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Abstract—The fractional factor theory of graphs originated
from the feasible flow problem in communication networks.
With the development of computer networks, this problem has
been highly valued by scholars from the field of computer
science and mathematics. This paper studies the sufficient
conditions for the existence of fractional factors in the different
setting of network from a theoretical perspective. These theoret-
ical results provide the basis for the initial network designing.
We first study the relationship between vulnerable parameter in
networks and the existence of fractional factor, and an isolated
toughness condition for a graph to be fractional (g, f, n′)-
critical is determined. Then, we illustrate some neighborhood
union conditions for independent-set-deletable deleted graphs,
and point out that the conditions are best in some senses.
Moreover, we present an independent set condition for a graph
to be fractional ID-(g, f,m)-deleted. Also, the result is tight
on independent set degree condition. Finally, we introduce the
concept of all fractional ID-(g, f,m)-deleted graph, and several
conclusions are obtained from the known results.

Index Terms—graph, fractional factor, all fractional factor,
fractional critical deleted graph, isolated toughness, neighbor-
hood union condition.

I. INTRODUCTION

ALL graphs considered in this paper are finite, loopless,
and have no multiple edges. Let G be a graph with

vertex set V (G) and edge set E(G). For any x ∈ V (G),
the degree and the neighborhood of x in G are denoted by
dG(x) and NG(x), respectively. For S ⊆ V (G), we denote
by G[S] the subgraph of G induced by S, and G − S =
G[V (G) \S]. For two vertex-disjoint subsets S and T of G,
we use eG(S, T ) to denote the number of edges with one
end in S and the other end in T . We denote the minimum
degree and the maximum degree of G by δ(G) and ∆(G),
respectively. The distance dG(x, y) between two vertices x
and y is defined to be the length of a shortest path connecting
them. The notation and terminology used but undefined in
this paper can be found in [1].

In the whole context, we always assume that n = |V (G)|
and G is not complete. Suppose that g and f are two integer-
valued functions on V (G) such that 0 ≤ g(x) ≤ f(x) for
all x ∈ V (G). A fractional (g, f)-factor is a function h
that assigns to each edge of a graph G a number in [0,1]
so that for each vertex x we have g(x) ≤ dhG(x) ≤ f(x),
where dhG(x) =

∑
e∈E(x)

h(e) is called the fractional degree
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of x in G. If g(x) = a and f(x) = b for all x ∈ V (G),
then a fractional (g, f)-factor is a fractional [a, b]-factor. If
g(x) = f(x) for all x ∈ V (G), then a fractional (g, f)-
factor is a fractional f -factor. Moreover, if g(x) = f(x) = k
(k ≥ 1 is an integer) for all x ∈ V (G), then a fractional
(g, f)-factor is just a fractional k-factor.

A graph G is called a fractional (g, f,m)-deleted graph if
for each edge subset H ⊆ E(G) with |H| = m, there exists
a fractional (g, f)-factor h such that h(e) = 0 for all e ∈ H .
That is, after removing any m edges, the resulting graph still
has a fractional (g, f)-factor. A graph G is called a fractional
(g, f, n′)-critical graph if after delated any n′ vertices from
G, the resulting graph still has a fractional (g, f)-factor.

The first author of this paper first introduced the concept
of a fractional (g, f, n′,m)-critical deleted graph [2]. A
graph G is called a fractional (g, f, n′,m)-critical deleted
graph if after deleting any n′ vertices from G, the result-
ing graph is still a fractional (g, f,m)-deleted graph. If
g(x) = a and f(x) = b for all x ∈ V (G), then fractional
(g, f,m)-deleted graph, fractional (g, f, n′)-critical graph,
and fractional (g, f, n′,m)-critical deleted graph are fraction-
al (a, b,m)-deleted graph, fractional (a, b, n′)-critical graph,
and fractional (a, b, n′,m)-critical deleted graph, respective-
ly. If g(x) = f(x) for all x ∈ V (G), then fractional
(g, f,m)-deleted graph, fractional (g, f, n′)-critical graph,
and fractional (g, f, n′,m)-critical deleted graph are frac-
tional (f,m)-deleted graph, fractional (f, n′)-critical graph,
and fractional (f, n′,m)-critical deleted graph, respectively.
Furthermore, if g(x) = f(x) = k (k ≥ 1 is an integer) for all
x ∈ V (G), then fractional (g, f,m)-deleted graph, fractional
(g, f, n′)-critical graph, and fractional (g, f, n′,m)-critical
deleted graph are just fractional (k,m)-deleted graph, frac-
tional (k, n′)-critical graph, and fractional (k, n′,m)-critical
deleted graph, respectively.

We say that G has all fractional (g, f)-factors if G has a
fractional p-factor for each p : V (G) → N satisfies g(x) ≤
p(x) ≤ f(x) for any x ∈ V (G). If g(x) = a, f(x) = b for
each vertex x and G has all fractional (g, f)-factors, then we
say that G has all fractional [a, b]-factors.

Lu [3] presented the sufficient and necessary condition
for a graph with all fractional (g, f)-factors. Zhou and Sun
[4] introduced the concept of all fractional (a, b, n′)-critical
graph, i.e., a graph G is called an all fractional (a, b, n′)-
critical graph if after deleting any n′ vertices of G the
remaining graph of G has all fractional [a, b]-factors. Also,
the necessary and sufficient condition for a graph to be all
fractional (a, b, n′)-critical is determined.

Gao et al. [5] combined two concepts all fractional
(g, f,m)-deleted graph and all fractional (g, f,m)-critical
graph together. A graph G is called an all fractional
(g, f, n′,m)-critical deleted graph if after deleting any n′

vertices of G the remaining graph of G is still an all fractional
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(g, f,m)-deleted graph. If g(x) = a, f(x) = b for each
x ∈ V (G), then all fractional (g, f, n′,m)-critical deleted
graph becomes all fractional (a, b, n′,m)-critical deleted
graph, it means, after deleting any n′ vertices of G the
remaining graph of G still an all fractional (a, b,m)-deleted
graph.

Chang et al. [6] introduced the concept of fractional ID-
k-factor-critical graph (if G − I has a fractional k-factor
for any independent set I of G) and derived that G is
a fractional ID-k-factor-critical graph if δ(G) ≥ 2n

3 and
n ≥ 6k−8. Later, this concept was extended to the fractional
ID-[a, b]-factor-critical graph by Zhou et al. in [7], i. e.,
a graph G is fractional ID-[a, b]-factor-critical if G − I
admits a fractional [a, b]-factor for every independent set
I of G. Zhou et al. [7] determined that a graph G to be
a fractional ID-[a, b]-factor-critical graph if δ(G) ≥ (a+b)n

a+2b

and n ≥ (a+2b)(a+b−2)+1
b . Theoretical results on ID-k-factor-

critical graphs can be refered to Zhou [8] and [9], and Zhou
et al. [10]. Furthermore, conclusions on fractional ID-[a, b]-
factor-critical graphs can be refered to Zhou et al. [11].

In Zhou [12] and Zhou et al. [13], the setting was different
from the previous situations in which there is a difference ∆
between g(x) and f(x) for each vertex x ∈ V (G), i.e., a ≤
g(x) ≤ f(x)−∆ ≤ b−∆ for each x ∈ V (G). We observe
that if ∆ = 0 (a ≤ g(x) ≤ f(x) ≤ b), then binding number
(minimum |N(X)|

|X| where X 6= ∅, X ⊂ V (G)) condition for
ID-(g, f)-factor-critical graph is

bind(G) >
(2a+ b− 1)(n− 1)

an− (a+ b− 2)
.

