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Dual Orlicz Harmonic Mixed Quermassintegrals

Tongyi Ma*, Weidong Wang

Abstract—In the paper, the notion of dual harmonic mixed
quermassintegrals in the classical Brunn-Minkowski theory is
extended to that of Orlicz dual harmonic mixed quermassin-
tegrals in the Orlicz-Brunn-Minkowski theory. The analogs of
the classical dual Cauchy-Kubota formula, the dual Minkowski
isoperimetric inequality and the dual Brunn-Minkowski in-
equality are established for this new dual Orlicz harmonic
mixed quermassintegrals.

Index Terms—Dual Orlicz-Brunn-Minkowski theory, Or-
licz dual harmonic quermassintegral, dual Orlicz Minkowski
isoperimetric inequality, integral geometry, convex geometric
analysis.

I. INTRODUCTION

EGINNING with the groundbreaking articles [13], [25],

[26] and the very recent work [10], the classical Brunn-
Minkowski theory of convex bodies (see, e.g., [6], [40], [41])
was extended to the Orlicz stage, which is known as the
Orlicz Brunn-Minkowski theory. Analogous to the way that
Orlicz spaces generalize L,- spaces (see [36]), it represents
a generalization of the L,-Brunn-Minkowski theory, which
emerged in the early 1960s (see [4]), began largely with
the initial works [19], [20] in the mid 1990s, and expanded
rapidly thereafter (see, e.g., [2], [3], [5], [11], [15], [18], [21],
(22], [23], [24], [30], [31], [33], [34], [35], [37], [39], [42],
[45], [46], [49)).

Lutwak’s dual Brunn-Minkowski theory, introduced in the
1970s, helped achieving a major breakthrough in the solution
of the Busemann-Petty problem in the 1990s. In contrast
to the Brunn-Minkowski theory, in the dual theory, convex
bodies are replaced by star-shaped sets, and projections onto
subspaces are replaced by inter-sections with subspaces. The
machinery of the dual theory includes dual mixed volumes
and important auxiliary bodies known as intersection bodies
(see, e.g., [7], [8], [9], [12], [17], [27], [28], [47]). Recently,
the dual Orlicz-Brunn-Minkowski theory for star bodies was
made by Zhu, Zhou and Xu [48], and later by Gardner,
Hug, Weil and Ye [11]. Then followed by Jin, Yuan and
Leng [16], [32], et al. In some respects, this is more delicate
than the Orlicz-Brunn-Minkowski theory for convex bodies,
partly due to the various flavors of star sets that have to be
considered. Radial Orlicz addition for two or more star sets
is introduced and its basic properties are established. At the
same time, they established two fundamental inequalities, the
dual Orlicz-Minkowski inequality and the dual Orlicz-Brunn-
Minkowski inequality.

As usual, x - y denotes the standard inner product of z
and yinR"; B={z€R":2-2 <1} and S" ! = OB
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denote the unit ball and unit sphere in R", respectively. The
volume of B is 7™/2/T'(1+n/2), where T'(-) is the Gamma
function. For a compact set K in R™ which is star shaped
with respect to the origin, define the radial function px of K
by pr(z) = max{\ > 0: Az € K} for z € R"\{o}. If px
is continuous we shall call K a star body (about the origin).
A star body which is centrally symmetric with respect to the
origin will be called a centered body. We shall use S, and
S to denote respectively the set of star bodies (about the
origin) and the set of centered bodies. Two star bodies K and
L are dilates (of one another) if pg (u)/pr () is independent
of u € S"~1. Obviously, for K, L € 87,

K CL ifandonlyif px <pr. @))

Hence, a star body is uniquely determined by its radial
function. If ¢ > 0, we have

p(cK,z) = cp(K,z), forxz e R"\{o}. (2)

More generally, from the definition of the radial function it
follows immediately that for 7' € GL(n) the radial function
of the image TK = {Ty : y € K} of K is given by (see
[401)

p(TK,z) = p(K, T 'z), forzecR"\{o}, (3

where T~ ! is the inverse of T
Lutwak [29] introduced the dual quermassintegrals of star
bodies which is given by

— ~ 1 ,

Wh—i(K)=V,_;(K,B) = ﬁ/ ) P (w)dS(u)  (4)
sn-

for any 7 € R, where S is the spherical Lebesgue measure on

§f‘1 (i.e., the (n — 1)-dimensional Hausdorff measure) and

Wo(K) = V(K) is the volume of K, W,(K) = V(B) =

wy, = 72 JT(1 + n/2) is the volume of the unit ball B in

R".

Denote by vol;(+) the i-dimensional volume. The impor-
tance of the dual quermassintegrals lies in the fact that
the (n — 4)th dual quermassintegral of a star body K is
proportional to the mean of the i-dimensional volumes of
the slices of K by the i-dimensional subspaces & of R", that
is (see [27)),

W _ Yn

ws

/ voli(K N &)d(e),  (5)
G(n,i)

i=0,1,---,n—1, where G(n, 1), u; and vol;( K N¢&) denote
the Grassmannian manifold of ¢-dimensional linear sub-
spaces of R", the normalized Haar measure on G(n,4) and
the ¢-dimensional volume of slice of K by an :—dimensional
subspace £ C R", respectively. Equation (5) is the well-
known dual Cauchy-Kubota formula.

To study the first variation of dual quermassintegrals is
an effective approach to find new geometric quantities or
measures induced by star bodies.

(Advance online publication: 27 May 2019)
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For star bodies K,L € S, i € R,i # n and any € > 0,

then ith dual mixed quermassintegrals, W; (K, L), is defined
by:

WKL) = tim, W”(K+€°€L)‘Wi(K)
n—11e—>
1 .
= [ A wewdsw. ©
n Sn—1

where Ao KfpoL = {datpy:z€ K,y€ L\, uc R}
denotes the radial Minkowski linear combination, and

Apparently, for K,L € S} and ¢ € R with i # n,
the following integral representation for the ith dual mixed
quermassintegrals, W;(K, L), of K, L is obtained from (6):

WD) = [ o e (wads().

n

If K.L € 8}, and A\,x > 0 (not bOtLI zero), then for
p > 0, the Ly-radial combination, A o K+,uo L € &} is
defined by:

p(Ao K+ppo L,-)P = Ap(K, )P + up(L,-)P.

For K,L € §},p > 0, real i # n and any € > 0, the
ith dual L,-mixed quermassintegrals, W), ;(K,L), of K,L
is defined by

WKL) = P lm W;i(KFpe 0 L) — Wi(K)
P  n—de—0t 5
1 .
N */ prc(u)" P pr (w)PdS (u). (7)
n Jgn-1

Meanwhile, we define

W;(K) = Woi(K,L) = lim W, (K, L).

p—0t
In particular, for p > 0,

- ~ 1
Vol 1) = WyalK. D) = & [ pre(w) 7pu (w)dS(a)
Sn—1
is called the dual L,-mixed volute of star bodies K and L
If K,L € 8], and A, i > 0 (not both zero), then for p > 0,
the L,-harmonic radial combination, A o K+_,uo L € S}
is defined by:

p(Ao K+ _ppuoL,-)77 = Ap(K, )" + pp(L,) P (8)

When p > 1, it is easy to show that the L,-harmonic
radial combination reduces to Lutwak’s L,-harmonic radial
combination (see [20]).

