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G Approximation of Conic Sections by
Bernstein-Jacobi Hybrid Polynomial Curves

Mao Shi

Abstract—A G' approximation method of conic sections
using Bernstein-Jacobi hybrid polynomial curves of arbitrary
degree is proposed. Based on the method of weighted-sum-of-
objective-function in the multi-objective optimization, the prob-
lem can be converted to a scale optimization. Applying weighted
least-squares, we obtain the resulting curve. Meanwhile, by the
orthogonality of Jacobi polynomials, the inverse of matrix is
avoided. Finally, some examples and figures were offered to
demonstrate the efficiency and the simplicity of our methods.

Index Terms—Conic sections, Geometric continuity, Hybrid
curves, Multi-objective optimization, Least-squares

I. INTRODUCTION

LTHOUGH rational Bézier curves are the standard in
the Initial Graphics Exchange Specification (IGES),
some Computer Aided Design (CAD) systems only use
polynomial expressions to deal with parametric curves. This
is because rational Bézier curves can’t be differentiated and
integrated easily [1]-[6]. Many research papers have been
published about approximation of conic sections by Bézier
curves since 1980s. Using geometric information such as
point positions, tangents and curvatures, De Boor et al. [7]
first applied Geometric Hermite Interpolation (GHI) method
to accomplish a high accuracy approximation of circular
arcs based on cubic Bézier curves. Floater [8] [9] studied
approximation by quadratic splines and Bézier curves of
odd degree n respectively. Both methods have the optimal
approximation order 2n. Fang [10] presented methods for ap-
proximating conic sections using quintic polynomial curves.
The constructed quintic polynomial curve has G*-continuity
with the conic section at the end points and G*-continuity
at the parametric mid-point. Using the matrix form and the
least squares method, Hu [11] researched G approximation
of conic sections by Bézier curves of arbitrary degree in L?
norm, but the method requires to compute matrix inversion.
In this paper, we mainly interested in the G approxima-
tion of conic sections by Bézier curves of arbitrary degree. In
order to avoid calculating the inverse of matrix in L? norm,
we construct a Jacobi-Berenstein hybrid polynomial curve.
With the help of the weighted sum method in multi-objective
optimization [12] [13] [14] and the weighted least squares
method we obtain results.

The rest of the paper is organized as follow. In Section 2,
some basic definitions and properties on conic sections and
Jacobi-Bernstein polynomial curves were given. The problem
of G'-constrained approximation of the conic sections is
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described. In Section 3, using the weighted least-squares
method we introduce an explicit algorithm to solve the
problem. Approximation errors and numerical examples are
presented in Section 4 to confirm the effectiveness of the
method. Finally, in Section 5 we conclude this paper.

II. PRELIMINARIES

A conic section can be represented in the standard rational
Bézier form by
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where w; € Rt is the weight, p; = (xlj,yi) are the control

points and B'(t) = (7)t'(1 — t)"~" are the Bernstein
polynomials. R

A Jacobi-Bernstein hybrid curve Q(t) of degree n can be

expressed as
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where N = n—(r+s+2),u = 2t—1, p(t) = "1 (1-t)sT1,
q; = (Z;,7;) are the control points of the Bézier curves,
&; = (Z;,7;) are the control points of the Jacobi curves and
JU T () are the Jacobi polynomials.

J
Set p(t) > 0 is a weight function and F'* and FY are the
components of the vector equation
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Based on the method of weighted-sum-of-objective-function,
the problem of G approximation of the conic section P(t)
by Bézier curves is to find a Jacobi-Bernstein hybrid curve

Q(t) of degree n so that

Ja ()\ mA{a}r (r+5+2))

is minimized and the control points at the end points satisfy

(FIJrFy% 3)

qo = Poa q,
)\Apo,

:p27

2w
q; = Po + q, 1 =P — WUAPU )

where A and 7 are free parameters.

Next, we review and derive several of mathematical pre-
liminaries on Bernstein polynomials, classical Jacobi poly-
nomials and conic sections which are used in the paper.

Lemma 1. Setting B;” (t) be a Bernstein polynomial of
degree n, multlphcatlon ‘of m Bernstein polynomials satisfy
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the following equation [6],
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and the corresponding definite integral can be written as
1 m - M
B,? ()dt = ————«, (6)
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where M =[]}, (Z’), N =37 njand J =377 ;.
n

Lemma 2. Given two Bézier curves X(t) = > x} B} (t)
j=0

j=1

of degree n and Y (t) = > yp* By (t) of degree m, we have
k=0
[15]
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Lemma 3. A Jacobi polynomial can be represented by
Bernstein polynomials as follows [16]
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where C(al,, a{ ) are scale forms of (8).
Moreover, when = s + 1 and 8 = r 4 1, the equation

sz (o, 8,1, ) has the orthogonality, that is
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Similarly, given a Jacobi polynomial J ;HLSH) (u) and a
Bernstein polynomial B} (t), we have

