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Adomian Polynomial and Elzaki Transform
Method for Solving Sine-Gordon Equations

Olufemi Elijah Ige, Razaq Adekola Oderinu, and Tarig M. Elzaki

Abstract—Elzaki transform is combined with Adomian poly-
nomial to obtain an approximate analytical solutions of non-
linear Sine Gordon equations. The necessity of Adomian poly-
nomial is to linearise the nonlinear function(s) that is present
in any given differential equation(s) because Elzaki transform,
like other integral transforms, cannot be used to solve nonlinear
differential equation independently. The approximate analytical
solutions are presented in series form. In order to investigate
the performance of the method, two single nonlinear Sine
Gordon equations and one coupled Sine Gordon equation were
considered in this paper. The method is very powerful because
one of the problems considered converges to the exact solution
and this shows the effectiveness of this method in solving
nonlinear Sine Gordon equations.

Index Terms—Elzaki transform method, Adomian polyno-
mial, Sine Gordon equations.

I. INTRODUCTION

HE Sine Gordon equation is one of the most important

equations in partial differential equations because of
its applications in applied mathematics. This equation plays
a major role in the propagation of fluxons in Josephson
junctions between two superconductors [1], [2], [3]. It is also
useful in many scientific fields such as the rigid pendulum
motion attached to a stretched wire [4]. Furthermore, it is
applicable in nonlinear optics [5], solid state physics, and
stability of fluid motions [6].

Generally, Sine Gordon equation is of the form:

Upt — Uge +Sinu = 0, (D)
with the initial conditions
U(I7O) = a('r)a Ut(JC, 0) = b(‘r)7 (2)

where u is a function of x and ¢, sinw is the nonlinear term
in this case, a(x) and b(x) are the known analytic function
[6].

Several methods have been developed to obtain the ap-
proximate analytical solutions of Sine Gordon equations.
Some of these methods for solving nonlinear differential
equations are the: Exp function method [7], reduced differen-
tial transform method [6], the Homotopy Analysis Method,
Adomian Decomposition Method [8], [9], Variation Iteration
Method [10], [11], Homotopy Perturbation Method [12],
[13], [14] and the variable separated ODE method [15].
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In this paper, we find the solutions of nonlinear Sine
Gordon equations and coupled Sine Gordon equation by
Elzaki transform method and Adomian Polynomial. This
method gives the solutions in series form and most of the
time, it yields exact solutions with few iterations.

This paper is structured as follows: Section 2 contains the
basic definitions and the properties of the proposed method.
Section 3 shows the theoretical approach of the proposed
method on Sine Gordon equations. In Section 4, the Elzaki
transform method and Adomian polynomial is applied to
solve three problems in order to show its efficiency. Section
5 contains the discussion of results and the conclusion is
presented in Section 6.

II. PROPERTIES OF ELZAKI TRANSFORM

Elzaki transform [16], [17], [18], [19], [20], [21], [22]
is defined for functions of exponential order. Consider the
functions in the set A defined by

A= {f(t):3M701702>0,|f( ‘<M€LJ, ift e (-1) x [0,00)}.

where c1, c2 may either be finite or infinite, but M/ must be infinite.
According to Tarig [16], Elzaki transform is defined as:

Bl (1)) = u? / " flutyetdt = T(u),
t>0, u€(c,c2)

or
£)] zu/o f(t)e wdt
3)

where v in equation (3) is used to factor out ¢ in the analysis of
the function f.
Let T'(u) be the Elzaki transform of f(¢) such that

t>0, uc(c1,ca)

=T(u),

Elf )] =T(u).
Then:
i E[f (t)] I f(0),
i) B[] = 2 — f(0 ) —uf'(0),
(iii) E[f(" ®)] = T(u) k*O u?” 7L+kf(k)( 0).