After adding the variable ∆ (i.e., a ≤ g(x) ≤ f(x) −∆ ≤
b−∆), by the conclusion obtained by Zhou et al. [13], the
binding number condition becomes

bind(G) >
(2a+ b+ ∆− 1)(n− 1)

(a+ ∆)n− (a+ b− 2)
.

This fact reveals that if the setting changes, the lower
bound of binding number for ID-(g, f)-factor-critical graph
is changed as well, and the new binding number heavily
depend on ∆.

More sufficient conditions for graphs to have fractional
factors can be found in Gao and Gao [14], Gao et al. [15],
[16], [17] and [18], and Gao and Wang [19] and [20].

Gao et al. [21] extended the concept of fractional ID-
[a, b]-factor-critical graph. A graph is called fractional
independent-set-deletable (g, f,m)-deleted graph (in short,
fractional ID-(g, f,m)-deleted graph) if G−I is a fractional
(g, f,m)-deleted graph for every independent set I of G.
If g(x) = f(x) for all x ∈ V (G), then a fractional
ID-(g, f,m)-deleted graph is a fractional ID-(f,m)-deleted
graph.

In Gao et al. [22], it determines the following result on the
neighborhood union condition for fractional (k,m)-deleted
graphs.
Theorem 1. (Gao et al. [22]) Let k ≥ 2 and m ≥ 0 be two
integers, and let G be a graph with n ≥ 8k + 4m − 7 and
δ(G) ≥ k +m. If

|NG(x) ∪NG(y)| ≥ n

2

for each pair of non-adjacent vertices x, y of G, then G is
a fractional (k,m)-deleted graph.

Furthermore, the the neighborhood union condition for
fractional (g, f,m)-deleted graphs is presented in Gong et
al. [23].
Theorem 2. (Gong et al. [23]) Let G be a graph of order
n. Let a, b,∆,m be four integers with 1 ≤ a ≤ b −∆ and
m ≥ 0. Let g, f be two integer-valued functions defined on
V (G) such that a ≤ g(x) ≤ f(x) − ∆ ≤ b − ∆ for each
x ∈ V (G). If δ(G) ≥ b2

a + 2m, n > (a+b)(2(a+b)+2m−1)
a ,

and

|NG(x1) ∪NG(x2)| ≥ bn

a+ b

for any non-adjacent vertices x1, x2 ∈ V (G), then G is a
fractional (g, f,m)-deleted graph.

In Gao et al. [21], they stated the following results on ID-
(g, f,m)-deleted graph.
Theorem 3. (Gao et al. [21]) Let G be a graph of order n, and
let a, b, and m be non-negative integers such that 2 ≤ a ≤ b
and n > (2a+b)(a+b+2m−2)

a . Let g, f be two integer-valued
functions defined on V (G) such that a ≤ g(x) ≤ f(x) ≤ b

for each x ∈ V (G). If G satisfies δ(G) ≥ (a+b)n
2a+b , then G is

a fractional ID-(g, f,m)-deleted graph.
Theorem 4. (Gao et al. [21]) Let G be a graph of order n, and
let a, b, and m be non-negative integers such that 2 ≤ a ≤ b,
n > (2a+b)(a+b+2m−1)

a and δ(G) ≥ an
2a+b + b2

a +m. Let g, f
be two integer-valued functions defined on V (G) such that
a ≤ g(x) ≤ f(x) ≤ b for each x ∈ V (G). If G satisfies

max{dG(x), dG(y)} ≥ (a+ b)n

2a+ b

for each pair of non-adjacent vertices x and y of G, then G
is a fractional ID-(g, f,m)-deleted graph.
Theorem 5. (Gao et al. [21]) Let G be a graph of order n,
and let a, b, and m be non-negative integers such that 2 ≤
a ≤ b, n > (2a+b)(a+b+2m−2)

a and δ(G) ≥ an
2a+b + b2

a +m.
Let g, f be two integer-valued functions defined on V (G)
such that a ≤ g(x) ≤ f(x) ≤ b for each x ∈ V (G), and
σ2(G) = min{dG(u)+dG(v)} for each pair of non-adjacent
vertices u and v of G. If G satisfies σ2(G) ≥ 2(a+b)n

2a+b , then
G is a fractional ID-(g, f,m)-deleted graph.

The notion of isolated toughness was first introduced by
Yang et al. [24] which was stated as follows: if G is a
complete graph, I(G) =∞. If G is not complete,

I(G) = min{ |S|
i(G− S)

∣∣∣S ⊂ V (G), i(G− S) ≥ 2}

and where i(G − S) is the number of isolated vertices of
G− S.

The proof of our main result in the first part is based on the
following lemma which is the necessary and sufficient con-
dition of all fractional (g, f, n′,m)-critical deleted graphs.
Lemma 1. (Gao et al. [5]) Let a, b, m and n′ be nonnegative
integers with 1 ≤ a ≤ b, and let G be a graph of order n with
n ≥ b+ n′ +m+ 1. Let g, f : V (G) → Z+ be two valued
functions with a ≤ g(x) ≤ f(x) ≤ b for each x ∈ V (G),
and H be a subgraph of G with m edges. Then G is all
fractional (g, f, n′,m)-critical deleted if and only if for any
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S ⊆ V (G) with |S| ≥ n′,

g(S)− f(T ) +
∑
x∈T

dG−S(x)

≥ max
U⊆S,|U |=n′,H⊆E(G−U),|H|=m

{g(U)

+
∑
x∈T

dH(x)− eH(S, T )},

where

T = {x : x ∈ V (G)\S, dG−S(x)−dH(x)+eH(x, S) < f(x)}.

The equal version of Lemma 1 is stated as follows.
Lemma 2. (Gao et al. [5]) Let a, b, m and n′ be nonnegative
integers with 1 ≤ a ≤ b, and let G be a graph of order n with
n ≥ b+ n′ +m+ 1. Let g, f : V (G) → Z+ be two valued
functions with a ≤ g(x) ≤ f(x) ≤ b for each x ∈ V (G),
and H be a subgraph of G with m edges. Then G is all
fractional (g, f, n′,m)-critical deleted if and only if

g(S)− f(T ) +
∑
x∈T

dG−S(x) (1)

≥ max
U⊆S,|U |=n′,H⊆E(G−U),|H|=m

{g(U)

+
∑
x∈T

dH(x)− eH(S, T )},

for any non-disjoint subsets S, T ⊆ V (G) with |S| ≥ n′.
The contributions of our paper are four-fold: first we

present the isolated toughness condition of all fractional
(g, f, n′)-critical graphs; second, we determine several the
neighborhood union conditions for independent-set-deletable
deleted graphs; third, an independent set degree condition
for fractional ID-(g, f,m)-deleted graphs is proposed; at last,
we introduce all fractional ID-(g, f,m)-deleted graph and
present some immediate conclusions from the known results.

