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Painlevé Analysis, Lax Pairs and New Analytic
Solutions for a High-order Boussinesq-Burgers
Equation

Jinming Zuo

Abstract—In this work, a high-order Boussinesq-Burgers
equation is investigated. Painlevé analysis and Lax pairs are
given out, and an auto-Bécklund transformation is presented
via the truncated Painlevé expansion, a basic Darboux transfor-
mation of a spectral problem is considered. Some new solutions
are given, including travelling wave solutions, periodic solutions
and soliton and so on.

Index Terms—high-order Boussinesq-Burgers equation,
Painlevé analysis, Lax pairs, Backlund transformation, Darboux
transformation.

I. INTRODUCTION

T is known that there are many approaches to find the

exact solutions for a given partial differential equation
in the nonlinear science, such as the symmetry reduction,
Homogeneous balance method [1], Hirota’s bilinear method
[2,3], Bicklund transformation [4-6], Darboux transforma-
tion [7,8] and the variable separation approach, etc. The
Painlevé analysis [9-15] plays a very important role because
it can be used not only to isolate out integrable models but
also to find many other integrable properties such as the
Bicklund transformations, Lax pair, Schwarzian form and
more new integrable models.

In this work, we will discuss the following high-order
Boussinesq-Burgers equation [16-19]

1

uy — 3oulug, + %O’(’Uﬂ))x — §0Ugee = 0,

vy + %vam —30(uv)y + 30Uptsy + %auuzm (1
1

—Zavxxx =0.

where o is a non-zero arbitrary constant.

Zuo and Zhang [16] first applied the simplified Hirota’s
method to derive multiple kink solutions, where they used
this derivation to claim that Eq. (1) is integrable although
other justifications, such as Painlevé analysis and Lax pairs,
were not given to confirm this result. Guo et al. [17] applied
the homogeneous balance method to find multiple-soliton
(kink) solutions of Eq. (1). Jaradat et al. [18] and Wazwaz
[19] used function expansion methods to investigate soliton
and periodic solutions.

Our aim from this work is two fold. The first goal is to
investigate Painlev integrability and Lax pairs of the high-
order Boussinesq-Burgers equation (1), which claim that Eq.
(1) is integrable. We aim second to find more soliton and
periodic solutions based on an auto-Bécklund transformation
and Darboux transformation.
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II. PAINLEVE INTEGRABILITY AND AUTO-BACKLUND
TRANSFORMATION

The Painlevé analysis is a powerful method for testing the
integrability of any nonlinear partial differential equations.
The Weiss-Tabor-Carnevale (WTC) method [9] and Kruskals
simplification method are the most widely applied tools
to prove the Painlevé property [9]. More details are given
in Refs. [10-15]. To proceed with the Painlevé singularity
analysis, we set

U= (ba Z Uj (;577
= )
v=0¢" > vl
Jj=0

where we are searching for the singular solution manifold
given by ¢ = ¢(z,t), and u;,v;(j = 0,1,2,---) are
functions of (x,t), and « and [ are negative integers to be
determined.

In order to get the leading orders of the solutions of Eq.
(1), we suppose they have the forms as below

U~ U™, v~ ve”. 3)

Inserting Expressions (3) into Eq. (1) and balancing the
highest order derivative terms with the nonlinear terms, we

can obtain that & = —1, 8 = —2, and the following relations
Case 1: ug = 1y, v0 = 362,
Case 2: ug = —%qu,vo = %(f’?ﬂ

Case 3: ug = , 00 = ¢2,
Case 4: ug = — ¢y, v = ¢2,

For simplicity, we only discuss the Painlevé property in
Case 1, the process of which can be extended to the others
similarly.

For the purpose of getting the resonances, at which the
solutions have arbitrary coefficient functions, we suppose the

solutions have the following forms

o~ ug ! + Uj¢7717
v~ g2+ vl TR

“4)

Substituting Expressions (4) into Eq. (1) and collecting the
terms with the lowest powers of ¢, we can derive the general
recursion relations

w(y)-(d) o

where
Fy = —3(j* — 65° 4 11j — 6)odqu; + §(j — 3)odlu;,
Gj=3(j® — 82+ 19j — 12)0¢5u,
—1(5% — 952 + 26§ — 24)op3v;.
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Setting

det Q(j) = 15(4° — 155° +82] — 18653 + 9752

+2015 — 180)02

we find that the resonances occur atj =-1,1,3,3,4,5 and
the resonance j = —1 usually corresponds to the arbitrariness
of the singular manifold ¢(z,t) = 0.

