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Brunn-Minkowski Inequalities for the L, and L,
Radial Blaschke-Minkowski Homomorphisms

Xia Zhao and Weidong Wang*

Abstract—The Blaschke-Minkowski homomorphisms and ra-
dial Blaschke-Minkowski homomorphisms were defined by
Schuster. Recently, Wang er al. extended these concepts to L,
versions. In this paper, we establish Brunn-Minkowski type
inequalities for the L, and L, radial Blaschke-Minkowski
homomorphisms of dual quermassintegrals.

Index Terms—L, Blaschke-Minkowski homomorphism, L,
radial Blaschke-Minkowski homomorphism, Brunn-Minkowski
inequality, dual quermassintegral.

I. INTRODUCTION

ET K" denote the set of convex bodies (compact,

convex subsets with non-empty interiors) in Euclidean
space R". For the set of convex bodies containing the origin
in their interiors and the set of origin-symmetric convex
bodies in R", we write X and K7, respectively. In addition,
let S denote the set of star bodies (about the origin) in R".
Let S™~! denote the unit sphere and V(K) denote the n-
dimensional volume of the body K. For the standard unit
ball B, its volume V(B) = wy,.

The projection bodies and intersection bodies played
critical roles in the solutions of the Shephard problems
and Busemann-petty problems, respectively (see [10], [22]).
Through the work of Ludwig (see [16], [17]), projection bod-
ies and intersection bodies were characterized as continuous
and GL(n) contravariant valuations. Recently, based on the
properties of the well-known projection and intersection op-
erators, Schuster [23] introduced two special valuations: the
Blaschke-Minkowski homomorphisms and radial Blaschke-
Minkowski homomorphisms which can be stated as follows:
Definition 1.A. A map @ K* — K" is called a
Blaschke-Minkowski homomorphism, if it satisfies the fol-
lowing conditions:

(1) ® is continuous;

(2) For all K,L € K", ®(K#L) = ®K + ®L, where
K#L denotes the Blaschke sum of K and L, and K + ®L
denotes the Minkowski addition of ®K and ®L;

(3) For all K € K™ and every v € SO(n), ®(vK) =
v®(K), where SO(n) denotes the group of rotations in n-
dimensions.

Definition 1.B. A map V : S} — S is called a radial
Blaschke-Minkowski homomorphism, if it satisfies the fol-
lowing conditions:

(1) V is continuous with respect to the radial metric;
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(2) For all K,L € S, W(K+L) = WKYVL, where
KX L denotes the radial Blaschke sum of K and L, and
UKF VUL denotes the radial Minkowski addition of VK and
UL,

(3) For all K € S and every v € SO(n), ¥(vK) =
vU(K), where SO(n) denotes the group of rotations in n-
dimensions.

Associated with the Blaschke-Minkowski homomorphisms
and radial Blaschke-Minkowski homomorphisms, Zhao [32]
established following Brunn-Minkowski type inequalities.
Theorem 1.A. If K,L € 8} and i,5 € R, s € N satisfy
i<n—1<j<n((i#j),0<s<n-—1, then

(i)
i(Ys

( >) . (Wu))ﬂ

~ \W;(U,.K) wi(w,L))

with equality if and only if K and L are dilates. Here ¥ ; de-
notes the mixed radial Blaschke-Minkowski homomorphisms
of order s, and + denotes the Ls radial sum.

Theorem 1.B. If K,L € K" in R"™ and i,j € R satisfy
1<n+1<j<nandi#j, then

( <<I>*<K#L>>> =
W(
(9

(K #L))
—~ 1
( >) o (Eny
~\W;(9*K) wi@+r))
with equality if and only if K and L are homothetic. Here
®* K denotes the polar body of K.

More results for the Blaschke-Minkowski homomorphisms
and the radial Blaschke-Minkowski homomorphisms, also
see [11, [4], [5], [6], [7], [8], [12], [15], [27], [28], [29],
[301, [311, [33], [34], [35], [36], [37].