For € > 0,p > 0 and real i # n, the ith dual L,-harmonic
mixed quermassintegrals of K, L € S is defined by

Wi(KF_peo L) — Wi(K)

—~ - . _p A
W) = L :
1 .
= [ e ) TS ),
n Sn—1

9

In particular, W_%O(K, L) is also denoted by KN/_I,(K, L),
the dual L,-harmonic mixed volume of star bodies K and
L. When p > 1, the dual L,-harmonic mixed quermassinte-
grals reduces to Wang and Leng’s dual L,-harmonic mixed
quermassintegrals (see [43]).

The aim of this paper is to extend the notion of dual L,-
harmonic mixed quermassintegrals to the Orlicz setting. The
above cited works [11], [48], and especially the work [10],
make it apparent that the time is ripe.

Throughout this paper, we consider convex (or concave)
function ¢ : [0,00) — [0,00), that is strictly increasing
and satisfies ¢(0) = 0. Let ®; be the class of convex and
strictly increasing functions ¢ : [0,00) — [0, 00) such that
lim;_,o+ ¢(t) = 0,limy— 00 ¢(t) = +o0, and ¢(0) = 0.
Let ®, be the class of concave and strictly increasing
functions ¢ : [0,00) — [0,00) such that lim; ,o+ ¢(t) =
0, lim;—, 00 ¢(t) = 400, and ¢(0) = 0.

Let K, L € S8} with radial functions px, pr., respectively.
For a, 8 > O(not both zero) and ¢ € &1 or ¢ € P, we define
the Orlicz harmonic radial combination o ¢ K ~T-_¢ B o L of
K and L by

plao K+_yBo Lu)"
_ inf{A S0 agb()\mi(u)) +B¢</\/)L1(u)> < ¢>(1)},

u € 8™, The rest of this paper is organized as follows.
In Section 2, we list some basic and well-known facts
from Convex Geometry. Some basic properties of the Orlicz
harmonic radial combination will be given in Section 3. In
Section 4, we compute the Orlicz first variations of :th dual
quermassintegrals
—0 (1) Wi(K+_ge0 L) — Wi(K)

n—1 o0t €

-/ ¢(f§)px<u>"-idsw>,

for i = 0,1,---,n — 1. From this, if ¢ # n is any real,
we introduce the following concept of Orlicz dual harmonic
mixed quermassintegrals.

Definition 1.1. Let K, L € S and ¢ € ®; or ¢ € Po. Then
for real i # n,

W_gi(K, L) = l/ ¢(pK)pK(u)"idS(u).
n Jgn-1 PL

The quantity W_Wv(K , L) is called the dual Orlicz mixed
quermassintegrals of K and L. If ¢ = 0, then W,@O(K, L)is
just the dual Orlicz mixed volume ‘7,¢(K , L) (see [11]), and
if ¢(t) = 7 with p > 0, then W_4 (K, L) = W_, (K, L)
is the ¢th dual L,-mixed quermassintegrals.

In Section 5, we show the probabilistic essence of dual
Orlicz mixed quermassintegrals from integral geometry (see,
e.g., [36], [38]). The classical dual Cauchy-Kubota formula
has a natural Orlicz extension:

Theorem 1.2. Suppose K,L € S and ¢ € @1 or ¢ € Ds.
Then foreachi=1,---,n —1,

W_y(K,L)
Wn

- / VUK N LA E)dpn-i(6),
G(n,n—1)

Wn—i4

where ‘N/_(:;_i) (KNE, LNE) denotes the dual harmonic Orlicz
mixed volume of the (n — 7)-dimensional star bodies K N ¢
and L N ¢ in the subspace &.

(Advance online publication: 27 May 2019)
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In Section 6, the dual L,-Minkowski inequality and the
dual L,-Brunn-Minkowski inequality for the dual quermass-
integrals are generalized to the Orlicz setting, respectively.

Theorem 1.3. Suppose that K, L € S]' and real i € R. If
¢ € Py, thenfori<norn<i<n+4l,

WopalK, L) > W(K)d»((%@) )

If ¢ € @y, then for ¢ > n+1, the inequality (10) is reversed.
If ¢ is strictly convex (or strictly concave), the equality holds

in every inequality if and only if K and L are dilates of each
other.

Theorem 1.4. Suppose that K, L € S} and real ¢ € R. If
¢ € Py, thenfori<norn<i<n+4l,

i(qﬁ(:f%f&i’“)“) <G )

If ¢ € ®,, then for ¢ > n+1, the inequality (11) is reversed.
If ¢ is strictly convex (or strictly concave), the equality holds
in every inequality if and only if K and L are dilates of each
other.

(10)

II. PRELIMINARIES

We say that the sequence {¢;}, of ¢; € @1 (or ¢; € D3),
is such that ¢; — ¢¢ € @1 (or P3) provided

|pi — dol1 = max |$i(t) — do(t)| — O,

for every compact interval I C R.
We define a metric 6 on S, the radial Hausdorff metric,
as follows: If K, L € S, then

3(K,L) = sup |px(u)=pr(u)|:=|p(K,)=p(L-)|oo-

uesSn—1
A sequence {K;} of star bodies is said to be convergent to
K if 6(K;,K) — 0, as i — oo. Therefore, a sequence of
star bodies K; converges to K if and only if the sequence
of radial functions p(Kj,-) converges uniformly to p(K, ).
For K,L € &7,p > 1, the dual Lj,-harmonic mixed
volume V_, (K, L) of K and L is defined by

7oKL = P lim V(KT yeol) ~V(K)

12

n e—0+t S ( )

In [20] Lutwak also proved the following integral rep-

resentation for the dual L,-harmonic mixed volume: For
K,L eS8, and p>1,

~ 1

V_p(K,L) = o /SW1 pr (W) Ppr(u)"PdS(u).  (13)

Remark 2.1. In fact, the condition p > 1 of inequalities (12)
and (13) can be extended to p > 0.

In [43], Wang and Leng proposed the concept of the
dual L,-harmonic mixed quermassintegrals, and proved the
following analog of the Minkowski inequality for the dual
L,-harmonic mixed quermassintegrals: If i, L € SJ',p > 1,
then fort <norn<i<n-+p,

n+p—i —~—

W_pa (K. L) > Wi(K) 5 Wi(L) 7

n—i

(14)

and for ¢ > n + p, inequality (14) is reversed. The equality
holds in every inequality if and only if K and L are dilates
each other.