1
G (e, B,k ) = / (1= P BRI (w)t
(13)

_ L e GO O
atft+n+jt+l= (TP

Lemma 4. Let X(¢) = > x?B(t) be a Bézier curve of
i=0

degree n and P(t) be a conic section given by equation (1),
we have
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Finally, for a Jacobi polynomial .J ](TH’SH) (u) and a conic
section P(t), by (14), it yields
E(r+s+j+2cx)
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ITI. G' POLYNOMIAL APPROXIMATION OF CONIC
SECTIONS
The G approximation of conic sections means r = s =
1. According to the method of weighted least squares [16],

derivatives of F'(-) with respective to points q must be zero,
so we have

| ottre0(P(6) - Q0) 52 2t~ e =0,

Letting p(t) = ﬁ and substituting (3), (12) and (13) into

the above equation, we obtain
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From now on, we can calculate all the control points of
the approximation curve Q(t) by equation (15). In order to
obtain the values of \ and 7, we substituting (15) into the
objective function (3) and letting p(t) = 1 yield

{8Fm + BFy =0
(16)
OF® apy
on + on =0
and O(F. F,)
—— = I -l — 11
a)\ 1 nila 3
O(Fy, Fy) AL — lTs — s,
on
where

ZB T u> dt

1
Hl :/ < ApoBl
0
n—4n—4

_ (2wApo)2 4wApo
= )7 ’I’L ZB]'G +ZZB Bijk:
=0

n(4n? —1
7=0 k=0

I, =I14

n—4

:/0 <2:AP132—1(75) —9(t) Z CjJ;M)(U))

j:0

— (t) ZB J&? )) dt

7=0

( AI)OB1

n—4n—4

(2 )ApoApl
_(2w) BPoaP1 C,;BGY}
(2n + 1)( +320kzo r

(AponG ' + Ap1B,;G>? 1J)

ZB I3 (u >
x (P(t) — ZB?(t)po - Z B (t)p2

i=n—1
n—4
o> AjJJ(-Q'Q)(u)> dt
7=0
2wA !
2088 ety (30 G 37 G)0e)
n i=0 +1 i=n—1 2' )

B, <£(j ) =3 poG??
j=0 1=0

n—4

—Z&qﬁ,

_ ZA G2 2:|
- Z p2G?,’j2

i=n—1
1
II; = / “CAPIBI i ( Ec I3 () | dt
0
_ (2wapy)* 4°"Ap1 Zc G2 +n§nic CrGht
n(4n? — 1) =0 nh =0 k=0 *

and

y n_ (5~ (Dpo
n @+ 1)\ (500
) ZA G2,
i=n—1 (n+z 1)
n—4
-> G <€(j +4,cx) — Z PGy}
=0 i=0

1 n—4
2,2 4,4
- Z PG — Z AGy |
=0 k=0

where

1 =1

ul
0  Others

and

1  i=n-1

u! = .

! 0  Others

Finally, we can obtain control points q, of equation (2) from
the system of linear equations (16).

IV. NUMERICAL EXAMPLES

In this section, we provide two examples to show the
effective of our method. For each example, we use discrete
Hausdorff distances to express approximation error.

Example 1 (Also Example 1. in [11]) Given a conic
section P(¢) with control points (0,0), (1.2,1.5), (1,0) and
the weight w; = 3. Table I lists A, n and error obtained by
Hu’s method and ours method, respectively. The resulting
curves of degree n = 4 are shown in the left-hand side
of Fig. 1 and the corresponding error distance curves are
illustrated in the right-hand side of Fig. 1. Fig. 2 shows the
resulting curves with degree n = 6 and corresponding error
distance curves.

TABLE I
APPROXIMATION OF CONIC SECTIONS WITH POLYNOMIALS OF DEGREE
4 AND 6
n Hu’s method Our method
A n € A n 5
4 0.8091 0.8273 2.14 x 10— 2 0.8168 0.8368 1.94 x 10— 2
6 0.9438 0.9507 5.1 X 10-3 0.9503 0.9524 5.1 x 1073

Example 2 (Also Example 2. in [11]) Given a conic
section P(¢) with control points (0,0), (0.2,0.8), (1,0) and
the weight w; = 0.2 and w; = —0.2, respectively. Table
II lists A, n and error obtained by Hu’s method and ours
method, respectively. The resulting curves are shown in (a) of
Fig. 3, the corresponding error distance curves for w; = 0.2
are illustrated in (b) of Fig. 3 and the corresponding error
distance curves for w; = 0.2 are illustrated in (c) of Fig. 3.
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Fig. 1. (a) The conic section. (b) The resulting curve of degree 4 using Hu’s method. (c) The resulting curve of degree 4 using ours method (d) The
corresponding error distance curves. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this

article.)

APPROXIMATION OF CONIC SEETAIICBJII:JE \I’JITH POLYNOMIALS OF pEGREg ~ Minimize the bound on the Hausdorff error distance, So
5 Hausdorff error distance is larger than that by the method
[18], [19] for the quartic Bézier curves. One of our work is
“1 FHu's method Our method to generalize our method to conic section approximated by
2 i c 2 i c the quartic Bernstein-Jacobi hybrid polynomial curves based

02 | osss | os221 | 2.7x 1073 | os6u | o%41s | 2.4 x 1073 on the bound on the Hausdorff error distance.
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