In 2013, based on the properties of L, projection bodies,
Wang [24] extended the notion of Blaschke-Minkowski ho-
momorphisms to L, version. Here, according to the range of
solutions of L, Minkowski problem (see Theorem 9.2.3 of
book [22]), we improve Wang’s definition as follows:
Definition 1.C. For p > 1, a map @, : K} — K is called
a L, Blaschke-Minkowski homomorphism, if it satisfies the
following conditions:

(1) ®, is continuous;

(2) For all K,L € K7, ®,(K#,L) = ®,K +, ®,L,
where K#,L denotes the L, Blaschke sum of K and L,
and ®,K +, ®,L denotes L, Minkowski addition of ®,K
and ®©,L;

(3) For all K € K and every v € SO(n), ®,(vK) =
v®,(K), where SO(n) denotes the group of rotations in n-
dimensions.
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Remark 1.1. In Definition 1.C, if replace “®,, : K — K}
by “®, : K, — K77, then Definition 1.C is just the Wang’s
work (see [24]).

In [26], Wang, Liu and He defined the L, radial Blaschke-
Minkowski homomorphisms based on the radial Blaschke-
Minkowski homomorphisms.

Definition 1.D. Forp >0, amap ¥, : S} — S} is called a
L, radial Blaschke-Minkowski homomorphism, if it satisfies
the following conditions:

(1) W, is continuous with respect to radial metric;

(2) For all K,L € S, ¥,(K+,L) = ¥,K+,V,L,
where K+, L denotes the L, radial Blaschke addition of K
and L, and ¥,K Ip\IlpL denotes the L, radial Minkowski
addition of Y, K and V,L;

(3) For all K € S and every v € SO(n), ¥,(vK) =
v¥,(K), where SO(n) denotes the group of rotations in
n-dimensions.

From Definition 1.D, we easily see that the L, radial
Blaschke-Minkowski homomorphism is a more general form
of the L, intersection operator. Regarding the studies of
the L,, Blaschke-Minkowski homomorphisms and L,, radial
Blaschke-Minkowski homomorphisms, many results have
been obtained in these articles (see [2], [3], [14], [25], [39]).

The purpose of this paper is to establish Brunn-Minkowski
type inequalities for the L, Blaschke-Minkowski homomor-
phisms and the L, radial Blaschke-Minkowski homomor-
phisms based on Theorem 1.A and Theorem 1.B, respective-
ly. Our results can be stated as follows:

Theorem 1.1. For p > 0, let V), : S} — S be a L, ra-
dial Blaschke-Minkowski homomorphism, K1, K5, L1, Lo €

S, i,jeRandi#j. Ifi <n—p<j<n, then
(Wi(\lfp(Kling))> 7
W; (W, (L1+,La))
< (VNVi(‘I/pKl)> o + (YKZ'(\IIIDKQ)) jii; (1.1)
W; (VL) W;(¥pLo)
ifn—p<i<n<y, then
Cm%mﬁﬂmyﬂ
Wj(\pp(Ll'T'pLﬁ)
> (LKD) (I
W;(¥pL1) W;(VpLo)

In each case, equality holds if and only if K| and Ky are
dilates, L1 and Lo are dilates and with the same dilation
coefficient.

Theorem 1.2. For p > 1, let ®, : K} — KI be a
L, Blaschke-Minkowski homomorphism, K, Ky, Lq,Ly €
Kl i,jeRandi# j. Ifit>n+p>j>n, then

09

— p_
J

(‘/Ki(@Z(Kl#pKz))) =
Wi(®5(La#pL2))

ifn+p>i>n2>j then

<

; (1.3)

*
p

<@(¢;(K1#,>Kz))>ifj
W;(@5(Li#pL2))

. <Wi(<1>;;K1)>if} . (Wi(sz‘)KQ))t—p.y. L4

W;(®5L1) W;(®5Lo)
In each case, with equality if and only if ®,K, and ®,K,
are dilates, ®,L, and ®,Ly are dilates and with the same
dilation coefficient. Here ®) K is the polar body of ®,K.
In this paper, the proofs of Theorem 1.1 and Theorem 1.2
will be given in Section III.