II. ISOLATED TOUGHNESS CONDITION FOR A GRAPH TO
BE ALL FRACTIONAL (g, f, n′)-CRITICAL

In this section, we research the relations between isolated
toughness I(G) and the all fractional (g, f, n′)-critical graph-
s. Our main result in this part can be formulated as follows.
Theorem 6. Let G be a graph and g, f be two non-
negative integer valued functions defined on vertex set of
G which satisfy a ≤ g(x) ≤ f(x) ≤ b for any vertex
x (here 1 ≤ a ≤ b and b ≥ 2). Set ∆ = b − a. If
δ(G) ≥ n′ + (b+2)2

4a + b− 1 and I(G) ≥ b2−∆
a + n′, then G

is an all fractional (g, f, n′)-critical graph.
One thing we must emphasize here is that ∆ = b − a

only hold in this section. From next part, we go to the
other setting, and ∆ is denoted to be a non-negative integer
number.

The following two lemmas are presented by Liu and Zhang
[25] which will be used in our proof.
Lemma 3. (Liu and Zhang [25]) Let G be a graph and let
H = G[T ] such that δ(H) ≥ 1 and 1 ≤ dG(x) ≤ k − 1
for every x ∈ V (H) where T ⊆ V (G) and k ≥ 2. Let
T1, . . . , Tk−1 be a partition of the vertices of H satisfying
dG(x) = j for each x ∈ Tj where we allow some Tj to be
empty. If each component of H has a vertex of degree at

most k − 2 in G, then H has a maximal independent set I
and a covering set C = V (H)− I such that

k−1∑
j=1

(k − j)cj ≤
k−1∑
j=1

(k − 2)(k − j)ij ,

where cj = |C ∩ Tj | and ij = |I ∩ Tj | for j = 1, . . . , k− 1.
Clearly, Lemma 3 is also correct for δ(H) ≥ 0. By

the proving process of Lemma 2.2 in [25], we obtain the
following important Lemma.
Lemma 4. (Liu and Zhang [25]) Let G be a graph and let
H = G[T ] such that dG(x) = k−1 for every x ∈ V (H) and
no component of H is isomorphic to Kk where T ⊆ V (G)
and k ≥ 2. Then there exists an independent set I and the
covering set C = V (H)− I of H satisfying

|V (H)| ≤
k∑

i=1

(k − i+ 1)|I(i)| − |I
(1)|
2

and

|C| ≤
k∑

i=1

(k − i)|I(i)| − |I
(1)|
2

where I(i) = {x ∈ I, dH(x) = k − i} for 1 ≤ i ≤ k and
k∑

i=1

|I(i)| = |I|.
Proof of Theorem 6. If G is complete, the result is obtained
by means of δ(G) ≥ n′+ (b+2)2

4a +b−1. In what follows, we
assume that G is not complete. Suppose that G satisfies the
conditions of Theorem 6, but is not an all fractional (g, f, n′)-
critical graph. By Lemma 2 (consider m = 0), there are exist
disjoint subsets S (|S| ≥ n′) and T of V (G) satisfying

a|S| − b|T |+
∑
x∈T

dG−S(x)− an′

≤ a(|S| − n′) +
∑
x∈T

(dG−S(x)− b)

≤ g(S − U) +
∑
x∈T

(dG−S(x)− f(x)) ≤ −1. (2)

We select S and T such that |T | is minimum. Clearly, T 6= ∅.
If there exists x ∈ T satisfying dG−S(x) ≥ f(x), then the
subsets S and T \ {x} satisfy (2) as well. This contradicts
the selection rule of S and T . It implies that dG−S(x) ≤
f(x)− 1 ≤ b− 1 for any x ∈ T .

Let l be the number of the components of H ′ =
G[T ] which are isomorphic to Kb and let T0 = {x ∈
V (H ′)|dG−S = 0}. Let H be the subgraph obtained from
H ′ − T0 by deleting those l components isomorphic to Kb.
Let S′ be a set of vertices that contains exactly b−1 vertices
in each component of Kb in H ′.

If |V (H)| = 0, then from (2) we obtain |S| <
b(|T0|+l)+an′

a . Clearly, i(G − S − S′) ≥ |T0| + l ≥ 1. If
|T0| + l = 1, then dG−S(x) + |S| ≥ dG(x) ≥ δ(G) ≥ n′ +
(b+1)2

4a +b−1 and dG−S(x) ≥ n′+ (b+1)2

4a +b−1−|S| > n′+
b
a + b− 1− an′+b

a which contradicts dG−S(x) ≤ g(x)− 1 ≤
b−1 for any x ∈ T . Hence i(G−S∪S′) ≥ |T0|+ l ≥ 2 and
I(G) ≤ |S∪S′|

i(G−S∪S′) ≤
b(|T0|+l)+an′+al(b−1)

a(|T0|+l) ≤ b
a + n′

2 +b−1.

This contradicts I(G) > b2−∆
a + n′ and b ≥ 2. Therefore,

we have |V (H)| > 0.
Let H = H1∪H2 where H1 is the union of components of

H which satisfies that dG−S(x) = b−1 for every vertex x ∈

IAENG International Journal of Applied Mathematics, 49:2, IJAM_49_2_02

(Advance online publication: 27 May 2019)

 
______________________________________________________________________________________ 



V (H1) and H2 = H−H1. By Lemma 4, H1 has a maximum
independent set I1 and the covering set C1 = V (H1) − I1
such that

|V (H1)| ≤
b∑

i=1

(b− i+ 1)|I(i)| − |I
(1)|
2

, (3)

and

|C1| ≤
b∑

i=1

(b− i)|I(i)| − |I
(1)|
2

, (4)

where I(i) = {x ∈ I1, dH1
(x) = b − i} for 1 ≤ i ≤ b

and
b∑

i=1

|I(i)| = |I1|. On the other hand, let Tj = {x ∈

V (H2)|dG−S(x) = j} for 1 ≤ j ≤ b − 1. By the definition
of H and H2 we can also see that each component of H2

has a vertex of degree at most b − 2 in G − S. According
to Lemma 3, H2 has a maximal independent set I2 and the
covering set C2 = V (H2)− I2 such that

b−1∑
j=1

(b− j)cj ≤
b−1∑
j=1

(b− 2)(b− j)ij , (5)

where cj = |C2 ∩ Tj | and ij = |I2 ∩ Tj | for every j =
1, . . . , b − 1. Set W = V (G) − S − T and U = S ∪ S′ ∪
C1 ∪ (NG(I1) ∩W )) ∪ C2 ∪ (NG(I2) ∩W ). We have

|C2|+ |NG(I2) ∩W |
= |V (H2)| − |I2|+ |NG−S−T (I2)|
= |V (H2)| − |I2|+ |NG−S(I2)| − |NT (I2)|
= (|V (H2)| − |I2| − |NT (I2)|) + |NG−S(I2)|
≤ (|V (H2)| − |I2| − |NH2(I2)|) + |NG−S(I2)|

≤ 0 +

b−1∑
j=1

jij =

b−1∑
j=1

jij .

Furthermore, we get

|U | ≤ |S|+ l(b− 1) + |C1|+
b−1∑
j=1

jij +
b∑

i=1

(i− 1)|I(i)| (6)

and

i(G− U) ≥ t0 + l + |I1|+
b−1∑
j=1

ij , (7)

where t0 = |T0|. When i(G− U) > 1, we have

|U | ≥ I(G)i(G− U). (8)

If i(G − U) = 1, then G[T ] is a clique with less than b
vertices. By (2), we infer

|S| <
an′ + b|T | − dG−S(T )

a

≤ an′ + b|T | − |T |(|T | − 1)

a

≤
an′ + b b+1

2 −
b+1

2 ( b+1
2 − 1)

a

= n′ +
(b+ 1)2

4a

and

b− 1 ≥ dG−S(x) ≥ n′ + (b+ 1)2

4a
+ b− 1− |S|

> n′ +
(b+ 1)2

4a
+ b− 1− (n′ +

(b+ 1)2

4a
)

for any x ∈ T . A contradiction.
By (6)-(8), we yield

|S|+ |C1| ≥
b−1∑
j=1

(I(G)− j)ij + I(G)(t0 + l) (9)

+I(G)|I1| −
b∑

i=1

(i− 1)|I(i)| − l(b− 1).

