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Some Transformation Properties of the Incomplete
Beta Function and Its Partial Derivatives

Aijuan Li, and Huizeng Qin

Abstract—In this paper, some transformation properties of
the incomplete Beta function B(z; z,y) are obtained. Based on
the transformation properties, we extend the definitions of the
partial derivatives of the incomplete Beta function B, 4(z; z, y)
to the whole complex plane on z,y and z. Furthermore, we
give some representations of B, ,(z; x,y) for complex numbers
x,y, 2. Moreover, numerical examples show the transformation
formulas can improve the speed and precision of calculating
B(z; z,y) and By q(2;2,y).

Index Terms—incomplete Beta function, hypergeometric
function, Pochhammer symbol, neutrix limit.

I. INTRODUCTION

HE Beta function was generalized to the incomplete
Beta function by I.S.Gradshteyn et al. in [1]. The
incomplete Beta function B(z;x,y) is defined by

B(z;z,y) = / t" M1 =) tdtz,y > 0,0 < 2 < 1.
0
(1)

where the incomplete Beta function reduces to the usual Beta
function when z = 1, ie, B(l;2,y) = B(x,y). Some
scholars have considered the partial derivatives of B(z,y)
in [2,3]. In addition, some scholars also considered the
partial derivatives of B(z;x,y). Noted that B, ,(z;z,y) =
%B(z;x,y)(p,q = 0,1,....). For example, the defi-
nition of B, ;(z;x,y) was extended for negative values of
z and y by E. 6Zgag in [4,5]. Furthermore, the authors
showed that Bj, ,(z;z,y) existed for p,¢ = 0,1,2,--- and
all real numbers x,y and 0 < z < 1 in [4]. The authors
also obtained some closed forms of B, o(z; —n,m) and
By1(z;—n,m) for n,m,p = 0,1,2,--- in [5]. However,
the most effective method of extending the definitions of
By 4(z,y) and B, 4(z;x,y) was referred to use neutrix
calculus in [4-11]. For example, it was proved in [5] that
the neutrix limit

By4(z;2,y) = N— liH(l) t* 11 —t)y 1 InP tIn?(1—t)dt
E— €
2)

existed for all real numbers x,y and p,q =0,1,2,---,0 <
z < 1. Moreover, the definition of B, ,(z; z, y) was extended
to 0 < |z] <1 from 0 < z < 1in [12].

In this paper, using transformation properties of the incom-
plete Beta function, we extend the definitions of B, 4(z; z,y)
to the whole complex plane on x,y and z. Furthermore, we
give its representations.
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The structure of this paper is organized as follows. In
Section 2, we obtain the transformation properties of the
incomplete Beta function B(z;x,y) with respect to z on the
entire complex plane. In Section 3, the partial derivatives
of the incomplete Beta function is obtained for all complex
z. In Section 4, numerical examples are given to verify the
results in Section 2 and Section 3. The conclusion is given
in the last section of the paper.

II. TRANSFORMATION PROPERTIES OF THE INCOMPLETE
BETA FUNCTION

In this paper, we assume that x,y,z € C and p,q € N,
where C' and NV are the complex set and the set of nonnega-
tive integers, respectively. Moreover, (z),, is a Pochhammer
symbol, ie., (), = z(x + 1)(x +2)---(x +n — 1), and
a7.4(2) = 5 (2);.

First (1) can be rewritten as

1
B(z;z,y) = zm/ t"H (1 — 2t)v . 3)
0
Since a power function z¥ is analytic at the point of z on the
set {z|z ¢ (—00,0]} and (1 — 2t)¥~! is analytic at the point
of z on the set {z|z ¢ [},00)} for ¢t € [0,1], B(z;z,y) is
analytic at the point of z on the set D = {z|Imz # 0} U
(0,1). It is well known that the incomplete Beta function and
the hypergeometric function exist the following relationship:

xT

Bziy) = = 2A(l—ymo+12), @)

where oF(a,b;c;z) denotes the hypergeometric function,
which is defined by

2F1(a,§9;)c; 2) )

I'(c _ b _a

= rore—n Jo (1 — )71 (1 — zt)~dt 5)
_ = (@ ()"

For the hypergeometric function, there exist the following

transformation formulas: z —» 1—z, L —=2 L 2 Sim-

. . . Y 2? z-10 1—=27 22"
ilarly, we also obtain the following transformation formulas
for B(z;z,y).