II. PRELIMINARIES
A. Support function, radial function and polar set

Suppose that R is the set of real number. If K € K", the
support function of K, hx = h(K,-) : R™ — R, is defined
by (see [10])

hMK,z) =max{z-y:y € K}, zeR",

where x - y denotes the standard inner product of = and y.

For a compact star shaped (about the origin) K in R”, the
radial function of K, px = p(K,-) : R"\{0} — [0, +00),
is defined by (see [10])

p(K,z) =max{A\>0: Az € K}, € R"\{0}.

If px is positive and continuous, then K will be called a
star body (respect to the origin).

If E C R" is a nonempty subset, the polar of set £, E*,
is a convex set whose definition is given by (see [10], [22])

E'={xeR":z-y<1, ye E}.

For K € K7, it is not difficult to obtain (K*)* = K.
From the definitions of support function, radial function
and polar, for K € K7, then (see [10])

(2.1)

B. L, Minkowski combination and L, radial combination

For K,L € K2, A\, ;t > 0 (not both zero) and real p > 1,
the L, Minkowski combination, A - K +, - L € K}, of K
and L is defined by (see [10], [22])

hA-K 4+, p- L, )P = A(K, )P + ph(L, )P, (2.2)

where “+,” denotes the L, Minkowski addition and A - K
denotes the L,, Minkowski scalar multiplication.

Let K,L € 8, A, > 0 (not both zero) and real p # 0,
the L, radial combination, Ao K+, po L € S?, of K and
L is given by (see [9], [22])

p(Ao K4y oL, )P = Ap(K, )P + up(L, -)7,

where “+,” denotes the L, radial sum and A o K denotes
the L, radial scalar multiplication.

(2.3)

C. Dual quermassintegrals

Lutwak [18] gave the notion of dual quermassintegrals.
For K € S and real i, the dual quermassintegral, W;(K),
of K is given by

— 1 .
Wi(K) = ﬁ/g » p(K,u)""*du. (2.4)
Especially,
—~ 1
W) =+ [ o au = V()
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W (K) = © /S du = Lo =v(B) = wn.

n

D. L, Blaschke combination
For K,L € K', n# p and A, u > 0 (not both zero), the

0

L, Blaschke combination, A ©® K#, 1 ® L, of K and L is
deﬁned by (see [22])

SP()\ © K#pMQ L) ) = )‘SP(K7 ) + /’LSP(L7 ')7

where “#,” denotes the L, Blaschke addition and A © K
denotes the L, Blaschke scalar multiplication. Here S, (M, -)
denotes the L,, surface area measure of M € K.

E. L, projection body and L,, intersection body

The notion of L, projection body was introduced by
Lutwak, Yang and Zhang [19] as follows: For each K € K
and p > 1, the L,, projection body, I, K, of K is an origin-
symmetric convex body whose support function is given by

1
Wy () = [ eoas, (o).

NWnCn—2p

for all w € S™1, and Cn,p = Wnp/WalnWp—_1.

In 2006, Haberl and Ludwing [11] defined the L, inter-
section body as follows: For K € 8] and 0 < p < 1, the
L, intersection body, I, K, of K is an origin-symmetric star
body whose radial function is defined by

/ |u - x| Pdx

B / w0 P P (v)dS (v),
Snl

PIK

n—p
for all w € S™ L.

On the further study of the projection bodies and intersec-
tion bodies, we may refer to [13] and [20].

III. RESULTS AND PROOFS

In this section, we will prove Theorem 1.1 and Theorem
1.2. In order to complete the proof of Theorem 1.1, we
require the following lemmas.