Thus, from b|T | − dG−S(T ) > a|S| − an′ we have

bt0 +bl+|V (H1)|+
b−1∑
j=1

(b−j)ij +
b−1∑
j=1

(b−j)cj > a|S|−an′.

Combining with (9), we have

|V (H1)|+
b−1∑
j=1

(b− j)cj + a|C1| (10)

>
b−1∑
j=1

(aI(G)− aj − b+ j)ij + (aI(G)− b)(t0 + l)

+aI(G)|I1| − a
b∑

i=1

(i− 1)|I(i)| − an′ − la(b− 1).

By (3) and (4), we get

|V (H1)|+ a|C1| ≤
b∑

i=1

(ab− ai+ b− (i− 1))|I(i)|

− (a+ 1)|I(1)|
2

. (11)

Using (5),(10) and (11), we have
b−1∑
j=1

(b− 2)(b− j)ij +

b∑
i=1

(ab− ai+ b

−(i− 1))|I(i)|

>
b−1∑
j=1

(aI(G)− aj − b+ j)ij + (aI(G)− b)(t0 + l)

+aI(G)|I1|+
(a+ 1)|I(1)|

2
− a

b∑
i=1

(i− 1)|I(i)|

−an′ − la(b− 1). (12)

Now, we discuss the following cases according to the value
of t0 + l.
Case 1. t0 + l ≥ 1. In this case, by b ≥ 2 and aI(G) ≥
b2 +an′−∆, we have (12) and (aI(G)− b)(t0 + l)−an′−
la(b− 1) ≥ 0. Thus (12) becomes

b−1∑
j=1

(b− 2)(b− j)ij +
b∑

i=1

(ab− ai+ b

−(i− 1))|I(i)|

>
b−1∑
j=1

(aI(G)− aj − b+ j)ij + aI(G)|I1|

+
(a+ 1)|I(1)|

2
− a

b∑
i=1

(i− 1)|I(i)|. (13)

Thus, at least one of the following two subcases must happen.
Subcase 1. There is at least one j such that

(b− 2)(b− j) > aI(G)− aj − b+ j.
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Hence,

aI(G) < b(b− 2) + (a− b+ 1)j + b

≤ b(b− 1) + (a− b+ 1) + b

= (b2 − 1) + (a− b) + (2− b)
≤ b2 −∆− 1,

which contradicts I(G) ≥ b2−∆
a + n′.

Subcase 2.

b∑
i=1

(ab− ai+ b− (i− 1))|I(i)|

> aI(G)|I1|+
(a+ 1)|I(1)|

2
− a

b∑
i=1

(i− 1)|I(i)|

≥ (b2 + an′ −∆)|I1|+
(a+ 1)|I(1)|

2

−a
b∑

i=1

(i− 1)|I(i)|

≥ (b2 −∆)|I1|+
(a+ 1)|I(1)|

2
− a

b∑
i=1

(i− 1)|I(i)|.

That is to say,

|I(1)|(ab+ b− 3

2
a− b2 − 1

2
+ ∆)

+
b∑

i=2

(ab+ b− a− i+ 1− b2 + ∆)|I(i)| > 0.

Let
Ω1(b) = −b2 + (a+ 1)b− 3

2
a− 1

2
+ ∆.

In light of ∆ ≥ 0, we infer

max{Ω1(b)} = Ω1(a+ ∆)

= −∆2 − (a− 2)∆− a+ 1

2
< 0.

On the other hand, ab + b − a − i + 1 − b2 + ∆ ≤ −b2 +
(a+ 2)b− 2a− 1 due to i ≥ 2. Let

Ω2(b) = −b2 + (a+ 2)b− 2a− 1.

We deduce
max Ω2(b) = Ω2(a) < 0

due to b ≥ a. This is a contradiction.
Case 2. t0 + l = 0. In this case, by (12) we have,

b−1∑
j=1

(b− 2)(b− j)ij +
b∑

i=1

(ab− ai+ b

−(i− 1))|I(i)|

>

b−1∑
j=1

(aI(G)− aj − b+ j)ij + aI(G)|I1|

+
(a+ 1)|I(1)|

2
− a

b∑
i=1

(i− 1)|I(i)| − an′. (14)

From what we have discussed in Subcase 1, we deduce
b−1∑
j=1

(aI(G)− aj − b+ j)ij ≥
b−1∑
j=1

(b− 2)(b− j)ij .

If |I1| > 0, we obtain

b∑
i=1

(ab− ai+ b− (i− 1))|I(i)|

> aI(G)|I1|+
(a+ 1)|I(1)|

2
− a

b∑
i=1

(i− 1)|I(i)| − an′

≥ (b2 + an′ −∆)|I1|+
(a+ 1)|I(1)|

2

−a
b∑

i=1

(i− 1)|I(i)| − an′

≥ (b2 −∆)|I1|+
(a+ 1)|I(1)|

2
− a

b∑
i=1

(i− 1)|I(i)|.

A contradiction follows from what we discussed in Subcase
2 above.

The last situation is |I1| = 0 and

b−1∑
j=1

(b− 2)(b− j)ij >
b−1∑
j=1

(aI(G)− aj − b+ j)ij − an′.

Let Ω3 = (b− 2)(b− j)− (aI(G)− aj− b+ j)ij + an′. We
have

Ω3 = b(b− 2) + (a− b+ 1)j + b− aI(G) + an′

≤ b(b− 2) + (a− b+ 1) + b

−(b2 + an′ − b+ a) + an′

= 1− b < 0,

a contradiction.
Therefore, we complete the proof of the desired result. 2

III. THE NEIGHBORHOOD UNION CONDITION FOR A
GRAPH TO BE INDEPENDENT-SET-DELETABLE DELETED

We assume that from the second part, the non-negative
integer number ∆ is not equal to b− a.

In this part, we discuss the relationship between neighbor-
hood union condition and independent-set-deletable deleted
graphs. The main result in this part can be formulated as
follows.
Theorem 7. Let k ≥ 2 and m ≥ 0 be two integers, and let G
be a graph with n ≥ 12k+ 6m−11 and δ(G) ≥ n

3 +k+m.
If

|NG(x) ∪NG(y)| ≥ 2n

3

for each pair of non-adjacent vertices x, y of G, then G is
a fractional ID-(k,m)-deleted graphs.