Theorem 2.1 1) If z satisfies |1 — z| < 1, then

B(z2,y) = B(y,z) — B(1 = 21y, x). (6)
2) If z satisfies |z| > 1 and Imz # 0, then

B(zx,y) = B(z,y) — Hy(y, 2)
(7N
where
[ (=1)7Y, Imz>0,
Hy(y,z)—{ (—1)v, Imz<0 or z>1. ®)
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3) If z satisfies | 21| < 1 and Rez > 1, then
B(z;z,y) = B(z,y) — Hy(y,z)B(%l;y, 1—z—y).

)
4) If z satisfies
B(Z,l‘,:lj):H.l?(l‘,Z)B(z 1,.13 1- x—y), (10)
where
[ (=1)7*, Imz <0,
Ha(z,z) = { (-1)*, Imz>0 or z<-L
(11)
5) If z satisfies ’i‘ < 1, then
B(z;2,y)
= Hzx(z,2) (B(l —x—y,x) —B(llz,l T—Y, )) )
(12)
Proof. 1) For |1 — z| < 1, there is
. — N Z g x—1 _ 4\y—1
B(z;z,y) N Eh_r}r}J Jo (1 —t) dli
= N—li y—1 =
N ;l_r)%fl 1 —t) ldt
=N-—1 eyl = 13
N glgtl)fls tv=1(1 —¢) 1 e (13)
- T —Zz y71 _ xr—
N iﬂ% R S O R/
= B(y,z) = B(1 - zy,2).
Thus, we can obtain that the formula (6) holds.
2) For |z| > 1, (1) can be rewritten as
B(z;2,y)
B(i,z,y) + [[t"7 (1 = ¢)¥~ dt, Imz > 0,
=< B(—iz,y)+ [t M1 —t)v"tdt, Imz < 0
or z > 1.
(14)

where the path of the second integral in (14) does not across
the real axes.
By using the variable substitution, we have

SOt —tvtdt
— (1) [Pl —tyldt,  Imz >0,
Z qx—
Jo A=)y tat
=(=1)¥ fl/zt TY(1—t)¥tdt, Imz<O0orz>1.
(15)
Substituting (15) to (14), we get
B(z2,y)
(D)"Y (B($3:1 -2z —y,y) = B(—i,1 —x — y,y))
) +B(i,z,y), Imz >0,
(-1)Y (B(3;1—2—y,y) — B(i,1 —z —y,y))
+B(—i,x,y), Imz<0 or z>1.
(16)
Let z — 1 in (16), we have
B(z,y) .
(D)7 Bl-z-y,y)—B(-i,1 -z —y,y))
) +B(i,z,y), Imz >0,
()Y (B(l—z—y,y) - B(i,1 —z—y,y))
+B(—i,z,y), Imz<0 or z>1.

(17)
By (16) and (17), we obtain that (7) holds.
Similarly, the results of 3)-5) in Theorem 2.1 can be
obtained.
Theorem 2.2 1) If z satisfies

0o (q_ =yt
> U)o, (19)
=0

B(zz,y) = 2°(352)v !

for x #£ 0, -1, , Where
l l Y
Ci(z) =Y ( . ) 2 (19)
5=0 \ J
2) If z satisfies 1, then
B(z;—m,y)
m—1
m—j7—1)!(1 ZImm
m' Z ( J(l )Z 1+Jy)y
m??ﬁiﬂff& Ot o(252)0
s 0 (3]
(1-y)2(25)% (1-y)i(Z5
Inz Z @ Z s Z 5 |
(20)
for m=20,1,2,---.
Proof. 1) By (4) and the following results of [13]
2F1(a b;c; 2)
n 21
=157 E G Anba(z)n,

we see that formula (18) holds for x # 0, —1,—2,---
2) Repeated using the following recursive formula