The equation E[f(t)] = T(u) means that T'(u) is the Elzaki
transform of f(¢), and f(¢) is the inverse Elzaki transform of T'(u).
That is,

f(t) = E7M T (w)].
In order to obtain the Elzaki transform of a partial derivative,

integration by parts is used on the definition of the Elzaki transform
and the resulting expressions are [23],

. :afg;,t)} _ T(?v) _ ofe,0),
B[R] = T s PG,
B |2580] — L,

5[] = o)
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III. THEORETICAL APPROACH: ELZAKI TRANSFORM ON
SINE GORDON EQUATION

The main focus of this work is to solve the nonlinear partial
differential equations which is Sine Gordon equations using the
combination of Elzaki transform method (ETM) and Adomian
polynomial.

According to [24], [25], consider;

Q%%?Q+mew+Nwaﬂ:fmﬁ, @)

where w = 1,2, 3.
The initial condition is given as

0¥ tu(x, t)

=1 im0 gu-1(@).

The partial derivative of the function u(z,t) of w*™ order is the one
given as m, R represents the linear differential operator, N
indicates the nonlinear terms of differential equations, and f(z,t)
is the non-homogeneous/source term.

By applying the Elzaki transform on equation (4), we get:

= {w } + B [Ru(z,t)] + E [Nu(x,1)] = E [f(z,1)],

otw
©)
where
0"u(w,t)] _ ook Fu(z,0)
R K

Substituting equation (6) into equation (5) gives:

Elu(z,t)]  S= o wirdu(z,0)
s kZ:O v +k78t + F[Ru(z,t)]

+E[Nu(z,t)] = E [f(z,1)].

This is the same as

Elu(z,t)]

W

— E[f(x,0)] +Z 2= “’*’“a%(t‘i .0)

—A{F [Ru(a: t)] + E[Nu(z,t)]}. 7
By simplifying equation (7), we have:
w—1

Z 24k 0" u(z,0)
otk

—v" {E [Ru(z, t)] + E [Nu(z,t)]}. (8)

Eu(z,t)] =v"E[f

Applying the inverse Elzaki transform to equation (8) gives

w—1

—1 | u(zx,0

u(z,t) = B! E[f (:Et]JrZ 2+k%
k=0

—E! [v“{E [Ru(z,t)] + E [Nu(z,t)]}] .

We can rewrite this as

u(z,t) = F(z,t) = B~' [v" {E [Ru(z,t)] + E [Nu(z, )]},

©)
where F'(x,t) denotes the expression that arises from the given

initial condition and the source terms after simplification. The
solution will be in the form of infinite series as indicated below

)= un(,t). (10)
n=0
The nonlinear term is decomposed as
oo
=3 A, (11)
n=0

where A,, is defined as the Adomian polynomials which can be
calculated by using the formula

1 9" S
= gy ¥ (Sow)] o

Substituting equation (10) and equation (11) into equation (9) gives

> un(w,t) = Fla,t)

Y {E

Then from equation (12), we have

S 4

n=0

R i Un (z,t)
n=0

uo(z,t) = F(x,t).

And the recursive relation is given as:
' [o" {E [Run(z,t)] + E [A4]}]-

Here w =1,2,3 and n > 0.
The analytical solution u(z,t) can be approximated by a trun-
cated series

Un+1 = —-E

= lim

E unmt
N—oo

n=0

IV. APPLICATIONS

The effectiveness of the Elzaki transform and the Adomian
polynomial are demonstrated by solving the following Sine Gordon
Equations.

Example 4.1: Consider the homogeneous Sine-Gordon Equation
(6]
Ut — Uge + sinu = 0, 14)
with initial conditions
u(z,0) =0, wu(x,0) = 4sechz.