To verify the compatibility conditions of Eq. (1), substi-

tuting )
2> ¢! 6)
j=0

into Eq. (1), where the upper limit of the sum five means the
largest resonance, we get that there are sufficient numbers of
arbitrary functions at the non-negative resonances, i.e., u;
or vy,us, Vs, Ug O V4, and us or vs are arbitrary, and the
following conditions can be obtained

5
urvqb_lZuquj, v~

Jj=0

1
B 120u1¢m + 60U Dpr + ngmz +60p U1 — 4¢t
Uz = 60(]52
(8)
120”&%@51 + 60U1 Gy + TPrza — 4t
vy = ©)
60 ¢,

(u4 and vy can be seen in Appendix A). In summary, from
the above analysis we can conclude that Eq. (1) has the
Painlevé property and hence is expected to be integrable.

At the same time, Bécklund transformation is a powerful
tool in the study on the solutions of the nonlinear evolution
equations. The Painlevé truncation provides us a straightfor-
ward way to obtain auto-Bécklund transformation.

To achieve auto-Bicklund transformation, we must work
with the general form ¢(x,t) = 0 of the noncharacteristic
singularity manifold. With leading-order analysis, we obtain
the truncated Painlevé expansion at the constant level term

as
u=uod”" +u,
v=190 2 + 16! + vy

Substituting (10) into Eq. (1) and making the coefficients of

like powers of ¢ vanish with symbolic computation, we can
derive

(10)

1
502 U1 = %, (1)

and u, and v have to be a set of solutions of Eq. (1), and

2¢3§f 4UU1 acd)xac - gguld)xm - 40'u1¢xaca:
+2003¢00 + 5002 202 — 30ULUL 2P
U(bx:cxa = O

_%¢x(8¢t - 120"“’%(;5:1: - 60”[1,1(253” + 60U2¢w
_U(bxwm) = Oa

_l(b:vzt + %Uul,zmx(bx + %Jul,m¢xxz
+§Ju1,rx¢rz + %Uulqsa:mzz + 3Ju1u1,z¢zx
_30—u1’u2¢xaz - §UU2,I¢CEI + %Uu%¢mzz
_30v2u1,z¢m - 10'/02(;51:1:2 - 3011,1'[)271,(]51
+%J¢mzzzx =0,

Grt Qe + %d)td)xac =+ %UUQbe:cQSx - %Uul(bxmcd)x
—30u1¢2, + 30u1v20? — J0UBrydy
_*O'Ul,wm(bi - Sgulul,x(bi - Sgul,wd)qusx
_Zg(bxz:cwd)x - %Uﬁbmczqsxx =0,

1
ug = iifbmva

(12)

13)

(14)

15)

—102(4¢; — 60Uy 3¢y — 120uid,

_6Uu1¢xm - U¢wwx> = 0.

Therefore, we obtain an auto-Bécklund transformation of Eq.
(1) as follows

(16)

19
u=t55-In¢+u,
—%%lnqﬁ—l—vg.
We take the trivial vacuum solution u; = 0,v2 = 0 as

the seed solution, then constraint conditions (12)-(16) are
simplified to

A7)

v =

1
¢t - Zo—(vamz = 07
and the auto-Bicklund transformation (17) can be read as
=+12]
u % n o,
2 812 In (b

We are going to find the solutions of Eq. (18) in the form

¢ =1+p(€)e” =1+ p(Kx + Ct)e***+,

(18)

19)

v = —

(20)

where K, k, C and c are all constants, whereas function p(§)
may be sine, cosine, hyperbolic sine, hyperbolic cosine and
so on. Now, we consider some special situations

Case 1 p(§) =1

In this case, the general solution of Eq. (18) reads

o 1.3
¢1:1+ekm+4k t'

Case 2 p(&) = sin(¢) or p(&) = cos(€)
After some calculation, we obtain the solutions of Eq. (18)

ey

¢s =1+ sin [Kx + oK (3K — K?)t]

ekt G h(k*—3K?)t (22)
and
¢3 =1+ cos [KJ?—F%K(SIQQ —KQ)t} 23)
ekz+%k(k2—3K2)t_ (
Case 3 p(¢) = sinh(&) or p(&) = cosh(§)
Similarly, we get the solutions of Eq. (18)
¢4 =1+ sinh [Ka: + o K(K? + 3k2)t] o
ekx+%k(k2+3K2)t
and
¢5 =1+ cosh [Kx + IR (K? + 3k2)t] s
eka+TR(k*+3K2)t (25)
The corresponding analytic solutions of Eq. (1) read
1LZ—:|:1 9 1n ¢, 26)
Vi = 2 81 In (bl

where 1 = 1,2, --- , 5. Because Eq. (18) is linear, some kinds
of ¢ solution listed above can be combined appropriately.
Then we can get various kinds of analytic solutions. The
results read