T(] — y—1 -1
B(za,y) =~ ( mz) +yx B(zz+1,y—1) (22)
we have
- y—1—j jo+j
B Zia,y 1)J (1-y); (1—=2) z
( ) g ()41 (23)
+CUL Bog 4 Ly — L),
By (2), we have
. — R H Z4—1 _ f\y—1
B(z;0,y) N—lim Jott A=)y tdt
=N- 611_% [(1-2)Y"'lnz—(1—¢)" 'lng]
+N = lim [((y—1) [7(1 — )2 Intdt]
E—r
=(1-2)¥"tInz+ (y—1)Bio(z;1,y — 1)
(24)
Setting * = —m, L =m in (23) and using (24), we obtain
m— ! ZI—m
B(Za —m, y) = Z ( J(11)251+Jy)y
7(1 sz“ Bio(z1l,y—m—1) (25)
e
Moreover, the following formulas hold:
! I\ (=27 _ 1—(—p'?
Zo(j > (j+% - 2((l+)1) ’ (26)
j=
and
l l ( 2)/ 1 [%] 27
B
Combing (18), (26) and (27), we have
Bl O(Z; 17y)
p X A-yi(E)t N (—2y
=2(35%)Y"'In 227?“ : JZ%)(J' )%fi
_ > (- yz(z )b < l) (—2)7
A5 ; j;o ( j ) Uy (28)
v =)
= 2(352) 1lnzl§:0 (2z+1)!2
(1-y)i(Z5) 4]
- ( 2)vT Z: I+1)! 2D
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Inserting (28) into (25), we see that (20) holds.

In the following section, we will give the representions of
the partial derivatives of the incomplete Beta function on all
complex z.

III. THE PARTIAL DERIVATIVES OF THE INCOMPLETE
BETA FUNCTION ON ALL COMPLEX 2

For B, 4(z; x,y) on all complex z, we have the following
theorems by Theorem 2.1 and Leibniz derivation rule.
Theorem 3.1 If z satisfies |1 — z| < |z| < 1, then we have
the following result:

= Bq,p(ya T) —

Theorem 3.2 1) If z satisfies |z| > 1, then we have the
following results:

By 4(z;52,y) By (1 —zy,2). (29)

By q(z;2,y)
q
~ Byl - 2

() e

: (Bp+zz,k—v(]- - — y,y) -

’ ) Hyqx(y, 2)

Bp—&-v,k—v(%; 1—oz— Y, y%%é)

where

Imz>0 or z<—1,
Imz<0 or z>1.
(31)
2) If z satisfies |Z—;1] < 1, then we have the following
result:

qu(y,z)—{ (_() )(( 2)21

Bypq(z2,y) = Bpglz,y) - = 0( )

k k
qukya Z(u) b

u=0

Bk u,P+u( > aya y)a

(32)

where Hy,(y, z) is defined by (31).
Theorem 3.3 1) If z satisfies ’Z%l‘ < 1, then we have the

following result:

D D k k

Brazon) = ¥ (4 ) Hoawa x (1)
k=0 =0

'(_1)q_uBk7u,q+u(ﬁ; x, 1 — T — y)7

(33)
where
(=) (=), Imz <0 or z2>0,

Hay(z,2) = { (=D)* (m)?, Imz>0 or z2<0.
(34)
2) If z satisfies ‘—‘ < 1, then we have the following result:

Byq(22,y)

=S (P ) Heprwn 5 (B ) (caye
T\ k) TR (35)
'(Bq+u,k—u(1 - T —= y,x)

_Bq—&-u,k—u(ilz; 1—x— y,x))y

where Hz,(x, z) is defined by (34).
In the following, we obtain the following theorem by
Theorem 2.2 and Leibniz derivation rule.

z
z—2

Theorem 3.4 1)If z satisfies
following result:

< 1 , we have the

o0 _z 1 2,
Bpg(ziay) =zo(Z2)p-1 Y =2l %Gud
G . (36)
kz—:o ( Z ) O (x) P ~F 2
for z 7# 0, -1, where
q q . .
ARIEDD ( j ) (—1a;(1-y)n >
i=0
] (37)
and
l l Ny
Ci) = ") () ]Eo( j > G (38)
—2
) () = (~1) R Z < ) ))k o (39)

2) If z satisfies | %5

By 4(2;—m,y)
nPtl s —m2—z\y— = l
L o (A

25)'Qa(zy.l —n —z\y— o Z%qu,,l 40
'M—i—z n(Z52)y 12(2)?# (40)