Wang and Leng also proved the dual L,,-Brunn-Minkowski
inequality for the dual L,-harmonic mixed quermassinte-
grals: Suppose K,L € S?,p > 1 and o, > 0. If real
i<norn<1ti<n-+p, then (see [44])

Wi(a o K¥_pBoL) P/

> aWi(K)fp/(n*i) + 5%2.([/)*17/(714)’ (15)

For 7 > n + p inequality (15) is reversed. the equality holds
in every inequality if and only if K and L are dilates each
other.

Remark 2.2. In fact, the condition p > 1 in inequalities (14)
and (15) can be extended to p > 0. .

The dual cone-quermassintegral measure, Wi (w), of the
star body K is a Borel measure on S™ ! defined for a Borel
set w C S"1 by

17 1 n—i
Wie(w) = - / S,

For K € &7, it will be convenient to use the dual
quermassintegral-normalized conical measure V,*_, (K, -) de-
fined by

Wi(K)dv,;_,(K,-) = %p?(_ids. (16)
Note that the dual quermassintegral-normalized conical mea-
sure V,*_,(K,-) is a probability measure on S™~!.

Suppose that p is a probability measure on a space X
and f: X — I C Ris a p-integrable function, where I is
a possibly infinite interval. Jensen’s inequality states that if

¢ : I — R is a convex function, then

[ etr@ante) = of [ sauto)).

If  : I — R is a concave function, then inequality (17)
is reversed. If ¢ is strictly convex (or strictly concave ),
the equality holds in every inequality if and only if f(x)
is constant for p-almost all x € X (see [14]).

a7

III. ORLICZ HARMONIC RADIAL COMBINATION

We first define the Orlicz harmonic radial combination.
Definition 3.1. Let K, L € S} with radial functions pg, pr,,
respectively. For «,3 > O(not both zero) and ¢ € &,
or ¢ € ®,, define the Orlicz harmonic radial combination

oo K—T—,dﬁ o L of K and L as the star body whose radial
function at u € S"~ 1! is given by

plao K+_yB0L,u)~"

_ inf{A >0 O@(Ami(m) +B¢<APL1(H)> < ¢><1>}-
(18)

It is noted that p(cv o K+_43 ¢ L, u) can be defined for all
u € 8"~1 by the equation
a(b(p(aoKI—_(bﬁoL,u))
px (u)
p(aoK—T—¢BoL,u)>
pr(u)

+5¢( = ¢(1).

(Advance online publication: 27 May 2019)
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If ¢(t) = tP with 0 < p < oo, then a0 K+_yB0 L =
aoK+_,80L.

From (3) and the definition of Orlicz harmonic radial
combination, we have:

Proposition 3.2. Suppose that K, L € S7, and o, 8 > 0. If
¢ € @1 or ¢ € Pg, then for T' € GL(n),

T(aoK+_gB0L)=aoTK+_4s80TL.

Proof. For u € S™~1, by (3) and the Definition 3.1 of Orlicz
harmonic radial combination, we have

plaoTK+_4Bo0TL,u)"!

= inf{)\>0:a¢(>\PT1K(U)>
+5¢(A,,T1L(u)> < ¢(1)}
_ inf{)\>0:04¢(/\pK(lT—1u))

1
¢ s ) =40}
= plaoK+_4B0L, T u)™?

= p(T(awoK+_yBoL),u)"!

Since K, L € §),0 < pg < oo and 0 < pr < o0,

then -— — 0 an
PK

L
assumption that ¢ is strictly increasing in (0, 00), the function

SERIREY

is strictly decreasing and continuous in (0, c0). Thus, we
have:

Lemma 3.3. Suppose that K,L € 8" and u € S"~ L. If
¢ € @1 or ¢ € Py, then

*{se) * ) =

if and only if

A=plao K+ _gB0L,u)""
For K € S8, define the real numbers Ry and rx by

and rx = min pg(u).

ueSn—1

Note that 0 < rx < Rx < oo, forall K € §}'. It K, L €
SI, let R = max{Rgk,R.} and r = min{rg,rp}. For
a,f >0, let M = max{«, 8},m = min{e, 8} and ¢ =
a—+ 3. Since ¢ is continuous and strictly increasing in (0, c0),
hence the inverse ¢! is also continuous and increasing in
(0, 00).

Lemma 3.4. Suppose that K, L € S'. Then
(1) If ¢ € ®, then for all u € S7~1,

r¢_1((g5\14)> < plaoK+_gfoL,u) < Ry~ <¢(1>>’

R = max pg(u)
uesSn—1

(2) If ¢ € P, then for all u € S7~ 1,
ré (qb(cl)> < plaoK+_gB0L,u) < Rp™* (W)>

Proof. Since two assertions can be proved similarly, we only
give that the proof of (1). Suppose v € S™ ! and p(a ¢
K:L_qbﬂ o L,u)~! = \. By Lemma 3.3 and the fact that ¢
is strictly increasing on (0, c0), we have

$(1) = a¢<>\p;(u)) + B¢<A,,j<u)>

saro(i) + t0(3:)
§2M¢</\17,).

Since the inverse ¢! of ¢ is strictly increasing on (0, 00),
we have the lower bound for p(a o K+_48¢ L, u):

1 >re! (23&})

On the other hand, from Lemma 3.3 and Jensen’s inequal-
ity, together with the convexity and the strictly increasing on
(0,00) of ¢, we have

¢(1) .« 1 B 1

atg ~ o\ m ) e
> 250k ) + 50 )
2 ¢(a+ﬂ it atp ARL>

o(8)

Then we obtain the upper estimate:

)

We now show that the Orlicz harmonic radial combination
of two star bodies is also a star body.

>

1
<
)\*R(ﬁ

Lemma 3.5. Suppose that ¢ € ¢, or ¢ € P2 and o, > 0
(not both zero). If K, L € S, then a0 K+_480 L € S

Proof. Let ug € S™~'. For any subsequence {u;};.N C
S™~1 such that u; — ug as i — oo, we need to show

plaoK+ _4B0L,u;) — placK+_yB0L,ug), asi— co.

Let

~ 1
p(a0K+—¢6OLaui):)\7::Mh )\L>O

g

Then Lemma 3.4 gives
1 o(1)
o () =+
and

rg~! ("5(6”) < < Ro! (ﬁ(;)) for ¢ € B,

Since K,L € §), we have 0 < rg < Rg < 00,0 <
r;, < Ry < oo. Thus, there exist a,b such that 0 < a <
w; < b < oo, for all i. To show that the bounded sequence
{ui};cN converges to p(a o K+_4f o L,ug), we show
that every convergent subsequence of {P‘i}z‘eN converges
to p(a o K+_48 ¢ L,up). Denote an arbitrary convergent

i < Rop™ <¢((:1))7 for ¢ € @4,

(Advance online publication: 27 May 2019)
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subsequence of {u;},.N by {#i},cN as well, and suppose
that for this subsequence
Wi — [ as & — 00.