To solve this problem, we used Taylor’s series expansion of sin u,
that is,

sinu ~ u — u—3+u—5—u7—3+u—5
TR 6 ' 120
Then equation (14) becomes:
u® u®
—Upe = — |U— — + — 1
Ut — U [u 6 + 120] (15)
Applying Elzaki transform to both sides of equation (15)
3 5
U U
where
E [u] = v (j; v _ u(z,0) — vut(x 0), and
d2
Elues] = 25U (z,0)] = o E[u}

Applying these and the given initial conditions to equation (16) and
simplifying, we obtain:

5

5 d? 2 u® u
=4 h — Eu] —v'E |u— —
Uz, t) = 4v°sec x—|—vd2 [u] — v {u 6+120
a7
Applying the inverse Elzaki transform to equation (17) and simpli-
fying, give
2 3 5
u = 4tsechz + B~ {v2%E[u] —v’E {u -y IUTO} } .
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From equation (18), let

ug = 4tsechx.
The recursive relation is given as:

d? >
—— Elun] — v E [Ay] (19)

dx

3

where A,, is the Adomian polynomial to decompose the nonlinear
terms by using the relation:

Unt1 = E~! {v2

1 d" o i
n= o d [Z)\ u:| . (20)
i=0 A=0
Let the nonlinear term be represented by
3 5
U U
=u——+ —. 21
fw) ==+ e
Substituting equation (21) into equation (20) gives:
3 5
U U 1 1
Ao = uo — ?0 + %, Al =u1 — iulug + ﬂulué7
1 1 1 1
As = us — guouf - §u2u3 + Euguf + ﬂu2u37
From equation (19), when n=0, we have
u = E! de—QE[uO} — v’ E[Ao] - (22)
dx?

Since uog = 4tsechx

U = E! {v2 d

2

4
El[4tsechz] — v*E {4tsechm - %tgsechg’x} }

5 sech%] } .

By simplifying, we obtain

da?

o 51024
E {”E{mo

up = 34T55ech5x [7105t3 cosh® z + 42¢° cosh® z — 16t7] . (23)
When n =1,
upy = E~! v2d—2E[u1] — v’ E[A1] . (24)
dx?

A; is computed as;

To obtain the closed form solution from above, let us only consider

4 4
u(zx,t) = 4tsechx — gtgsecth + gt5sech5x +ey

tsechz]®  [tsechx]®
u(z,t) = 4 |tsechz — [tsecha]” | [tsecha” 1 )
3 5
where
A
tan(t) =t — — + — - .
arctan(t) 3 + 3
Then equation (27) becomes:
u(x,t) = 4arctan (¢tsechzx) . (28)

This closed form solution for equation (14) agree with the one
obtained by reduced differential transform method [6].

———
Al

Fig. 1. The solution of the first sine-Gordon equation by ETM in Equation

14

Figure 1 shows the shape of the solution to Example 4.1. The
graph agrees with that obtained in [6] where reduced differential
transform method is used.

Example 4.2: Consider the homogeneous Sine-Gordon Equation
[6]
Ut — Ugy + sinu = 0, (29)
with initial conditions
u(z,0) = 7+ acos(fBzx), wue(z,0) =0,

V2

4 39 128 8 where § = %= and « are constants.
Ay = ——t3sech®z + 22 t%sech®z — 7757sech7gﬂ + EtsseChgm To solve this problem, Taylor’s series expansion of sin v is used,
that is,
—%ﬁsechsx + %tgsecfx - %tn ech’z. 3 5 3 5
315 315 945 snumu— L 4%, Y
(25) RTRGT] 6 120
Therefore, us is computed as: Then equation (29) becomes:
wr P
Ug = mt5sech9m [—270270 cosh® z + 405405 cosh” z] Utt — Ugz = — [U -5t m] . (30)
+ mtssechgat [30030t4 cosh? z — 128700¢2 cosh* :c] Applying the Elzaki transform to both sides of equation (30) gives:
3 5
+ mﬁ’seeh% [100100¢" cosh? = — 33696t° cosh? x +(72(;z)10t8] . Elust] — Elugs) = —E [u - % + 1“70] ; (31
where
The approximate series solution is
E[u] = M — u(z,0) — vue(z,0),and
u(a, t) = uo + ur +u2 + uz +ua + -+ . dg P