1!
P
Y ( z )lnpk zC’l(k)(—m).
k=0

form=20,1,2,---,

l .
! (=2)/
m) = (-1DFE ( : > T
jobggm NI G =m)
and Qq(z,y,1) is defined by (37).
Proof. 1) By Leibniz derivation rule for (18), we obtain
that (36) holds.
2) By the neutrix limit for (36), we obtain

=0

where

M (-~ (41)

Bp q( —-m y) ,
= N—lim 25~ "(252)v=1 Y M
e—0 =5 1

p
Z ( )lnp sz( )( —m)
(22t §2 () Qe

=z i
=0 (42)
P
.k;) Z )lnpk zCl(k)(—m)
—2vm2—z\y—1 l (%9)'Qu(z9:)
)3 1l;n< m ) =
P e
Since 1
z° In z
N= I oo = G @
and
p k+1 p+1
P & _r In z In z
—1)*k!n? = 44
Z<k>( )kl In Z(k+1)! p+1 44

k=0

Substituting (43) and (44) into (42), we obtain that (40)
holds.
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Remark 3.1 From Theorem 3.4, we notice that the com-

putation of a; 4(x) and C’l(k) () are important in process
dl

of computing B, ,(2;7,y). ani(v) = 47 (x), can be
calculated by the following formulas:
ani(x) = (x+n—1ap—1,(x) +lap—1,-1(x), (45)
and
1 0(2) = (2)s At (&) = { sy (46)

forn,l=1,2,....
Moreover, Cj(z) and C’l(k)(a:) can be calculated by the
following recursive formulas:

Cria(z) = l+1+mCl 1(z) + l+1+xcl( z), 47)
k k z (k)
Cl(+)1(x) = l+1l+a:C(7)( )+ 1i1 C( (z) 48)
k—1 k—1
e (@ + @)
and
C(2) = Ca(@) = 0,607 () = Cola) = 3. )
3 k)
c<’*’< ) = 0,08 (x) = S
for x 75 0 2,....
For C ( ) we have the following formulas:
) (=m) = P (~=m) — 20 (1 —m),
o L m=1,2,...,
0 (_m) - 0, _ O ) (50)

() = (- )kk'z( ).

forl,m=0,1,2,....
Moreover, (40) has also a different representation. In fact,
by Leibniz derivation rule for (23), we have
Bp,q(z§ z,y)

= > (1) (1 =2 12" Q(g, 2,y )

k=0 GD
L q
0P () (-nranu - y)
u=0
N
Z ALk( )Bp k,q— u(z:z:+Ly L)
i=o \ K
where
q
Qaznd) = % (1) (a1 = )1 ),
B (52)
and .
Ajn(e) = e |5 53)
Using the neutrix limit, we obtain
Bp,q(Z;O,y)
=N-lim [C¢t71(1 —¢)¥ 1InP tIn?(1 — t)dt
€0 (i_ )y*ll r+1 .1 ‘1(1— )
=N- il_ﬂ% p+1
_N— i A=9Y P en?(1-c)
>0 ptl (54)
+N - lim yH (1 =ty 2P tIn?(1 — t)dt

+N— hm 1 oh 2@ =) 2P e (1 - t)at
1—z y 1 InPt! 2 1n9(1—2
= ) pr1 o + Bp7q(z;1,y—1)

LBy =1,y —1)

_|_

Setting + = —m, L = m in (51) and using (54), we can
obtain the following theorem.
Theorem 3.5 If z satisfies ’;2
following result

‘ < 1, then we have the

—m,y)

b nyiaim "Q(g:2,y.5)
(I—z)T+i-v

By, q(

m—

m) InP Tk 5

p
Z Ajr1k(—
=0

™Q(q,2,y, zp:

*Wk O( pr1 >Am,k(—m)
g £ )

k=0
‘Bp_ky1,4(z1L,y —m —1) + kEO ( ) A}?ff:;?)
'qu: ( ? ) (=)™ By_kr1.9-1(25 1,y —m — 1)
(g == Va1 =)~ lama (1) ),

(55)
form =0,1,2,---, where By 4(2;1,y—m—1) is calculated
by (36), A, »(z) = jm—i, [(ml)n] is calculated by the recursive
formulas:

1
App(z) = Trn—1 (An—1p() = PAnp-1(2)),
and
1
An,O(x) =
(2)n

In the following section, we give some numerical examples
to verify the results of Section 2 and Section 3.