It is clear that a < pg < b. Lemma 3.3 and the fact
plao K+_480 L,u;) = u,; show that

(i) (i) =0

Since px and py, are continuous on S™~!, together with
the continuity of ¢ and u; — po, it follows that

(i) 5 ) =0

By Lemma 3.3, we have

po = plao K+_4f 0 L, ug).
This shows
placK+_yB0L,u;) — plaoK+_4BoL,ug), asi— oo.

Therefore, the continuity of p(ao K+_48¢ L,-) is proved
and a0 K+_4B0L € S”.

From the Definition 3.1 of the Orlicz harmonic radial
combination, for ¢ > 0, we have

plao (eK)T_sBo (cL),u)"!

— inf {A >0 0‘¢<>\pd1<(u)>
+/3¢<Ap;(u)> <o) }
= ¢ linf {cA >0 O‘¢<c/\p1;<(u)>

+ﬁ¢><dp1L(u>) < ¢<1>}
= ¢ 'plaoK+_gBoL,u)t.

This gives that
plao (cK)+_gB 0 (cL),u) = cplao K+_yB0 L,u). (19)
__ Next, we show that the Orlicz harmonic radial combination
+_¢ : S¢ — Sy is continuous.
Lemma 3.6. Suppose that ¢ € &3 or ¢ € Oo. If K;, L; € S
and K; > Ke S}, L, - L eS8, as i — oo, then

aoKi+_yBoL; > aoK+_4B0L, asi— oo
for all o and S.
Proof. Suppose u € S™~ 1. We will show that

plao Ki+_yB0 Li,u)

— plaoK+_4B0L,u), asi—oo.  (20)

Let

~ 1
p(O[OKi—"qu)ﬁOLiau) = )\7 = M, )\’L > Oa

3

and write R; = max{R,,Rr,} and r; = min{rg,,rp,}.
Then Lemma 3.4 gives

i ((;25(]\1/[)) < i < Rigp~! ((;5(61))7 for ¢ € @1,

and
1 1
rigp! <¢()) <pi < Rigp™! <¢())» for ¢ € Ps.
c 2m
Since K; - K € 8} and L; — L € S, as © — oo,
we have Rg, - Rxg < 0o, Ry, =& Rp < o0, and rg, —
ri > 0,71y, — rr > 0. By the fact that the functions R; =
max{Rkg,, Ry, } and r; = min{rk,, rz, } are continuous, we
have R; — R < oo,r; — r > 0. Thus, there exist a, b such
that

0<a<pu; <b<oo, forallieN. 21

To show that the bounded sequence {u;}, N converges
to p(a o K+_48 o L,u), we show that every convergent
subsequence of {11}, N converges to p(ao K+_y30L,u).
Denote an arbitrary convergent subsequence of {;}, <N by
{us }ieN as well, and suppose that for this subsequence we
have

Wi = o as ¢ — 00.

It is clear that a < pg < b. Let INQ = ui_lK,; and Zz =
%flLi. Since K; — K, L; — L, and p;t = pgt, we have
K;=p;'K; — py 'K and L; = p; "L; — pg L.

Now (19), and the fact p(avo K;+_ 430 L;,u) = ju;, show
that p(ao Ki+_4f3 o Li,u) = 1. That is,

“dj(p;:(u)) +6¢<p;<u>> =9l

Since K; = p;'K; — pg'K and L; = p; 'L — pg'L,
together with the continuity of ¢, and (2), it follows that

aqs(mf?it)) +B¢<p5(0w> =4

By Lemma 3.3, we have

for all 7 € N.

po = plao K+_yBo L,u).
This shows
plaoKi+_yBoLi,u) = plaocK+_yB0L,u), asi— co.

Now the pointwise convergence (20) has been proved.

We will show that the convergence (20) is uniform for
any ug € S"'. Assume that p(a o K;+_43 o L;,-) does
not converge uniformly to p(ao K+_43¢ L, -). Then, there

exists a €9 > 0 and an Ny € N such that, for : > N,
Ip(ao Ki+_sBo Li,u;) — plao K+_gB80 L,u;)| > eo. (22)

Since S™~ 1 is compact, for some uy € S7=1 there exists a
subsequence {u;};.N C 57~ such that u; — ug as i — oo.

From Lemma 3.4, there exist an N; € N and positive a, b
such that (21) holds for ¢ > N;j. Then for every number
e > 0, there exists a positive p, such that

lp(ao KiF_pBo Li,u;) — pg| < e,
whenever i > N = max{ Ny, N1}, this means that
plao K+ _yBo Liyu;) — pfy as i — oo.
From (22), we have
o — plao K+_yB o L,ug)| > 0.
This implies

o # plao K+_yBo L,ug). (23)
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Let p) = p(ao Ki+_4B 0 Li,u;) and ) — pl as i — oo.
By Lemma 3.3, we have

a(b(PKfL(;Ui)) " 5¢<po‘éW)> =4

Together with the facts that K; — K, L; — L and p} — g
as ¢ — oo, we get that

a(b(PKlz{Lo)) * ﬁ(é(PLAzgo)) = #1)-

By Lemma 3.3 again, we have

1o = plao K+_ 380 L,ug).
Contradicts to (23), we have
plao Kit+_yBo Li,u) — plao K+_yB0 L,u)
uniformly on S™~! and hence
as ¢ — 00.

aoKit_yBoL;i—aoK+_4B0L,

We will see that the Orlicz harmonic radial combination
+_¢ is continuous in o and .

Lemma 3.7. Suppose that ¢ € ®; or ¢ € ®o. If ;, 8, > 0
and o; — «, 3; — B, as i — oo, then

oK+ 4BioL = aoK+ 4B0L, asi— oo,

for all K,L € S].

Proof. Suppose that u € S"~! and K, L € S”. Next we will
show that

plai o K+_3B; o L,u)

— p(aoKI_qbﬂoL,u), asi—oo. (24)

Let
plai o K+ 4B o Lyu) = .
By Lemma 3.4 we have

r¢‘1((§§\}[)_) < pi < Rp™! <¢(1)) for ¢ € @4,

(2

and

r¢ ! <¢£1)> < i <Ryt <¢(1)) for ¢ € ®s.

% 2mi

Since o; — «a, 8; — B as i — oo and the facts that the
functions M; = max{«;, B;},m; = min{ay, 5;} and ¢; =
«;+3; are continuous, we have M; — M, m; — m and ¢; —
¢, as i — 0o. Since the inverse ¢~ ! of ¢ is also continuous
and increasing in (0, 00), there exist a, b such that 0 < a <
i < b < oo, for all 4. To show that the bound sequence
{mi};cN converges to p(a o K+_4B¢ L,u), we show that
every convergent subsequence of {mi}, N converges to p(ao
K+_480L,u). Denote an arbitrary convergent subsequence
of {pi};eN by {ii};eN as well, and suppose that for this
subsequence we have

Wi = fo as ¢ — 00.

It is clear that 0 < a < po < b < oo. Since p(a; ©
K+_yf; ¢ L,u) = p,, that is,

a¢<p:(iu)> +ﬁ¢<;;(iu)> — $(1), forallicN.