Substituting ug, u1 and uz computed above, we get Euga] = @[U(wvv)] = @E[U]

u(x,t) = 4tsechz — §t3sech3x + %ts’sechga: — %fsech‘% So equation (31) becomes

] U(z,v) d?
- %t%echdx + %tssech“r’m + %tgsechszz — £t7sech5x v2 u(x;()) a ZUt (z,0) = @EM
160 7 2304 5 7 2048 15 g N IO S 22
+8—1t sech I_34650t ech x+147420t sech”z. v +120 : (32)
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Applying the given initial conditions to equation (32) and simpli-
fying, gives

d2
U(z,v) = v [r 4 acos(Bz)] + v° - E[u]

dx?
3 5
—’E {uf“—Jr“—}. (33)

6 120

Applying the inverse Elzaki transform to equation (33) and simpli-
fying, we obtain;

u(z,t) = [r + acos(Bz)]

+E! {UQdd—;E[u] —’E {uf %3 +%50”. (34)
From equation (34), let
up = m + acos(fx).
Then the recursive relation is given as:
o f o d 2
Upt1 = F {v @E[un] —v°E [An]} , (35)

where A,, is the Adomian polynomial to decompose the nonlinear
terms by using the relation:

A, =14 i)\u (36)
" opldan? ¢ i '
i=0 A=0
Let the nonlinear term be represented by
fwy—u- 2 (37)
B 6 = 120
By substituting equation (37) into equation (36), gives:
3 5
U, U, 1 1
Ao = uo — go + 1200, Ar = w1 — §u1u§ + ﬂmué,
Ay =u flu u2flu u2+iu3u2+iu ug
2 2201 220 1201 24207
From equation (35), when n=0, we get
u=E"" v2d—2E[u ] — v*E[Ao] (38)
1 a2 0 o] (-

Since up = 7 4+ acos(Bx), we have:

2
u =B {UQ%E[W +a cos(ﬁx)}}

— 57 {028 |[n+ acos(go)] - gl -+ acos(i)’| |

—-E! {UQE [%[n + acos(ﬂx)}s} } .

By simplifying, we obtain
2| 1 o 1.
up =t 75045 cos(Bx) — 3 sin[m 4+ a cos(Bx)]| .

From equation (35), when n=1, we get

2

uy = E71 {UQ‘LE[M} —v’E [Al]} ,

da? 59

where

1o 1 4
2 24 °|"

Al =u {1 — —ug + —ug
Since ug = 7 + a cos(Bz), we have

A = %tQ [—a,Bz cos(Bx) cos[m + o cos(Bx)]]

- %tQ [sin[m + a cos(Bzx)] cos[m + acos(Bz)]].  (40)

Then w2 is computed as:

24 24

+1 [f

uy = t* {iaﬂl cos(Bx) + ia252 sin(m + acos(ﬂm))]

ioﬁ,ﬁa cos®(Bz) sin(m + a cos(ﬁx))]

oty oo+ cos()|

+t* [i sin(m + a(Bz)) cos(m + acos(ﬂw))} . 41)

24
The approximate analytical solution is given as:
u(x,t) =uo +ur +uz +---
Substituting uo,u1 and uz computed above, therefore:
u(x,t) = [1 + acos(Bz)]

e _—%(152 cos(Bz) — %Sin(ﬂ 4 acos(ﬂﬂﬁ))}

+t* ia,@‘l cos(fBz) + ?14&262 sin(m + « cos(,Bx))]

L —2*1406252 cos?(Bz) sin(m + a cos(ﬁm))}

+ ¢t %aﬁ2 cos(Bz) cos(m + « cos(ﬂx))}

+¢! (42)

1.
21 sin(m 4+ a(Bx)) cos(m + acos(ﬂm))] .

This series solution for equation (29) agree with the one obtained
by reduced differential transform method [6].

Fig. 2. The solution of the second sine-Gordon equation by ETM in
Equation (29)

Figure 2 shows the shape of the solution to Example 4.2. The
graph agrees with that obtained in [6] where reduced differential
transform method is used.