N
g =1+ el @7
=1
N
ér=1+3 sin [Kim + 2R (3k2 — Kf)t}
i=1 (28)

ekim+%ki(k?73Kf)t’
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N
b5 =1+ 3 cos [Kix + oK (3K2 — Kf)t} 09
eki;:-%ki(k?—M(f)t

N
¢ =1+ 3 sinh [Kx + oK (K2 + 31@2)4

= (30)
ekimtGhi(kI+3K7)t
and
N
$10=1+ " cosh [K:c + oK (K? + 3k§)t} an
i=1

1=
ekiz+$ki(kI+3K7)t

where the parameters k;, K;(i = 1,2,--- , N, N > 1) are all
arbitrary. The solution (26), while ¢ satisfies Eqs. (28)-(31)
in turn, had not been given in Refs. [16-19].

To understand the analytic solutions well, we plot the
solution (26), while ¢ satisfes Eq. (27) with some special
parameters in Fig 1 and Fig 2.

t -20 -10

Fig. 1 Spatial structure of two-travelling wave solution
(26), while ¢ satisfes Eq. (27) with N =2, k1 = 1,ky =2
and 0 = —1.

¢ -20 " -10

Fig. 2 Spatial structure of two-soliton (26), while ¢ satisfes
Eq. 27) with N =2k; =1,kp =2 and 0 = —1.

Moreover, different kinds of solutions ¢ given in Eq.
(18) can be combined to form some new kinds of analytic
solutions. For example

P11 = 1+ ekat§h’t
+ sin [Kx + %K(Z’)kz _ K2)t ekx+%k(k2_3}{2)t
+ sinh [Kx + SK(K* + 3;{2)4 ekx+%k(k2+3l(2)t’

(32)

1.3
¢12 =1+ ekx—&-zk t

+ cos [Kx + 2K (3K — KQ)t] okt k(k?—3K2)t 33)
+ cosh {Kx + %K(KQ + 3]&)4 elchr%k(kQJrSKQ)t’

P13 = 1 4 eFot§h

+sin | Kx + %K(3k2 — K%t eke+§k(k?=3K>)t

+cos | Kz + $K(3k* — K?)t ekt k(k*—3K?)t (34)

+sinh | Kz + $K(K? + 3k?)t eka+ T k(k?+3K2)t
+cosh | Kz + $K(K? + 3k?)t ket Rk +3K%)t
and
N o 1.3
¢14 — 1 + Z 6kix+zkit
i=1
N
+ ; sin {Kix + 2K, (3k? — Kl?)t} okiztGhi(k2—3K2)t
K?2)

N
+ > cos [Kia: + 2K;(3k? — K t} ekizt+§hi(k]—3K7)t
i=1

N
+ Y sinh [Kix + SK;(K? + Skf)t} ekit+ki(kI+3K7)t
i=1

N
+ 3 cosh [KZ:E + CK;(K? + 3sz)t} kvt Ghi(kI+3K2)t
=1

(35)
and so on, where the parameters k, K and k;, K;(i =
1,2,-+- N, N > 1) are all arbitrary.

IIT. LAX PAIRS AND DARBOUX TRANSFORMATIONS

Based on the AKNS procedure [10,20], Lax pairs of Eq.
(1) are obtained as below

Atu Uyt

A B
vy (45,

|
‘b‘(@)’

1
A= 10[4)\3 = 2(uy + V)X — vy + duu, — 2uv + 4u3},

@I:Mtb,M:(

(37

where

B=jo [4(% + 0)A? 4+ 2(uy + v — u?) A — duvd
+(u90 + v)xﬂc — dutizy + 4U2Ugc — 4Ui — 4duv,

—6u,v + 4uv — 21}2} ,

C= %0(2)\2 — 2u\ + 2u? —v).

where A is a spectral parameter independent of x and ¢. The
compatibility condition ®,; = ®,, yields a zero curvature
equation

My, — N, +[M,N] =0, (38)
which leads to Eq. (1) by the direct computation.
Now we consider a Darboux transformation
6 =T6¢, (39)
where T is defined by
T, +TM = MT. (40)

(Advance online publication: 28 August 2018)
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A new spectral problem reads
b, = Mo,

where M has the same form as M, except replacing v and
v with w and ©. We assume

A b
T = a(]( l—lal di )7

where ag,a1,b1,c1, and dy are functions of x and ¢. Sub-
stituting (42) into (40), we compare the coefficients of A,

(41)

(42)