Since a; — « and §; — [, together with the continuity of
¢, and p; — po as ¢ — oo, it follows that

a¢</ﬁf€u)> +B¢<p5&)> =4

By Lemma 3.3, we have

o = plao K+_yB0 L,u).
This shows
plaio K+ _yBioL,u) = placK+_gBoL,u), asi— oo.

Now the pointwise convergence (24) has been proved.

To show the convergence (24) is uniform on Sl we
assume that p(a; © K+_48; o L,-) does not converge uni-
formly to p(a o K+_43¢ L,-). Then, there exist a positive
€o and an Ny € N such that, for ¢ > N,

lp(aio K+ _pBioL, ui) —placK+_yBoL, u;)| > eo. (25)

Since S"~! is compact, for ug € S"7!, there exists a
subsequence {u;};.N C 5™~ such that u; — ug as i — oo.

From Lemma 3.4, there exist an N; € N and positive a, b
such that, for i > Ny,

0<a<plaoK+_gBioL,u)<b<oo.

Then, for any ¢ > 0, there exists a positive yy, such that for
all i > N = max{Ny, N1},

(s © K46 © Lyug) — pg| < e,
this means that
plai o K+_yBi o Lyu;) — ppy, as i — oo.
From (25), we have
1o — plao K440 L, ug)| = eo.
This implies
o # plao K+_ 4B L,ug). (26)
Let ) = p(a; * K+_4B; * L,u;). By Lemma 3.3, we have

) 5 )

px (u;)

This, together with the facts that a; — o, 8; — B, p — g
and the continuity of ¢, gives

aqﬁ(p;@o)) i W(p;fiw) = #{1)

By Lemma 3.3 again, we have

= ¢(1).

oy = plaro KT_g3 Lug).
This contradicts to (26). Therefore,
plaio K+ _yBioL,u) = p(acK+_gBoL,u), asi— oo.
uniformly on S”~!, and

oK+ _gBioL - aoK+_4B0L, asi— oco.

The following lemma shows that the Orlicz harmonic
radial combination and the L;-harmonic radial combination
are closely related.
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Lemma 3.8. Let K, L € §) and 0 < a < 1. If ¢ € @4, then
(1-a)oK+_ 4a0LC(l—a)oK+_jaoL. (27)

If ¢ € &g, then
(1-a)oK+_4a0Ll2(l—a)oK+_jaoL.

If ¢ is strictly convex (strictly concave), the equality holds
in every inequality if and only if K and L are dilates of each
other.

Proof. Since two assertions can be proved similarly, we only
give the proof of (27). Let K, = (1 —a) o K+_sa o L. By
Lemma 3.3 and convexity of ¢, we have

)

(1_a)¢(pi)§a)>
¢<(1 —a)pg (u +apL )
)~

PK
¢< ((l—oz)oK—i— 1o Liu

P (w) )

Since ¢ is strictly increasing on (0, c0), then we have

¢(1)

\%

p(Ko,u) ™' > p(1 —a)o K+ jaoL,u)™ "
This is,
p((1—a)o KF_jao Lu) > p(Kqa,u).
By (1), we obtain the desired inclusion. From the equality
condition in Jensen’s inequality (17), if ¢ is strictly convex,

then equation holds in (27) if and only if K and L are dilates
of each other.

IV. DUAL ORLICZ HARMONIC MIXED
QUERMASSINTEGRALS

We denote the right derivative of a real-valued function f
by fl. For ¢ € ®; (or ¢ € ®y), there is ¢/ (1) > 0 because
¢ is convex (or concave) and strictly increasing.

Lemma 4.1. Let K, L € S and ¢ € ®; or ¢ € ®5. Then
the convergence in

pKI,¢soL(u) — pr(u)

eliIng €
), ()
(o) @8

is uniform on S™!,

Proof. Suppose that ¢ > 0, K, L € S”, and u € S" 1. Let

PK. = pKI_¢EOL(u) = p(s,u).
Then, by Lemma 3.7, we have
pr. — pr(u) ase— 0.

By Lemma 3.3, we have
PK PK
= = = ¢(1).
o(seiy) +=¢(ty) =
PK.

ey =07 (o —eo(25))

Then

Let

(29)

)

and note that + — 17 as € — 0. Thus
P (u) = pit(w) Pt (u)

pi. (1) P (w)

Together with (30) and Lemma 3.7, we obtain
p~t(e,u) —

=1- =1-t (30)

P (u)

Prc(w) pi(e,u) — pr'(u)
P (u)
_ lim —1 ) - (pKE('U,)>

o pKE( ) ¢ pL(U)
() ot ()

Pres (u)

X (w)
3(1) — (6(1) — ep(2=l))

_ L) - PK(U) - lim L
= px (u) ¢(pL(U)> t1+ ¢(1) — ¢(¢)
_ e (px(w)

= Seln)

From this and Lemma 3.7, it follows that

i P& = pr(u) _ _pK<u)¢ pr(u)\ 31)
o : (1) “\ pr(w)
Then the pointwise limit (28) has been proved.
Moreover, the convergence is uniform for any v € S"~ 1.
Indeed, by (29) and (31), it suffices to recall that by Lemma
3.7,

lim = px(u),

v pKI_¢eoL(“)
uniformly for u € S"~1.

We are ready to derive the variational formula of dual
quermassintegral for the Orlicz harmonic radial combination.

Theorem 4.2. Let K,L € S§},¢ € ®; or ¢ € Py, and
1=0,1,---,n— 1. Then
—0p(1) | WilK ¥ geol)

n—1 eo0t €

. as(fj: ((Z)))pmnfdsw).

Proof. Suppose that K, L € 8", > 0, and u € S"~1. By
Lemma 3.7 and Lemma 4.1, it follows that

Wi(K)

e—=0t Jgn-1 5
— lim pr. (1) — pr(u)
e—=0t Jgn-1 €
n—i—1

( > o (w) pK<u>"-f—f‘—1)ds<u>
j=0
Pi (u)

/ i PE=(W) — P (u
gn—-1e—0t €

n—i—1

li J
Xagga( 2 ool

et asi)
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gn—1 =07t €
xpxc(w)" "7 dS (u)

= S0 o )oxtwrasio)

Hence
—0L(1) o WilKT e o L) — Wi(K)
n—1 =0+ €
—d (1 n—i __ n—i
€ R B3 O e 1 OB
(n — z)n e—=0t Jgn-1 3

Ao

We complete the proof of Theorem 4.2.
From this, if ¢ # n is any real, we can define the dual
Orlicz harmonic mixed quermassintegrals.

Definition 4.3. Let K, L € S}, ¢ € ®; or ¢ € ®, and any
real ¢ # n. The geometric quantity

W_ypi(K, L) = / N ¢<f’K(u)>dWK(u)

s pr(w)

is called the dual Orlicz harmonic mixed quermassintegral of
K and L regarding ¢. The normalized dual Orlicz harmonic
mixed quermassintegral W _,(K, L), of K and L regarding
¢, is defined by

WopilK,L) = o7 <%>

- ([ Ao o)

When ¢(t) = t?, with p > 1. The dual Orlicz harmonic
mixed quermassintegral reduces to Wang and Leng’s dual
L,-harmonic mixed quermassintegral (see [43]):

17 1 n+p—i —
Wik = [ o™ o u)as(w).

n

for all K,L € S)'. Where real ¢ # n,n + p.