We will show that the bounds for neighborhood union
condition, the order and the minimum degree of G are all
sharp. And, we need the following Lemma.
Lemma 5. (Gao [2]) Let k ≥ 1 and m ≥ 0 be two integers,
and let G be a graph and H a subgraph of G with m edges.
Then G is a fractional (k,m)-deleted graph if and only if

k|S|+
∑
x∈T

dG−S(x)− k|T | ≥
∑
x∈T

dH(x)− eH(S, T ),

for all disjoint subsets S and T of V (G).
The second main contribution of this part is to manifest a

neighborhood union condition for fractional fractional ID-
(g, f,m)-deleted graph, and the main conclusion can be
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stated as follows.
Theorem 8. Let G be a graph of order n, and let a, b,m,∆
be nonnegative integers with 1 ≤ a ≤ b − ∆, n >
(2a+b)(2(a+b)+2m−1)

a and δ(G) ≥ an
2a+b + b2

a + 2m. Let g, f
be two integer-valued functions defined on V (G) such that
a ≤ g(x) ≤ f(x) − ∆ ≤ b − ∆ for each x ∈ V (G). If G
satisfies

|NG(x1) ∪NG(x2)| ≥ (a+ b)n

2a+ b

for each pair of non-adjacent vertices x, y of G, then G is
a fractional ID-(g, f,m)-deleted graph.

Set ∆ = 0 in Theorem 8, we get the following result for
a graph to be fractional ID-(g, f,m)-deleted.
Corollary 1. Let G be a graph of order n, and let
a, b,m be nonnegative integers with 1 ≤ a ≤ b, n >
(2a+b)(2(a+b)+2m−1)

a and δ(G) ≥ an
2a+b + b2

a + 2m. Let g, f
be two integer-valued functions defined on V (G) such that
a ≤ g(x) ≤ f(x) ≤ b for each x ∈ V (G). If G satisfies

|NG(x1) ∪NG(x2)| ≥ (a+ b)n

2a+ b

for each pair of non-adjacent vertices x, y of G, then G is
a fractional ID-(g, f,m)-deleted graph.

Set m = 0 in Theorem 8, then we deduce the following
corollary on the neighborhood union condition of fractional
ID-(g, f)-factor-critical graph.
Corollary 2. Let G be a graph of order n, and let
a, b,∆ be nonnegative integers with 1 ≤ a ≤ b − ∆,
n > (2a+b)(2(a+b)−1)

a and δ(G) ≥ an
2a+b + b2

a . Let g, f
be two integer-valued functions defined on V (G) such that
a ≤ g(x) ≤ f(x) − ∆ ≤ b − ∆ for each x ∈ V (G). If G
satisfies

|NG(x1) ∪NG(x2)| ≥ (a+ b)n

2a+ b

for each pair of non-adjacent vertices x, y of G, then G is
a fractional ID-(g, f)-factor-critical graph.

Set f(x) = g(x) for any x ∈ V (G) in Corollary 1,
we yield the following corollary on the neighborhood union
condition of a fractional ID-(f,m)-deleted graph.
Corollary 3. Let G be a graph of order n, and let
a, b,m be nonnegative integers with 1 ≤ a ≤ b, n >
(2a+b)(2(a+b)+2m−1)

a and δ(G) ≥ an
2a+b + b2

a + 2m. Let f
be a integer-valued functions defined on V (G) such that
a ≤ f(x) ≤ b for each x ∈ V (G). If G satisfies

|NG(x1) ∪NG(x2)| ≥ (a+ b)n

2a+ b

for each pair of non-adjacent vertices x, y of G, then G is
a fractional ID-(f,m)-deleted graph.

Our presentation of sharpness of Theorem 8 is depends
heavily on the following Lemma which manifests the neces-
sary and sufficient condition of fractional (g, f,m)-deleted
graph.
Lemma 6. (Gao [2]) Let G be a graph, g, f be two integer-
valued functions defined on V (G) such that g(x) ≤ f(x) for
each x ∈ V (G). Let m be two non-negative integers. Then
G is a fractional (g, f,m)-deleted graph if and only if

f(S)− g(T ) + dG−S(T ) (15)

≥ max
H⊆E(G),|H|=m

{
∑
x∈T

dH(x)− eH(T, S)}

for all disjoint subsets S, T of V (G).
The proof of Theorem 7 can follow the trick in Gao et

al. [21] and Theorem 1, and the proof of Theorem 8 can
follow the trick in Gao et al. [21] and Theorem 2. Hence,
we skip the main proof of Theorem 7 and Theorem 8. Next,
we mainly present the sharpness of bound in Theorem 7 and
Theorem 8.

We construct some graphs to show that the bounds in the
Theorem 7 are best possible.

First, δ(G) ≥ n
3 + k + m can’t be replaced by δ(G) ≥

n
3 +k+m−1. Otherwise, select an appropriate graph which
can be expressed as n

3K1 ∨H , choose a vertex v such that
dH(v) = k + m − 1. Delete m edges incident to v. The
resulting graph has minimal degree k − 1, which has no
fractional k-factor by the definition.

Let G = (4k + 2m − 4)K1 ∨ (K4k+2m−4 ∨ (4k + 2m −
3)K1). Then n = 12k+6m−11, δ(G) = 8k+4m−8 > n

3 +
k+m, but |NG(x1)∪NG(x2)| = 8k+4m−8 < 2n

3 for each
non-adjacent vertex x1 and x2 in (4k+2m−3)K1. Let G′ =
K4k+2m−4 ∨ (4k + 2m − 3)K1, S = K4k+2m−4 and T =
(4k+ 2m− 3)K1. Then dG′−S(T ) = 0 and

∑
x∈T dH(x)−

eH(S, T ) = 0. We have k|S| +
∑

x∈T dG′−S(x) − k|T | −
(
∑

x∈T dH(x) − eH(S, T )) = −k < 0. Thus, G′ is not a
fractional (k,m)-deleted graph by Lemma 5, and G is not a
fractional ID-(k,m)-deleted graph. The condition |NG(x1)∪
NG(x2)| ≥ 2n

3 is sharp.
Let G = (4k+2m−4)K1∨(K4k+2m−6∨(2k+m−1)K2).

Then n ≥ 12k+6m−12, δ(G) = 8k+4m−9 ≥ n
3 +k+m

and |NG(x1) ∪NG(x2)| = 8k + 4m− 8 = 2n
3 for any non-

adjacent vertices x1 and x2 in G. Let G′ = K4k+2m−6 ∨
(2k+m−1)K2, S = K4k+2m−6 and T = (2k+m−1)K2.
Let H be the set of m edges such that H ⊆ (2k+m−1)K2,
then

∑
x∈T dH(x)−eH(S, T ) = 2m and

∑
x∈T dG′−S(x) =

4k + 2m − 2. We have, k|S| +
∑

x∈T dG′−S(x) − k|T | −
(
∑

x∈T dH(x) − eH(S, T )) = k(4k + 2m − 6) − k(4k +
2m−2) + (4k+ 2m−2)−2m = −2 < 0. Thus, G′ is not a
fractional (k,m)-deleted graph by Lemma 5 and G is not a
fractional ID-(k,m)-deleted graph. Therefore, the condition
n ≥ 12k + 6m− 11 is sharp.