Lemma 3.1 ([21]). (Dresher’s inequality) Let functions
f1, f2,91,92 > 0, E is a bounded measurable subset in
R" ifs>1>t>0and s #1, then

<fE(f1 +f2)5dx>sif

Ji(g1 + g2)tdx

1
- (k fldx) (et
fE gidx fE gsdx ’

equality holds if and only if f1/f2 = g1/92.
Lemma 3.2 ([38]). (Reverse Dresher’s inequality) Let func-

tions f1, fo,91,92 > 0, E is a bounded measurable subset
inR™ if1>s>02>tand s #1, then

(fE<f1 + fz)sdw> =

fE(gl + 92)tdm

> (fEffdx)' n (fEf5d97>“
~\ Jpoide Jg g5dz ’

(3.1)

(3.2)

equality holds if and only if f1/f2 = g1/92.

Lemma 3.3 ([26]). A map ¥, : S — S} isa L, (p >
0) radial Blaschke-Minkowski homomorphism if and only if
there is a non-negative measure 1 € M(S™1,€) such that

p(\IjZJKv .)p = p(K7 .)nfp * M.

Proof of Theorem 1.1. Since Ki, Ko
Definition 1.D and (2.3), we have

Wi(W, (K17, K>))

1 ~ .
= 7/ PV, (K14, K2), u)" du
n Jgn-1

€ S, by (2.4),

1 ~ .
== / PV K+, Y, Ko, u)" du
n Jgn-1

= %/Sn_l(p(\PpKlau)p-‘rp(\I/ng,u)p)%du. (3.3)
Similarly, for Ly, Ly € S, we get
Wj(@, (L1, Ls))
= %/S l(p(‘l’le,u)p+p(\I/pL2,u)p)"%jdu, (3.4)

Sinceign—pgjgn,then”Tfile%zo,thus
from (3.3), (3.4) and associated with (3.1), we obtain
- ~ P
(Wi(\llp(K1+pK2))) 7
W; (U, (Li+pL2))

fsnfl (p(¥pLy,u)P + p(¥p Lo, u)p)% du

< <fsm<p<wpK1,u>p>’Tdu> 7=
T\ S (p(Op Ly, u)P) T du

. ( fs,u(p(wpxz,u)p)’?du)
Jgn 1 (p(W, Lo, w)P) 7" du

_ <J‘Sm (UK, u)”idu) 7
f5n—1 p(¥pLy,u)—Idu

+<f5n_l p(\prKQ,quu)fﬂ
fS"—l p(¥p Lo, u)"~Idu

_ (Wi(@pK1)>jpi + (Wi(q}pKﬂ)ﬁ
W;(WpL1) Wi (WpL2)
This yields inequality (1.1).

By the equality condition of (\311 1}){ we know that e(guallty
holds 1'n (1.1) if and only if ZE‘I’I)K; 5 = p( = and
according to Lemma 3.3, we see that equality holds in (1.1)
if and only if pEK;’ ) — el ; i.e., K1 and K> are dilates,
L, and Lo are dilates and Wlth the same dilation coefficient.

Similarly, for n —p < ¢ < n < j, we can get desired
inequality (1.2) from the inequalities (3.2), (3.3) and (3.4).
__Taking ¢ = 0, j = n in Theorem 1.1, and notice that
Wo(M) = V(M) and W, (M) = w,, for any M € S7', we
have a following fact.
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Corollary 3.1. Let ¥, : S)' — S be a L,, radial Blaschke-
Minkowski homomorphism, Ki,Ko € S}'. If 0 < p < n,
then

V (U, (K1 FpK2)) " < V(W,K1)% 4+ V(U,K)";

if p>n, then

V(U (KT pKa)) % > V(WK% + V(¥,Ko)"
In each case, equality holds if and only if K1 and Ko are
dilates.

As a special example of the L, radial Blaschke-Minkowski
homomorphisms, the L, intersection body have the following
result by Theorem 1.1.