From Definition 4.3 and the variational formula of The-
orem 4.2, we can define that for K, L € S, ¢ € &y or
¢ € Po, and 7 € R with 7 # n, the dual Orlicz harmonic
mixed quermassintegral, W_g ;(K, L), of K, L is

W_ (K, L)

—0p(1) | Wil ¥ _ge o L) — Wi(K)
n—14 e=0t €

In particular, take ¢ = 0 in (32), then the above formula

of the dual Orlicz harmonic mixed quermassintegral reduces

to the following formula of the dual Orlicz harmonic mixed
volume:

P — 4

. (32)

fy VEFseo L) — V(E)

n e—0+ IS

. (33)

Some basic facts are observed for W_¢7i(K ,L):

Proposition 4.4. Let K, L,L;,Ly € S and ¢ € ®; or
¢ E Dy .

(1) Wepi(K, K) = p()W;(K).

(2) W_po(K,L) =V_4(K,L). .

(B) If ¢(t) = t? and p > 0, then W_,;(K,L) =
W, (K, L).

(4) W_yi(TK,TL) = W_4 (K, L), for all T € O(n).
where O(n) denote orthogonal transformation group in R".
(5) If Ly C Lo, then W_¢,7i(K, Ll) > W—d),i(Ka LQ)

Proof. We only give the proof of (4), and proof will be not
given for (1), (2), (3) and (5).
From Proposition 3.2 and (32), we have, for T € O(n),

W_yi(TK,TL)
Sy ., Wi(TKF_4e 0 TL) — W;(TK)
 n—i es0t £
_ =o)L Wi(T(K+_ge o L)) — Wi(K)
 n—i es0t €
_ o) WilEF e o L) - Wi(K)
n—1 e=0+t €
= W_44(K, L).

The next lemma shows the continuity of dual Orlicz
harmonic mixed quermassintegrals.

Lemma 4.5. Let K;,L;, K,L € S} and j,k € N.
(M If K; - K, Lp — L as j,k — oo, then
W_g,i(Kj, L) = W_gi(K, L).
(2) Let ¢j, 0 € @1 or ¢, 90 € Po. If ¢; — ¢ as j — oo,
then W,¢]$i(K7 L) — W7¢>,i(K7 L)
Proof. Note that K; — K, L;, — L implies
pr; = px and  pr, — pL

is uniform on S™!. In addition, from the continuity of ¢,
the convergence in

(229
PLy PL

is uniform on S™~!. Thus, we derive (1) immediately.
Take

pr (u) and . px(u)

max T = min
uest=1 pr(u)

A= :
M uesm =1 pr(u)

Note that ¢; — ¢ implies @l rr] = @l{r,,.ra,] Uniformly.
Therefore, gbj(’;—f) — qﬁ(f}—f) uniformly on S™~!, which
implies (2).

From the definition of W_;(K, L), (1) of Proposition
4.4, and together with the face that ¢ and ¢! are strictly
increasing on (0, 00), we have as follows:

Proposition 4.6. Let K, L € S and ¢, ¢1, p2 € Py or $o.
M W_gi(K,K)=1. o
(2) If ¢1 < o, then W_,, ;(K,L) < W_,, (K, L).

V. THE GENERALIZED DUAL CAUCHY-KUBOTA
FORMULA

In this section, we show the probabilistic essence of dual
Orlicz harmonic mixed quermassintegrals. The starting point
is the dual Cauchy-Kubota formula.

Recall that for a star body K € S7,

— W

Wi(K) =

/ VOln,i(K N f)d,unﬂ(ﬁ), (34)
Wn—i JG(n,n—i)
where ¢ =1,---,n — 1.

We generalize this formula to the Orlicz setting. For this
aim, the next lemma is needed.
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Lemma 5.1. Let K,L € S}, ¢ € ®; (or ¢ € P3), and
t=1,---,n— 1. Then for each £ € G(n,i) and € > 0,

(KF_geoL)NE=(KNET_ge0(LNE).

Proof. Let £ € G(n, i) be arbitrary but fixed, and let
Siml = gnlng,
For any u € S*~1 and Q € S7, it follows that
pQ(u) = pone(u).
Thus, applying the definition of KJNr_¢5<>L tou € S 1,
(KT gz 0 L) NE,0)

it gives
¢< prne(u) )

p(KF_gcoL)NEu)\
M €¢< prag(u) ) = o).

On the other hand, from the definition of (K N&)+_4e0
(L NE) defined in &, it gives

PUE NEFgeo(LNE), u)

o pre®) )
op(AENDEse o 0D _ g

Hence, (K+_4coL)N¢ and (K NE)F_geo (LNE)is a
same star body in €.

Theorem 5.2 provides a probabilistic approach to define
dual Orlicz harmonic mixed quermassintegrals.

Theorem 5.2. Suppose that K,L € S} and ¢ € ®; or
¢ € ®5. Then foreach i =1,---,n—1,
/G o VT L0 (6),

Woga(K, L) = —

Wn—4

where ‘7_(1_” (KNE, LNE) denotes the dual Orlicz harmonic
mixed volume of the (n — ¢)-dimensional star bodies K N¢
and L N¢ in the subspace €.

Proof. From (32), the dual Cauchy-Kubota formula (34) and
Lemma 5.1, it follows that

W_yi(K, L)

~0p(1) | WilKF_ge o L) — Wi(K)

n—1 e—0t €
_ —¢.(1)  wy /
n—1 Wn—i JG(n,n—i)

vol,—i(K+—_ge 0 L) N &) — vol,—;(K N¢)

X lim

e—0t IS
X dunfi (u)

—¢p(1)  wn

/G(n,n—i)

n—1 Wy

vol, i (K N&)F_geo (L NE)) —vol, _;(KNE)

X  lim
e—0+ €
X d/-j/n—z (u)

By (33) and the above integrand depends smoothly on ¢ (for
small ¢). Hence, it gives

W_(K, L)
VUK NE LN Edpn—iE),
G(n,n—1)

w'll

Wn—4

as desired. .

Up to a constant, the quantity W_, ;(K, L) is the expec-
tation of the random variable

VON(K N LNy Gnyn —1i) = (0,00),
e VUK e LNe),

which is defined on the probability space (G(n,n —
1), B, pn—;) (where B is the Borel sigma-algebra on G(n, n—

Letting ¢(t) = t? with p > 0 in Theorem V, it yields the
formula

W_,.i(K, L)
Wn, ~(n—i
/G o VST NS L0 ()

Wn—4

Remark 5.3. We generalize the dual Cauchy-Kubota formula
to 1 < ¢ <@ < n states that for a star body K € &) and
1<g<i<n,

Wn

W(K) /G TN (©), 69
n,n—q

Wn—gq
where Wi(f;q) denotes the (i-g)th dual harmonic quermass-
integral in the subspace &.

