINEAR
PROGRAMME

Through the above theorem 4, we can define the
optimization criterion of fuzzy linear problem :
Find an 7 , if it exists such that

—VT = min(—b'z),TeX = {z eR", Az <chbe F"ce F"

and A is a given m X n triangular fuzzy matrix.
Let z be a solution of the linear programming problem,
then there exists a @ e R™ such that (Z,u) satissfy

Proof.(Necessity)Define the set of indicators P, Q and M.
PUQ=1{1,2,...m}

= {i| AT=&},Q={i| AT <&}

(1) If P = O, we assert that AT — ¢ < —&¢ and § > 0, is
a m dimensional triangular fuzzy vector, —de < e.

For any xeR"™, We can find a real number o« > 0. then we
have

AT + ax) —¢= AT+ Aax — ¢ < —6¢ + /Toza:éﬁ

From the above:x 4+ axeX, then we can get

—VT = min(—b'z)

That is _ _
—b'T=< V(T + ar)

T(=b'T) < 7(=V (T+ax)), 7(VT) > 7(/(T+ax)),a > 0.

So we get that r(ab/z) <0, 7(b'z) <O0.

That is b’x< 0 , because of the arbitrariness of X, we can
assume T; = b;z' = {1,2,...,n} then we can get Vo =
S b; and 7(b2) > 0. That is mean: b’z > 0.

By combining the above conclusion, we can get Vo = 0, V=
0, so the equation is set up. _ _

(2) If P # @, we assert that the system {Apz <0,z = 0}
have solutions xzeR™, if & > 0, az is also a solution of
inequality.

Then we can get

V(T + ax) = =T — ablz, 7(abz) = ar(V'z) > 0.
and hence
T(—ab'z) < 0,7(—b'T—ab/z) = T(—ab'z)+
which implies that

—(V'T + ablz) < —'T,
s0 we can know —V(Z + az) < —J?E,a > 0.
Because of Ap(T + ax) — ¢p = ApT + aApx — Cp, and
from the above, we can know:

gpf = Ep,’]’(jpf— gp) =0,

therefore, T(ag pI) <0.
Thus we can get the following conclusions:

T(Ap(@ + az)) < 0, Ap(T + ax)=0.

(Advance online publication: 28 August 2018)
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Because of (1), there exist «, EQ (T +ax)—co ;6.

We deduce:Z + azeX , and —b(Z + az) < —bz.
Contradiction with original hypothesis.

Then {Apx < 0,0z > 0} has no solution. It is necessary
to get the following solution from the theorem 4.

/A-;Pyzg7y;0

Suppose 0 € R?, then we can get that
A'py + Ap x 0= b,y >0, and A'u = b, u>0.
Hence
g’py—&—g’Qy*O = g/py =y'cp = y/Avpf = (:Z(/py)lf = bz
Then from the above we know that
= (y,0),AT < ¢

is clearly established.

To sum up, the inequalities are set up.

(Sufficiency) Through conditions (1), we know the following
conclusions are established:

Az < &, Au =b,u> 0,Vz = cu.

Because we know that

—Va — (—VT) =~V + VT = —u/ Az + €',
and w > 0, we can get that
T(—w/ Az +70) = 7(T) — (W Az) =
u/'7(¢) — u/'T(Az).
Because of AT < < ¢,7(AzZ) < 7(2),

(= — (=T )) >0, we get

T(We) — (v Az) =

T(c~’ —ng) > 0, and

—bx+ i)v’féo,
in other words: fl;’fé — V.

V. EXAMPLE

Example 1: The optimal solutions for the following fuzzy
linear problems are solved:

Minimize — [(2,3,4), (3,4,5)] m

(Oa 1,3)%1 + (713 1; 3)%22(5, 67 7)
st.q (—=1,1,3)x; + (1,2,3)1‘22(7,8,9)
x1,29€R, beF2, ce F?
We can get
Av: 7 a ) (—1,1,3) g: (234)
(-1,12) (1,2,3) |’ (3,4,5)]
_[6,6,7)
- (7.8,9)]°

Thus the a-level is

(o, 3 — 2a)

A= {(204—1,2—04) (201_1’3_2&)}’

(a+1,3—a)

7 [(24—0[74—0[)] s [(5+a77—a)}

B+ a,5—a)| |[(T+a,9—0a)|’
Through our linear problem optimization criteria, we can
solve the problem.

Through ;Fﬂ = 5, we can get:

16 10
(u1,u2) = (53 5)
We put it in YV = (?u, we can get: 3x1 + 4xy = %. and

we have known inequalities to be established: AT<c.
Finally we get the optimal solution of linear inequality:
8 26
Example 2: The optimal solutions for the following fuzzy
linear problems are solved:

(z1,22) =

Minimize —[(0,1,2), —(0,1,2)] [ij

(0,1,2)z1 — (0,1,2)25=(0,1,2)
s.it.q (1,2,3)x1 + (0,1,2)22<(0, 1,2)
x1, T2eR, beF?, ce F?

We can get

e A e R Kk |
#= 013

Thus the a-level is

A= W25 )

(0,2 — ) (a,2 — )

= [(a - 2,-@] 6= [(oz,? ~a)

Through our linear problem optimization criteria, we can
solve the problem.
Through A’z = b, we can get:

(ur,uz) = (1,0)

We put it in Vi = g/u, we can get: 1 — T2 = up +-uz = 1.
and we have known inequalities to be established: AZ<c.
Finally we get the optimal solution of linear inequality:
2 1
3’ 3)'
Example 3: The optimal solutions for the following fuzzy
linear problems are solved:

(z1,22) = (

Minimize —[(0,1,2), —(0,1,2)] Bj

(07 17 2)%’1 + (07 la 2)‘1:2;(1’ 27 3)
s.t.< (0,1,2)z + (1,2,3):@2(1,2,3)
x1, x2€eR, beF?, ceF?

We can get
R T o et
= [23)

Thus the a-level is

(Advance online publication: 28 August 2018)
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=[Gt
~:[<a,2a>] - [a+13-a)
(—2,—a)|’ (a+1,3—a)

Through our linear problem optimization criteria, we can
solve the problem.
Through A’'n = b, we can get:
/
(u17 u2) = (3? _2)

We put it in Vi = c~’u, we can get: 1 — T2 = 2u; +2uz = 2.
and we have known inequalities to be established:AféE.
Finally we get the optimal solution of linear inequality:

(331, .232) = (2, 0)

VI. CONCLUSION

In this paper, the dual type method for solving linear
optimization problems is generalized to the problem of
fuzzy linear optimization. We have proved the feasibility
of the dual type method in the fuzzy linear problem and
the establishment of the relative optimization theorem in the
fuzzy field. And an appropriate example is given to prove
the correctness of the proposed method.
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