Corollary 3.2. For 0 <p <1, K1,Ko,L1,Ly €S8}, i,j €
Randi#j. Ifi<n—p<j<n, then

(Wi(fp(KlJ?pKz))) 7
Wj (Ip(Ll'T‘pL2))

ifn—p<i<n<yj, then

(@(Ip(Kling))) 7
Wj (Ip(LljrpL2))

—~ p_ —~

= ()™ ()™

W;(IpLy) W;(IpL2)
In each case, equality holds if and only if K1 and Ko are
dilates, L1 and Lo are dilates and with the same dilation
coefficient.
Proof of Theorem 1.2. For Ky,K, € K7, from (2.4),
Definition 1.C, (2.1) and (2.2), we obtain

Wi(q);(Kl#pKQ))

1 )
= [ @ ) 0
-

n

1

- ’/ h(@p (K14, K2),u) ™" du
n Sn—1

= %/STH h(®, K1 +p <I>pK2,u)‘(”—i>du
- %/Sn,l(h@”Kl’u)uh(@pK%“)p)#du- (3.5)
Similarly, for L, Lo € K7, we have
W;( @) (L1 La))
= %/Sn_l(h(@le,u)erh(cb,,Lz,u)P)‘%‘”du, (3.6)

Fori2n+p2j2n,then@212@20,
thus from (3.5), (3.6) and combined with (3.1), we know that

(Wi@;(m#p&))) =
Wj(q’Z(Ll#pLz))

_ (fS"_l (h(¢PK17 u)p + h(@pK27 u)p) 7(7;;1:) du> %

)

fSn—l(h(q)leau)p+h((I)pL27u)p) 7 du

—(n—1) P

< (fw(h(%fw)p) iy

—(n—j)

Jono1 (M(®pLy,u)P) ™7 du

—(n—i) »
+<fs“<h<¢>px2,u>p> ; d)

—(n—j)

Jsn-a (W(@pLa, uw)P) ™7 du

( Jgua h( @Ky )"0 du T3
- fSn—l h(@le,u)i(nij)du

+ Jsns W(®pKs,u)~ " du 7
fsnfl ]’L((I)I)IJQ7 ’U,)_(n_])du

A Sgn—r p(PpE ) du =
a fSn—l p(@;Ll,u)”—jdu
N (fsm (D5 K>, u)”‘"du) 2
Jgno1 p(®3 Lo, u)"—Idu

<WZ-(<I>;K2)>JUQ

_ (W@K)) =,

W;(®5L1)

Wj(@;Lg)
This is just the inequality (1.3).

By the equality condition of (3.1), equality holds in (1.3)
. e WD K1) h(®,Ly,) -
if and only if h(<I>£K2,~) = h(<I>ZL2,-) ,ie., ®,K; and ®,K>,
are dilates, ®,L, and ®, L, are dilates and with the same
dilation coefficient.

Similar to the above method, if n +p > 7 > n > j, we
can prove the inequality (1.4) by (3.2), (3.5) and (3.6).

In particular, if # = n and j = 0 in (1.4), we obtain a
result as follows.
Corollary 3.3. Let ®, : K] — K} be a L, Blaschke-
Minkowski homomorphism, K1, Ko € K2, if 1 < p # n,
then

V(@ (K, K0)) ™% > V(LK) ™% + V(®LK,) ™7,
with equality if and only if ®, K, and ®,K; are dilates.
Since the L,, projection body is a special example of the
L, Blaschke-Minkowski homomorphisms, therefore, we can
obtain the following fact from Theorem 1.2.
Corollary 34. Forp>1, Ki,Ks,L1,Ls € KI, i,j € R
and i £ j. Ifi>n—+p>j>n, then

(Wi(H;(Kl#pKz))>&

W (L1 #, L))
< (’Wm> = (szfz)> -
A\ WLy Wi(IsLs) )

ifn+p>i>n>j then

P

(Wi(H;(Kl#pKz))>

W; (I (L1 #p L))

In each case, equality holds if and only if 11, K, and 11,K>
are dilates, 11,L, and 11,Ly are dilates and with the same
dilation coefficient. Here 1)K denotes the polar body of
I, K.
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