From (35), (32), and using an argument similar to that in
Theorem 5.2, we can obtain the following theorem.

Theorem 5.4. Suppose that K, L € &) and ¢ € ®; or
¢ € 5. Then for 1 < ¢ <i<n,

W_yi(K,L)
\/G(nJLQ)

(36)
where Wﬁ’;‘ff_)q(f{ N &L NE) denotes the dual Orlicz
harmonic mixed quermassintegral of the (n-q)-dimensional

star bodies K N ¢ and L N € in the subspace &.

wn

WD (K 0 € LN E)dpn—q(€),

Wn—gq

VI. DUAL ORLICZ-BRUNN-MINKOWSKI INEQUALITIES
We now establish the following dual Orlicz-Minkowski
inequality:

Theorem 6.1. Suppose that K, L € S). If ¢ € @4, then for
real s <morn <i<n+4+ 1, we have

N . W/Z(K))l>
W_s:(K,L) > W;(K — . 37
silK.L) > Wil W((wi@) G7)
If ¢ € &, then for real ¢ > n + 1, we have
W_s:(K, L) < W;(K — . 38
oK. L) < Ti( )QS((W@) (38)

If ¢ is strictly convex (or strictly concave), the equality holds
in every inequality if and only if K and L are dilates of each
other.

Proof. Since two assertions can be proved similarly, we only
give the proof of (37).

Since the dual quermassintegral-normalized conical mea-
sure V*_.(K,-) defined by (16) is a probability measure on
S7=1, then by Jensen’s inequality (17), the integral formulas
of dual harmonic mixed quermassintegral (9), the L,-dual
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Minkowski inequality (14), and the fact that ¢ € ®; is
increasing on (0, c0), we obtain

v
-

This gives the desired inequality.

Suppose that equality holds in (37). Since ¢ is strictly
increasing, we have equality in the L,-dual Minkowski
inequality. So there is ¢ > 0 such that L = cK and hence

PL(U) = CPK(U%

for all w € S™~1,
Conversely, when L = cK, by Definition 4.3, we have

Wepi(K,L) = Wi(K)¢(1/c)

o ())

When ¢(t) = t? with p > 0. The dual Orlicz-Minkowski
inequality (37) and (38) reduces to dual L,-Minkowski
inequality for the dual harmonic L,-mixed quermassintegral:
Ifp>1,thenfori<norn<i<n+l1,

n —p

j;i':l WZ(L) n—i

W_pi(K, L) > Wi(K) (39)

If 0 < p < 1, then for ¢ > n + 1, inequality (39) is reversed.
The equality holds in every inequality if and only if K and
L are dilates each other.

Remark 6.2. By comparing (14) and (39), we see that
inequality (39) is different from Wang and Leng’s inequality
(14) (see [43)).

The following uniqueness is a direct consequence of the
dual Orlicz-Minkowski inequality (37) (or (38)).

Corollary 6.3. Suppose that ¢ € ®; or ¢ € 9, and M C
S» such that K, L € M. If

W_yi(M,K)=W_4,(M,L), forall M € M, (40)
or
Wi K, M) W_y,(L, M
Wil M) _ Wopall ), forall M € M, (41)
Wi (K) Wi (L)
then K = L

Proof. We only prove the case of ¢ € ®;.
Suppose that (40) holds. If we take K for M, then from
Definition 4.3 and (1) of Proposition 4.4, we obtain

PWi(K) = W_y (K, K) = W_g:(K,L).

Hence, from the dual Orlicz-Minkowski inequality (37) we

have N 1
o(1) > ¢(<%) >

with equality if and only if K and L are dilates of each other.
Since ¢ is strictly increasing on (0, c0), we have

Wi(L) > Wi(K),

with equality if and only if K and L are dilates of each
other. If taking L for M we similarly have W;(L) < W;(K).
Hence, W;(K) = W;(L) and from the equality conditions
we can conclude that K and L are dilates of each other.
However, since they have the same dual quermassintegral
they must be equal.

Next, suppose (41) holds. If we take K for M, then from
Definition 4.3 and (1) of Proposition 4.4, we obtain

WK, K)  W_yi(L, K)
Wi(K) Wi(L)
Then, from the dual Orlicz-Minkowski inequality (37) we

have B 1
0= ((F) )

with equality if and only if K and L are dilates of each other.
Since ¢ is strictly increasing on (0, 00), we have

(1)

Wi(K) > Wy(L),

with equality if and only if K" and L are dilates of each other.
If we take L for M we similarly have W;(K) < W;(L).
Hence, W;(K) = W;(L) and from the equality conditions
we can conclude that K and L are dilates of each other.
However, since they have the same dual quermassintegral
they must be equal.

Lemma 6.4. Suppose that ¢ € ®; or ¢ € $o, and K, L €

(1) If K and L are dilates, then for each «, £ >0, K and
ao K+_4B3 ¢ L are dilates.
(2) Suppose a, > 0. If K and aoK+_45oL are dilates,

then K and L are dilates.

Proof. To prove (1), assume that . = ¢ K for some constant
€ > 0. Let C's denote the class

gn—1 . K e S:)l}

{rK

The definition of Orlicz harmonic radial combination implies
that the function p(awo K+_48¢ L, -) is the unique solution
to the equation

/ / ~
a¢< +po( L) =), reds
PK EPK
On the other hand, it is obvious to prove that there exists
a unique 6 > 0 such that

a0®) + 86 ( 2 ) = o(0),

which immediately implies

aqb(pp‘fj) +6¢(p5K> = o(1).

EPK
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Hence, a o K+_ 43¢ L = 0K, which concludes (1).
To prove (2), assume o ¢ K+_48 ¢ L = AK for some
constant A\ > 0. Then for arbitrary u € S"~1,

plao K+_gBoL,u)

asn) + 66
which implies that
¢(p(aoK4~r¢BoL,u))
pr(w)

is constant for all w € S™~!. This and the injectivity of ¢
show that « o K+_48 ¢ L and L are dilates.

We derive the dual Orlicz-Brunn-Minkowski inequality for
dual Orlicz harmonic mixed quermassintegrals as follows:

Theorem 6.5. Suppose K,L € S}, and o, B > 0. If ¢ € Dy,
then for ¢ < n orn < i <n-+ 1, we have

aqb(( (o K ¢ﬁ<>L)) )

Wi(K)
. 5¢>(< oo K+ ‘”OL)) ><¢(1).<42>
If ¢ € &g, then for ¢ > n + 1, we have

Wi (L)
()

If ¢ is strictly convex (or strictly concave), the equality holds
in every inequality if and only if K and L are dilates of each
other.

Proof. Since two assertions can be proved similarly, we only
give the proof of (42).