Theorem 8 is best possible, to some extent, under the
condition. Actually, we can construct some graphs such that
the neighborhood union condition in Theorem 8 can’t be
replaced by |NG(x1) ∪NG(x2)| ≥ (a+b)n

2a+b − 1.
Considering a graph G = (at+ 1)K1 ∨Kbt ∨ (at+ 1)K1,

where t is a sufficiently large positive integer. Clearly, n =
(2a + b)t + 2. Let a = g(x) = f(x) = b for all x ∈ V (G).
We have

(a+ b)n

2a+ b
> |NG(x1) ∪NG(x2)|

= (a+ b)t+ 1 >
(a+ b)n

2a+ b
− 1

for any x1, x2 satisfy x1x2 6= E(G).
Let I = (at + 1)K1. For G′ = Kbt ∨ (at + 1)K1, let

S = Kbt and T = (at+1)K1. Then we have
∑

x∈T dH(x)−
eH(T, S) = 0 for any subset H of E(G′) with m edges.
Therefore,

f(S)− g(T ) + dG′−S(T )− (
∑
x∈T

dH(x)− eH(T, S))

= a(bt)− b(at+ 1)

= −b.
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Thus, G′ is not a fractional (g, f,m)-deleted graph by
Lemma 6. In conclusion, G is not a fractional ID-(g, f,m)-
deleted graph.

IV. AN INDEPENDENT SET DEGREE CONDITION FOR A
GRAPH TO BE FRACTIONAL ID-(g, f,m)-DELETED

In this section, we consider the relationship between
independent set degree condition and fractional ID-(g, f,m)-
deleted graphs. The main contribution of this part is to
determine an independent set degree condition for fractional
fractional ID-(g, f,m)-deleted graph, and it can be stated as
follows.
Theorem 9. Let G be a graph of order n, and let a, b,m,∆,
and i be non-negative integers such that i ≥ 2, 1 ≤ a ≤
b−∆, n > (2a+b)(ib+2m−2)

a and δ(G) ≥ an
2a+b+ b2(i−1)

a +2m.
Let g, f be two integer-valued functions defined on V (G)
such that a ≤ g(x) ≤ f(x)−∆ ≤ b−∆ for each x ∈ V (G).
If G satisfies

max{d1, d2, · · · , di} ≥
(a+ b)n

2a+ b

for any independent subset {x1, x2, . . . , xi} of V (G), then
G is a fractional ID-(g, f,m)-deleted graph.

Set ∆ = 0 in Theorem 9, we get the following result for
a graph to be fractional ID-(g, f,m)-deleted.
Corollary 4. Let G be a graph of order n, and let a, b,m,
and i be non-negative integers such that i ≥ 2, 1 ≤ a ≤ b,
n > (2a+b)(ib+2m−2)

a and δ(G) ≥ an
2a+b + b2(i−1)

a + 2m. Let
g, f be two integer-valued functions defined on V (G) such
that a ≤ g(x) ≤ f(x) ≤ b for each x ∈ V (G). If G satisfies

max{d1, d2, · · · , di} ≥
(a+ b)n

2a+ b

for any independent subset {x1, x2, . . . , xi} of V (G), then
G is a fractional ID-(g, f,m)-deleted graph.

Set a = b = k in Theorem 9, then f(x) = g(x) = k
for any x ∈ V (G), and ∆ = 0. The independent set
degree condition for fractional ID-(k,m)-deleted graph can
be described as follows.
Corollary 5. Let G be a graph of order n, and let k,m,
and i be non-negative integers such that i ≥ 2, k ≥ 1,
n > 3(ik + 2m − 2) and δ(G) ≥ n

3 + k(i − 1) + 2m. If
G satisfies

max{d1, d2, · · · , di} ≥
2n

3

for any independent subset {x1, x2, . . . , xi} of V (G), then
G is a fractional ID-(k,m)-deleted graph.

Set m = 0 in Theorem 9, then we deduce the following
corollary on the independent set degree condition of frac-
tional ID-(g, f)-factor-critical graph.
Corollary 6. Let G be a graph of order n, and let a, b,∆, and
i be non-negative integers such that i ≥ 2, 1 ≤ a ≤ b −∆,
n > (2a+b)(ib−2)

a and δ(G) ≥ an
2a+b + b2(i−1)

a . Let g, f
be two integer-valued functions defined on V (G) such that
a ≤ g(x) ≤ f(x) − ∆ ≤ b − ∆ for each x ∈ V (G). If G
satisfies

max{d1, d2, · · · , di} ≥
(a+ b)n

2a+ b

for any independent subset {x1, x2, . . . , xi} of V (G), then
G is a fractional ID-(g, f)-factor-critical graph.

Set f(x) = g(x) for any x ∈ V (G) in Corollary 4, we
yield the following corollary on the independent set degree
condition of a fractional ID-(f,m)-deleted graph.
Corollary 7. Let G be a graph of order n, and let a, b,m,
and i be non-negative integers such that i ≥ 2, 1 ≤ a ≤ b,
n > (2a+b)(ib+2m−2)

a and δ(G) ≥ an
2a+b + b2(i−1)

a + 2m. Let
g, f be two integer-valued functions defined on V (G) such
that a ≤ f(x) ≤ b for each x ∈ V (G). If G satisfies

max{d1, d2, · · · , di} ≥
(a+ b)n

2a+ b

for any independent subset {x1, x2, . . . , xi} of V (G), then
G is a fractional ID-(f,m)-deleted graph.

If setting m = 0 in Corollary 5, then we deduce the
following independent set degree condition of fractional ID-
k-factor-critical graph.
Corollary 8. Let G be a graph of order n, and let k and i be
non-negative integers such that i ≥ 2, k ≥ 1, n > 3(ik − 2)
and δ(G) ≥ n

3 + k(i− 1). If G satisfies

max{d1, d2, · · · , di} ≥
2n

3

for any independent subset {x1, x2, . . . , xi} of V (G), then
G is a fractional ID-k-deleted graph.

Our presentation of sharpness of Theorem 9 is depended
heavily on the Lemma 6 which manifests the necessary
and sufficient condition of fractional (g, f,m)-deleted graph.
Furthermore, the proof of Theorem 9 relied on the following
Lemma which is a corollary of the main result in Gao et al.
[26].
Lemma 7. (Gao et al. [26]) Let G be a graph of order
n, and let a, b,m,∆, and i be non-negative integers such
that i ≥ 2, 1 ≤ a ≤ b − ∆, n > (a+b)(ib+2m−2)

a

and δ(G) ≥ b2(i−1)
a + 2m. Let g, f be two integer-valued

functions defined on V (G) such that a ≤ g(x) ≤ f(x)−∆ ≤
b−∆ for each x ∈ V (G). If G satisfies

max{d1, d2, · · · , di} ≥
bn

a+ b

for any independent subset {x1, x2, . . . , xi} of V (G), then
G is a fractional (g, f,m)-deleted graph.
Proof of Theorem 9. For every independent set I , let G′ =
G− I .

If |I| = 1, then |V (G′)| > (2a+b)(ib+2m−2)−a
a >

(a+b)(ib+2m−2)
a . It is easy to verify that δ(G′) ≥ b2(i−1)

a +2m

and max{dG′(x1), dG′(x2), · · · , dG′(xi)} ≥ b|V (G′)|
a+b =

b(n−1)
a+b for any independent subset {x1, x2, · · · , xi} of G′.