IV. NUMERICAL EXAMPLES

Using the following transformation formulas

. 1 z 1 z
i S L1 1—2 22

we can obtain high precision and fast calculation for the
hypergeometric function 2Fi(a,b;c;z). By (4), B(z,z,y)
can be directly calculated by using the hypergeometric
function o F} (a, b; c; z). However, using transform formulas
of Theorem 2.1 and 2.2, B(z,z,y) can be calculated more
effectively. Some mathematical softwares have internal func-
tions for calculating B(z;z,y). For example, we illustrate
the validity of the numerical calculation by the following
numerical results of Table I and Table II in Mathematica.

Table I The comparison of numerical results
for B(z,z,y)(1)

2,2,y algorithm Ti6, 16
sysl 0.0625,1.3 x 10 1°
284 4 1 =l2 sys2 0.0156,0.0 x 1076
(6) 0.0,0.0 x 10~2¢
sysl 0.0937,4.0 x 10~ 1°
22 4 5i 5 1T sys2 0.0156,0.0 x 10716
(9) 0.0,2.0 x 10~
sysl 0.0625,6.9 x 10~ 11
EAENE P sys2 0.0156,0.0 x 10716
(10) 0.0,0.0 x 10~2°
sysl 0.0625,1.9 x 10~ 1%
14 @g =34 sys2 0.0156,0.0 x 10716
(18) 0.0,4.0 x 10717

(Advance online publication: 1 February 2019)
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and

Table II The comparison of numerical results
for B(z,z,y)(2)

V. CONCLUSION

In this paper, some transformation properties of the incom-
plete Beta function are obtained. Based on the transformation
properties, we extend the definitions of the partial derivatives
of the incomplete Beta function B, ,(z;x,y) to the whole
complex plane on z,y and z. Furthermore, we give some
representations of B, ,(z; x,y). Finally, numerical examples
show the transformation formulas of Section 2 and Section 3
can improve the speed and precision of calculating B(z; z,y)

2,2,y algorithm T332, 132
sysl 0.2968,0.0 x 1032
284 o1 12 sys2 0.0156,0.0 x 10~3?
(6) 0.0156,0.0 x 104!
sysl 0.3593,1.3 x 10~ °2
22 4 55 17 sys2 0.0156,0.0 x 10732
9) 0.0156,2.0 x 10738
sysl 0.1093,0.0 x 10~ 32
Forg, 8222 sys2 0.0156,0.0 x 1032
(10) 0.0,0.0 x 10740
sysl 0.1718,0 x 1052
143 s 14 sys2 0.0156,0.0 x 10732
(18) 0.0156, 0.0 x 10~ 3¢

Where sysl represents the call of numerical integral
function of Mathematica to calculate the formula (1) for
xz > 0, sys2 represents the call of internal Beta function
of Mathematica to calculate the formula (1). In this section,
Tp and 7, represent the running time(unit:second) and the
error with the precision P, respectively.

Seen from Table I and Table II , the calculation accuracy of
using the formulas (6), (9), (10) and (18) is best. Moreover,
sys2 and formulas (6),(9),(10),(18) have almost the same
computation speed. According to Theorem 2.1 and 2.2,
the internal functions of calculating B(z;x,y) are written,
calculation efficiency will be better.

In the following, we consider the calculation of
B, 4(z;x,y). Due to there is no specific command which
is used to calculate B, ,(z;2,y) in the mathematical soft-
ware. The symbol derivation of function B(z;x,y) seems
to be able to get B, 4(2;2,y). However, it is rather time
consuming. Especially, when p + ¢ is bigger, it cannot give
calculation of B, ,(z; x,y). When (2) is integrable, it is the
integral representation of B, 4(z;x,y). Thus, the transform
formulas of Theorem 3.1-3.4 can be compared with the
numerical integration of (2). Here, we give the comparison
of numerical results for B, ,(z;2,y)(p = 2,q = 2) in Table
IIT and Table IV.

Table III The comparison of numerical results

and By, 4(z;2,y).
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