7 = 2,1,0. The case of j = 2 is trivial. For the case of
j =1, we have
ag — agl + agy = 0, 43)
1
by = i(uac +v), (44)
1
=g 45)
For the case of 5 = 0, using (43)-(45) we can derive
1, 1
a1z = = (Uz +0) — = (ugy +v), (46)
2 2
_ 1
di(ty +7) = (a1 — u)(uy +v) + §(uz + V) g,y 47
dy = a1 — 7, (48)
dla: = 2d1 (U — ﬂ) (49)

On the other hand, from relation TrM = TrM = 0. The
solutions ¢, ¢ of (36) and (41) are two 2 x 2 matrices. Thus
det¢ = detp = constant, it means that there is a constant
A = A; and a solution ¢ = (¢1,¢2)7 of (36), which satisfy

ag(A1 + a1)é1 + apbrdz2 = 0,
apc1¢1 + apdi1g2 = 0.

Then, we have

al
dlz

>\17

sﬁz + v) 50)

w\»—l m\»—t

P2 ”

If u and v are given, (¢1, ¢2) is a solution of the Eq. (36) with
A = A1, then seven unknown functions ag,a1,b1,c1,d1, 0
and v can be defined by seven relations (43)-(45) and (48)-
(50). The relations (46) and (47) can be proved to be
satisfied automatically. Especially u and v can be expressed
as follows:

ﬂ:—%(um—i—v)‘z’l —&—%%—)\1,
v =—2(u, +v)z% — (uy +v)(%)x — %(QT;)T (51)

+uy + .

At the same time, substituting the transformation (42) into
¢, = N, where N has the same form as N in (37) except
changing u, v into u, v, the compatibility condition ¢,, =
¢y, holds, ie., My — N, + [M,N] = 0, so that (u,?) is a
new solution of Eq (1).

When v and v are constants and v # 0, (u,v) is a solution
of Eq (1). Let us take this solution as our ’seed’. The result
(¢1, ¢2) can be expressed as follows:

¢1 = (01 + )\1 —+ U)€£1 + (761 —+ )\1 —+ u)eiﬁl,

(;32 3 + 6*517 (52)

where
& =cifr + 0\ —ul +u? —
1 =+ (A1 +u)?+o,
% = (A1 + u) + ¢ tanh(&;).

2)t;

From (51), we get a new solution

S|
Il

(A1 +u+cy tanh(€1))%—v Y
A1 tuter tanh(gl) 1

1
2
_ 1 c2v sech? (&1) 192 2
v= 2 ()\1+7}L+c1 tanhl(fl))2 - 501 sech (fl) +v.

IV. DISCUSSION

In this work, with symbolic computation, we have per-
formed the Painlevé analysis for Eq. (1), and Lax pairs be
obtained following the AKNS procedure. We have given
the auto-Bécklund transformation via the truncated Painlevé
expansion and a basic Darboux transformation of spectral
problem for Eq. (1). Some analytic solutions are given,
including the travelling wave solutions, soliton solutions and
periodic solutions and so on.

APPENDIX A

Us = 21;54 36012¢g (540 U3¢} bar — 1800305 hua
+2160%u3 P2 rp + 1800%u2 2, — 14402 U U1 50 2

_84U2u%¢§¢xxz - 3602u1¢i¢zxmx + 720u1¢§¢mt
_4202u1$¢i¢wz$ - 200¢$¢mzm¢t - 180’2”1x$¢i¢$£
+602¢z¢wm¢mxwm - 24U¢w¢axw¢wt + 3602u1$¢w¢)2x

+7202uruzds — 3602u103¢i - 43202ufu1x¢2
7960’“1(152 th + 24Uulz¢§¢t + 16¢z¢t — 120 Ulrzzd)i
+402¢$ rxT 36U2u1¢?:2 - 602 2 d):v:cz + 240—¢ ¢t
_302¢m¢zwzmm + 120¢925¢mct - 240U1t¢i — 180 ’U3z¢i
+3602u3,¢5 + 14402u‘1*¢3 +900%U1 ¢y P P
—1080%u3,¢3 — 10802 U112 Pze — 1440U1 PrPaadr),

and

vs = dusy — 55 ¢2 (24U1U2U1I + 240U u3 ¢,
+120U1 U3y Py + 240uFuzdy + 120Uz, Py
+120U3’UJ11¢I — 120’U2U3¢z — 120’11,3’02(,251 — 120U1’U4¢z
+90u31¢1’x + 5Uu3¢zzx - 30”04¢1I + 60u3xx¢z
—|—60u%q’)m — duos + 240Uy Py Opz + 120U1U3 D11
—|—24Uu1u4¢§ + oUogzz + 24auQu3¢§ — Bug oy
—60VoU2, — 30V4e Py — 60UV3, — 60UV,
—|—1SO‘U4I¢320 — 6ovsuly + 120u%u21).
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