Thus, the result holds from Lemma 7.
We now consider |I| ≥ 2 and G′ is not com-

plete. By degree condition, we obtain |V (G′)| ≥
(a+b)n
2a+b > (a+b)(ib+2m−2)

a . If max{dG′(u), dG′(v)} <
b|V (G′)|

a+b for some non-adjacent vertices u, v in G′, then
(a+b)(|V (G′)|+|I|)

2a+b ≤ max{dG(u), dG(v)} < b|V (G′)|
a+b + |I|,

i.e., |V (G′)| < a+b
a |I| ≤

a+b
a

an
2a+b = (a+b)n

2a+b . This con-
tradicts max{d1, d2, · · · , di} ≥ (a+b)n

2a+b for any independent
subset {x1, x2, . . . , xi} of V (G) and |I| ≥ 2. Therefore,
max{dG′(x1), dG′(x2), · · · , dG′(xi)} ≥ b|V (G′)|

a+b for all in-
dependent subset {x1, x2, . . . , xi} in G′. Furthermore, we
obtain δ(G′) ≥ b2(i−1)

a + 2m by |I| ≤ an
2a+b and δ(G) ≥
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an
2a+b + b2(i−1)

a + 2m. Then, the result follows from Lemma
7.

Thus, we complete the proof of Theorem 9. 2

Theorem 9 is best possible, to some extent, under the
condition. Actually, we can construct some graphs such that
the independent set degree condition in Theorem 9 can’t be
replaced by max{d1, d2, · · · , di} ≥ (a+b)n

2a+b − 1.
Considering a graph G = (at+ 1)K1 ∨Kbt ∨ (at+ 1)K1,

where t is a sufficiently large positive integer. Clearly, n =
(2a + b)t + 2. Let a = g(x) = f(x) = b for all x ∈ V (G).
We have

(a+ b)n

2a+ b
> max{d1, d2, · · · , di}

= (a+ b)t+ 1 >
(a+ b)n

2a+ b
− 1

for any independent subset {x1, x2, . . . , xi} of V (G).
Let I = (at + 1)K1. For G′ = Kbt ∨ (at + 1)K1, let

S = Kbt and T = (at+1)K1. Then we have
∑

x∈T dH(x)−
eH(T, S) = 0 for any subset H of E(G′) with m edges.
Therefore,

f(S)− g(T ) + dG′−S(T )− (
∑
x∈T

dH(x)− eH(T, S))

= a(bt)− b(at+ 1)

= −b.

Thus, G′ is not a fractional (g, f,m)-deleted graph by
Lemma 6. In conclusion, G is not a fractional ID-(g, f,m)-
deleted graph.

V. ALL FRACTIONAL ID-(g, f,m)-DELETED GRAPH

As the last part of our paper, this section aims to introduce
the concept of all fractional ID-(g, f,m)-deleted graph and
yield several related conclusions.

A graph is called all fractional independent-set-deletable
(g, f,m)-deleted graph (in short, all fractional ID-(g, f,m)-
deleted graph) if G− I is an all fractional (g, f,m)-deleted
graph for any independent set I of G. If g(x) = f(x) for
all x ∈ V (G), then an all fractional ID-(g, f,m)-deleted
graph is an all fractional ID-(f,m)-deleted graph. If g(x) =
a and f(x) = b for all x ∈ V (G), then an all fractional
ID-(g, f,m)-deleted graph is an all fractional ID-(a, b,m)-
deleted graph. If m = 0, then an all fractional ID-(g, f,m)-
deleted graph is just an all fractional ID-(g, f)-factor-critical
graph.

Since Gao et al. [5] presented the necessary and sufficient
condition for a graph to be an all fractional (g, f, n′,m)-
critical deleted graph, we can directly derive the following
lemma on the necessary and sufficient condition for a graph
to be an all fractional (g, f,m)-deleted graph which is also
regarded as a corollary of Lemma 2.
Lemma 8. Let a, b and m be nonnegative integers with
1 ≤ a ≤ b, and let G be a graph of order n with n ≥
b + m + 1. Let g, f : V (G) → Z+ be two valued functions
with a ≤ g(x) ≤ f(x) ≤ b for each x ∈ V (G), and H
be a subgraph of G with m edges. Then G is all fractional
(g, f,m)-deleted if and only if

g(S)− f(T ) +
∑
x∈T

dG−S(x) (16)

≥
∑
x∈T

dH(x)− eH(S, T ),

for any non-disjoint subsets S, T ⊆ V (G).
Using this lemma, we will check the sharpness of results

given in this section.
Very recently, Wu et al. [27] presented several sharp degree

conditions for a graph to be an all fractional (g, f, n′,m)-
critical deleted graph which can be used in resource dispatch-
ing of NFV (Network Functions Virtualization) networks. By
setting n′ = 0 in the main conclusions in [27], we obtain
the following conclusions on all fractional (g, f,m)-deleted
graph.
Theorem 10. (Wu et al. [27]) Let G be a graph of order
n, and let a, b, and m be non-negative integers such that
2 ≤ a ≤ b and n > (a+b)(a+b+2m−2)

a . Let g, f be
two integer-valued functions defined on V (G) such that
a ≤ g(x) ≤ f(x) ≤ b for each x ∈ V (G). If G satisfies
δ(G) ≥ bn

a+b , then G is an all fractional (g, f,m)-deleted
graph.
Theorem 11. (Wu et al. [27]) Let G be a graph of order
n, and let a, b, and m be non-negative integers such that
2 ≤ a ≤ b, n > (a+b)(a+b+2m−1)

a and δ(G) ≥ b2

a + m. Let
g, f be two integer-valued functions defined on V (G) such
that a ≤ g(x) ≤ f(x) ≤ b for each x ∈ V (G). If G satisfies

max{dG(x), dG(y)} ≥ bn

a+ b

for each pair of non-adjacent vertices x and y of G, then G
is an all fractional (g, f,m)-deleted graph.
Theorem 12. (Wu et al. [27]) Let G be a graph of order
n, and let a, b, and m be non-negative integers such that
2 ≤ a ≤ b, n > (a+b)(a+b+2m−2)

a and δ(G) ≥ b2

a + m. Let
g, f be two integer-valued functions defined on V (G) such
that a ≤ g(x) ≤ f(x) ≤ b for each x ∈ V (G). If G satisfies
σ2(G) ≥ 2bn

a+b , then G is an all fractional (g, f,m)-deleted
graph.

In light of Theorem 10, Theorem 11 and Theorem 12, we
get the following results on an all fractional ID-(g, f,m)-
deleted graph. The proofs are similar to Gao et al. [21] and
Theorem 9 in this paper, so we skip them here.
Theorem 13. Let G be a graph of order n, and let a, b, and
m be non-negative integers such that 2 ≤ a ≤ b and n >
(2a+b)(a+b+2m−2)

a . Let g, f be two integer-valued functions
defined on V (G) such that a ≤ g(x) ≤ f(x) ≤ b for each
x ∈ V (G). If G satisfies δ(G) ≥ (a+b)n

2a+b , then G is an all
fractional ID-(g, f,m)-deleted graph.
Theorem 14. Let G be a graph of order n, and let a, b,
and m be non-negative integers such that 2 ≤ a ≤ b, n >
(2a+b)(a+b+2m−1)

a and δ(G) ≥ an
2a+b + b2

a + m. Let g, f
be two integer-valued functions defined on V (G) such that
a ≤ g(x) ≤ f(x) ≤ b for each x ∈ V (G). If G satisfies

max{dG(x), dG(y)} ≥ (a+ b)n

2a+ b

for each pair of non-adjacent vertices x and y of G, then G
is an all fractional ID-(g, f,m)-deleted graph.
Theorem 15. Let G be a graph of order n, and let a, b,
and m be non-negative integers such that 2 ≤ a ≤ b, n >
(2a+b)(a+b+2m−2)

a and δ(G) ≥ an
2a+b + b2

a + m. Let g, f
be two integer-valued functions defined on V (G) such that
a ≤ g(x) ≤ f(x) ≤ b for each x ∈ V (G). If G satisfies
σ2(G) ≥ 2(a+b)n

2a+b , then G is an all fractional ID-(g, f,m)-
deleted graph.
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The next example shows the main degree conditions in
Theorem 13, Theorem 14 and Theorem 15 are sharp.