Let Ky = aoK—T-_¢ﬁoL. From the formulas (4), Lemma
3.3 and the dual Orlicz-Minkowski inequality (37), it follows
that

¢(1)
1

= i o SR st
- m/s ooy +oo (it )]

X pic, (u)dS (u)
= Y WK ,K)+N6 W_gi(Ks, L)
Wilky) ¢ Wik,

() ) (5 )

We get the desired dual Orlicz-Brunn-Minkowski inequal-
ity (42). From Theorem 6.1 and Lemma 6.4, the equality
conditions can be obtained immediately.

When ¢(t) = tP with p > 0. the dual Orlicz-Brunn-
Minkowski inequality reduces to dual L,-Brunn-Minkowski
inequality: If p > 1, then fort <norn <i<n+1,

Wilao K¥_,Bo L) 7

If 0 < p < 1, then for ¢ > n + 1, inequality (44) is reversed.
The equality holds in every inequality if and only if K and
L are dilates of each other.

Remark 6.6. By comparing (15) and (44), we see that
inequality (44) is different from Wang and Leng’s inequality
(15) (see [44]).

The next corollary is a weaker version of Theorem 6.5.

Corollary 6.7. Suppose that K, L € S and 0 < o < 1. If
¢ € P, then forreal i <norn<i<n+1,

Wilao KF¥_y(1—a)o L) < W;(K)*W;(L)'~®,
with equality if and only if K = L.

(45)

Proof. For brevity, let
Ky=aoK+_4(1—a)oL.

Since ¢ € ¥, is strictly increasing and convex on (0, 0),
by (42) of Theorem 6.5 and the weighted arithmetic mean-
geometric mean inequality, we have

¢(1)

()

V
RSN
/N
7 N\
==
el
=
:

+

\
2
7N
| =
Cifs
=
T
N

Therefore,
Wi(Ka) < Wi(K)*W; (L),

According to the condition of equality holds in inequality
(42) and the weighted arithmetic mean-geometric mean in-
equality, we know that the equality holds in inequality (45)
if and only if K = L.

If ¢(t) = t? with p > 1, then the above corollary gives
that foreachO<a<landi<norn<i<n-+1,

Wilao KT _p(1—a)o L) < W;(K)*W;(L)'~°,
with equality if and only if K = L.

Theorem 6.8. With the same assumptions of Theorem 6.1.
The dual Orlicz-Minkowski inequality (37) (or (38)) <=-the
dual Orlicz-Brunn-Minkowski inequality (42) (or (43)).

Proof. We have proved the dual Orlicz-Brunn-Minkowski
inequality (42) (or (43)) by the dual Orlicz-Minkowski in-
equality (37) (or (38)). Thus, we only need to prove the dual
Orlicz-Minkowski inequality (37) by the dual Orlicz-Brunn-
Minkowski inequality (42), the remainder of the argument is
analogous to that in the first part and is left to the reader.
For ¢ > 0, let K, = K—T—,qba o L. By the dual Orlicz-
Brunn-Minkowski inequality, the following function

() )

() ) o

F(e)
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is non-positive. Then by Lemma 3.7 and (46), ¢ € o, define
L FE) = F(0) Wil K, L)
-0 £ 1 1 _ inf{)\ >0 :/ qs(ApK(g‘)))dV,:‘i(K,u)
Wi (K) n—1 W;(L) AN gn—1 pr(u
. d)( sz(Ks)) )+5¢((V~m 5>) ) ¢(1)
= lim <¢(1)p. (52)
e—0t e

= lim - n
e—0t (Wi,(K) )71171‘ 1
‘A/‘}L(KE)
~ 1
v%/-i((zf))) Tl Wi(L) \~ 5
o ) By
e—0+ £ Wi(K)

Let n = (M)_ﬁ and note that n — 11 as e — 07.

Wi (Ke)
Consequently,
~ _L
o((FEL) ") = (1) _
(G I S
e—0t W, (K) )*m 1 n—1+ n—1
= (1) (48)
By Lemma 3.7 and (32), we have
~ -1
(KW(K)) ]
lim ~ilke) (49)
e—0*t €
W = W(K) e
= W)t T )
e—0+ €
1 i(Ke) — W,
_ L T — T(E)
(n — i)W, (K) e—=0* €
1 W_ui(K, L
= 1 WD) (50)
(1) Wi(K)

From (48), (49), (50) and F'(¢) is non-positive, it follows
that

lim () — F(0)
e—0t 5
< 0 1)

From the definition of function F(¢), we have F(0) =
0. Therefore, the equality holds in (51) if and only if
F(e) = F(0) = 0, this implies that equality can be obtained
from the equality condition of dual Orlicz-Brunn-Minkowski
inequality.

Along with dual Orlicz harmonic mixed quermassintegrals,
we introduce the following quantity.

Definition 6.9. For star bodies K,L € S§) and ¢ € ®; or

. (47)

It can be checked that if ¢(t) = t? with p > 0, then
— et — 1
W_,i(K,L)= (W_pﬂ;(K, L)/Wi(K)) P,

From Definition VI and Definition IV, we have

W_pi(K,W_4,(K,L)L) =1 (53)
and

W_gi (K, W_yi(K, L)L) = ¢(1)W;(K). (54)

The quantity /V[Z(i,,i(K , L) provides an approach to ex-
tend dual Minkowski’s isoperimetric inequality to the Orlicz
setting.

Theorem 6.10. Suppose that K, L € S7. If ¢ € @, then for
eacchi<norn<i<n+1,

s> (U0)

while if ¢ € @, the inequality is reversed. If ¢ is strictly
convex (or concave), the equality holds in every inequalities
if and only if K and L are dilates.

(55)

Proof. Since two assertions can be proved similarly, we only
give the proof of (55).
From (54), (37) of Theorem 6.1 and the fact that

Wi(aK) = o™ "W;(K), a >0,

it follows that

W_ (K, W_y (K, L)L)
Wi (K)

¢<(W’L(K)/WZ(W¢Z(K) L)L)) n_l>

1

, ( (Watr)/Wi(z)) ™ >

W_yi(K, L)

o(1) =

vV

Note that ¢ is strictly increasing on (0,00). Hence, the
desired inequality is obtained. If ¢ is strictly convex, by
Theorem 6.1 again, the equality holds if and only if K and
W_4 (K, L)L are dilates.

The inequality in Theorem 6.1 and Definition 4.3 can be
rewritten as

Corollary 6.11. Suppose that K € §)',i € R. If ¢ € P4,
then fort <norn<i<n-+1,

—~ 1

— Wi(K)\

W_a(K.L) > (J)) ,
Wi(L)

while if ¢ € ®o, the inequality is reversed. If ¢ is strictly

convex (or concave), each equality holds if and only if K

and L are dilates.
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In particular, W_, o(K, L) is V_4(K, L), which is the
normalized dual Orlicz harmonic mixed volume of K and
L. That is,

ratn ([ (o)

Correspondingly, there is the inequality

V,¢(K, L)> <“/;((Ig))>", for ¢ € ®;.
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