Consider a graph G = (at + 1)K1 ∨ Kbt ∨ (at + 1)K1,
where t is a sufficiently large positive integer. Clearly, n =
(2a+ b)t+ 2. We have

(a+ b)n

2a+ b
> δ(G) = (a+ b)t+ 1 >

(a+ b)n

2a+ b
− 1,

(a+ b)n

2a+ b
> max{dG(u), dG(v)} = (a+ b)t+ 1

>
(a+ b)n

2a+ b
− 1,

2(a+ b)n

2a+ b
> σ2(G) = 2(a+ b)t+ 2 >

2(a+ b)n

2a+ b
− 1.

Let I = (at+1)K1. For G′ = Kbt∨(at+1)K1, let S = Kbt

and T = (at + 1)K1. Let a = g(x) and f(x) = b for all
x ∈ V (G). Then we have

∑
x∈T dH(x)− eH(T, S) = 0 for

any subset H of E(G′) with m edges. Therefore,

g(S)− f(T ) + dG′−S(T )− (
∑
x∈T

dH(x)− eH(T, S))

= a(bt)− b(at+ 1)

= −b.

Thus, G′ is not a fractional (g, f,m)-deleted graph by
Lemma 8. In conclusion, G is not a fractional ID-(g, f,m)-
deleted graph.

Wu et al. [28] considered the resource scheduling problem
in NFV networks by using graph theory, and an independent
set degree condition and an independent set neighborhood
union condition for all fractional (g, f, n′,m)-critical deleted
graphs are determined. Furthermore, they show that the
results are tight on independent set conditions. By setting
n′ = 0 in Wu’s contribution [28], we get the following two
conclusions on independent set degree condition and inde-
pendent set neighborhood union condition for all fractional
(g, f,m)-deleted graph.
Theorem 16. (Wu et al. [28]) Let G be a graph of order n,
and let a, b,m, and i be non-negative integers such that i ≥ 2,
1 ≤ a ≤ b, n > (a+b)(2m+ib−2)

a and δ(G) ≥ b2(i−1)
a + 2m.

Let g, f be two integer-valued functions defined on V (G)
such that a ≤ g(x) ≤ f(x) ≤ b for each x ∈ V (G). If G
satisfies

max{dG(x1), dG(x2), · · · , dG(xi)} ≥
bn

a+ b

for any independent subset {x1, x2, . . . , xi} of V (G), then
G is an all fractional (g, f,m)-deleted graph.
Theorem 17. (Wu et al. [28]) Let G be a graph of order
n. Let a, b, i be four integers with i ≥ 2, 1 ≤ a ≤ b and
m ≥ 0. Let g, f be two integer-valued functions defined on
V (G) such that a ≤ g(x) ≤ f(x) ≤ b for each x ∈ V (G).
If δ(G) ≥ b2(i−1)

a + 2m, n > (a+b)(i(a+b)+2m−2)
a , and

|NG(x1) ∪NG(x2) ∪ · · · ∪NG(xi)| ≥
bn

a+ b

for any independent subset {x1, x2, . . . , xi} of V (G), then
G is an all fractional (g, f,m)-deleted graph.

Using Theorem 16 and Theorem 17, we can deduce the
following two results on an all fractional ID-(g, f,m)-deleted
graph. The proof of Theorem 18 and Theorem 19 are similar

to the proof of Theorem 9, and we skip them here.
Theorem 18. Let G be a graph of order n, and let a, b,m,
and i be non-negative integers such that i ≥ 2, 1 ≤ a ≤ b,
n > (2a+b)(2m+ib−2)

a and δ(G) ≥ an
2a+b + b2(i−1)

a + 2m. Let
g, f be two integer-valued functions defined on V (G) such
that a ≤ g(x) ≤ f(x) ≤ b for each x ∈ V (G). If G satisfies

max{dG(x1), dG(x2), · · · , dG(xi)} ≥
(a+ b)n

2a+ b

for any independent subset {x1, x2, . . . , xi} of V (G), then
G is an all fractional ID-(g, f,m)-deleted graph.
Theorem 19. Let G be a graph of order n. Let a, b, i be
integers with i ≥ 2, 1 ≤ a ≤ b and m ≥ 0. Let g, f be
two integer-valued functions defined on V (G) such that a ≤
g(x) ≤ f(x) ≤ b for each x ∈ V (G). If δ(G) ≥ an

2a+b +
b2(i−1)

a + 2m, n > (2a+b)(i(a+b)+2m−2)
a , and

|NG(x1) ∪NG(x2) ∪ · · · ∪NG(xi)| ≥
(a+ b)n

2a+ b

for any independent subset {x1, x2, . . . , xi} of V (G), then
G is an all fractional ID-(g, f,m)-deleted graph.

Theorem 18 and Theorem 19 are best possible, to some
extent, under the condition. Actually, we can construct some
graphs such that the independent set degree condition in
Theorem 18 can’t be replaced by max{d1, d2, · · · , di} ≥
(a+b)n
2a+b − 1, and the independent set neighborhood union

condition in Theorem 19 can’t be replaced by

|NG(x1) ∪NG(x2) ∪ · · · ∪NG(xi)| ≥
(a+ b)n

2a+ b
− 1.

Consider a graph G = (at + 1)K1 ∨ Kbt ∨ (at + 1)K1,
where t is a sufficiently large positive integer. Clearly, n =
(2a+ b)t+ 2. We have

(a+ b)n

2a+ b
> max{d1, d2, · · · , di}

= (a+ b)t+ 1 >
(a+ b)n

2a+ b
− 1

and

(a+ b)n

2a+ b
> |NG(x1) ∪NG(x2) ∪ · · · ∪NG(xi)|

= (a+ b)t+ 1 >
(a+ b)n

2a+ b
− 1

for any independent subset {x1, x2, . . . , xi} of V (G).
Let I = (at + 1)K1. For G′ = Kbt ∨ (at + 1)K1, let

S = Kbt and T = (at+1)K1. Let a = g(x) and f(x) = b for
all x ∈ V (G). Then we have

∑
x∈T dH(x)− eH(T, S) = 0

for any subset H of E(G′) with m edges. Therefore,

g(S)− f(T ) + dG′−S(T )− (
∑
x∈T

dH(x)− eH(T, S))

= a(bt)− b(at+ 1)

= −b.

Thus, G′ is not an all fractional (g, f,m)-deleted graph by
Lemma 8. In conclusion, G is not an all fractional ID-
(g, f,m)-deleted graph.
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VI. CONCLUSION

In a data transmission network, the feasibility of data
transmission at certain time can be expressed by the existence
of a fractional factor. The existence of fractional factors
under different settings corresponds to the feasibility of data
transmission in networks at different conditions. This paper
starts with the network parameters, finds the relationship
between these parameters and the existence of fractional
factors under different frameworks, and thus obtains the
corresponding bounds. Since these graph parameters are of
great significance in data transmission networks which are
key parameters to be considered in network design, the
results obtained in this paper have important theoretical
guiding significance for the analysis of network design and
data transmission network, and have certain reference value
for engineers and related practitioners.
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