Example 4.3: Consider a system of coupled Sine-Gordon
Equations[6]

Ut — Upe = —O° sinfu(z,t) — v(z,t)],
Vit — szwgc = sin[u(xvt) - v(a:,t)}, (43)

with initial conditions

Applying Elzaki transform to both sides of equation (43) gives:

Elut] — Elugs] = —o”E [sin[u(z, t) — v(z, )],

Elvis] — ¢ Elves] = E [sin[u(x, t) — v(z,t)]], (44)

(Advance online publication: 12 August 2019)
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where
Efus] = % — u(z, 0) — wus(x, 0),
Bfus] = L w(w) = 2 B
Elou] = % — o(,0) — wor(z, 0),
Blune] = - V0,0)) = L Bl
So equation (44) becomes,
% —u(z,0) — wu(z,0) — dd—;E[u] = —a’E [sin(u —v)],
% — v(@, 0) — wor(z, 0) — CQd%E[v] = E[sin(u — Uzé]l.s)
Note that:
sinfu — v] = [u— ] — [“_6”]3 + [“1_28’]5 46)

Applying equation (46) and the given initial conditions to equation
(45) and simplifying gives

2
+ w? 4 Elu]

dx?
[u—2]* | [u—2]°
6 + 120 ’

Uz, w) = w’[A cos(kx)]

—o*w’E [[u—v] -
d2

_ 2.2

=c"w deE['v]

+w’E [[u — ]

V(z,w)
_ 13 _ .15

B [u— ] n [u — v] .

6 120

Applying the inverse Elzaki transform to equation (47) gives:

Qdd—;E[u]}

+ [“1_25]5”7

(47)

u(z,t) = Acos(kz) + E~* {w

+E7! {—aQwQE [[u —] - [v _6”]3

v(z,t) = E" {Cngji;E[v]}

+E! {wQE [[u - _GUP

(43)

In equation (48), let
up = Acos(kx),
vo = 0.

Then the recursive relation is given as:

- d?
1) 2 2,2
Unt1 = {w deE[un] —awE [An]},

. (49)

where A,, is the Adomian polynomial to decompose the nonlinear
terms by using the relation:

2
Vnin = B {CQwZ%E[vn] +wE [An]} :

1 d° =
n= o {Z,\ (uz,vz)} . (50)
=0 A=0
Let the nonlinear term be represented by
[u—vf®  [u—v]
flu,v) = fu =] = = 50 (51
By substituting equation (51) in equation (50) gives
o [wo—w]? | [uo —vo]®
Ao = [uo = ol 6 120

1
7[“0 - 7-)014 )

1 2
Aq f[ulf’vﬂ 1*§[U0*UO] + Y

From equation (49), when n=0, we get:

_ d?
up = E"! {w2@E[uo} - *w’E [Ao]} ,

_ d?
v = B! {CQwQEE[UO} +w2E[A0}}. (52)
Since ug = A cos(kz) and vo = 0, we have:
af o d
u=F {w @E[Acos(kx)]}
_ A% cos®(kx) AP cos®(kx)
2,-1) 2
o’F {wE{Acos(kx) 5 + 120 }},
(53)
_ A% cos®(kz) AP cos®(kx)
= E 1 2E A - -
v1 {w { cos(kz) 5 + 130 } }
(54)
By simplifying equation (53) and equation (54), we obtain,
2| 1 5 1 5.
up =1t {_§Ak cos(kx) — 7 sin[A COS(kLE)]:| ,
v =t [% sin[A cos(k:c)]} .
From equation (49), when n=1, we find that:
G f 2 d 2,2
uy = F {w EE[HI} —aw E[Al}}7 (55)
1 f 2 o d 2
vp=F {c w @E[vl] +w'E [Al]}, (56)
where
A1 = [u1r — v1] l—l[u —v]2+i[u — wol*
1= |u1 — v 5Lto = vo g U0 — vol " .
Therefore:
A =1 {—%Alf cos(kx) cos[A cos(kac)]}
+t* [—%oﬁ sin[A cos(kx)] cos[A cos(k:r)]}
+t° [f% sin[A cos(kx)] cos[A Cos(kx)}} . (57)

Using equation (57) in equation (55) and in equation (56), uz and
vo are computed as:

4 [Ak*cos(kx) | a®A*k?sin[A cos(kx)]
uz =t i o + 21 +
4 [ @?A%k? cos® (kx) sin[A cos(kz)) ]
- +
i 24
4 [ @?AK? cos(kx) cos[A cos(kx)] }
t +
i 12
4 [ o sin[A cos(kx)] cos[A cos(kx)] }
t +
i 24
S,
ol sin[A Cos(ka)i cos[A cos(kz)] } . (58)

(Advance online publication: 12 August 2019)
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ro242.2
vy —tt [ € A”K? sin[A cos(kx)]} n
i 24
4 [2A%E? cos® (kx) sin[A cos(kz)] }
t +
i 24
4 [ PAE? cos(kzx) cos[A cos(km)]}
|- +
i 21
4 [ AE?cos(kx) cos[A cos(kx)]}
|- +
i 21
4 [ o?sin[Acos(kx)] cos[A cos(kx)] }
|- +
i 24
t4 _sin[A cos(kx)};los[A cos(kx)]} ‘ (59)

The approximate analytical solution is then given as:

w(x,t) = uo +ur +uz + - --
v(z,t) =vo+v1+v2 4.

Therefore, substituting uo, vo, u1,v1,u2 and v2 computed above,
we have:

u(z,t) =Acos(kx) + t* —%Ak2 cos(kz) — %aQ sin[A cos(km)]}

4 [ Ak cos(kz a2 A?k? sin| A cos(kx

o At et
gt [ a®A%k? cos® (k) sin[A cos(kac)]}

i 24
gt [ o® AK? cos(ka) cos[A cos(kx)]]

| 12
gt [ o sin[A cos(kz)] cos[A cos (k)] }

i 24
4 [o?sin[A cos(ka;)i cos[A cos(kx)] } ' 60)

This series solution u(z,t) in equation (43) agree with the one
obtained by reduced differential transform method [6].

Fig. 3. The first solution of the coupled sine-Gordon equation by ETM in
Equation (43)

Figure 3 shows the shape of the solution u(x,t) to Example
4.3. The graph agrees with that obtained in [6] where reduced

differential transform method is used.

v(z, t) =2 % sin[Acos(kx)]] +

4| 2A%k? sin[A cos(kx)]

t | 24 ] +

4 [¢® A%K? cos® (kx) sin[A cos(kx)}] .
i 24

4 [ 2 AE® cos(kx) cos[A cos(k:a:)]} n
i 24

i [ Ak? cos(kx) cos[A cos(k)] } n
i 24

t4 [ a”sin[A cos(kz)] cos[A cos(kz)] ] L
i 21

4 [ sin[Acos(kx)]cos[A cos(kx)
v [ ]24 [A cos( ]} . 6D

The series solution v(z,t) in equation (43) agree with the one
obtained by reduced differential transform method [6].

Fig. 4. The second solution of the coupled sine-Gordon equation by ETM
in Equation (43)

Figure 4 shows the shape of the solution v(z,t) to Example
4.3. The graph agrees with that obtained in [6] where reduced
differential transform method is used.

V. DISCUSSION OF THE RESULTS

The scheme of the Elzaki transform has been effectively com-
bined with Adomian polynomial to handle nonlinear partial dif-
ferential equations. Example 4.1 is a single nonlinear Sine Gordon
equation which was solved with the said method. The series solution
obtained converges to the exact solution and this shows the power
of the proposed method. Furthermore, example 4.2 is analogous to
example 4.1 but it deals with a more complex initial condition where
the solution obtained in this case when compared with that in [6]
is found to be in agreement. Example 4.3 reveals that the method
is also effective in solving coupled nonlinear partial differential
equations as the result obtained in this example also agrees with
that in the said reference.

Moreover, figures 1, 2, 3 and 4 show the graph of each of
the equations considered so as to understand the behaviour/shape
of each equation/system at any particular time and this could be
interesting to the engineers in case of control analysis. Also, the
solutions obtained may be significant for the explanation of some
practical physical problems. The method has small computational
size and is not affected by discretisation error as the solutions are
presented in series form. Hence, the method of Elzaki transform
combined with Adomian polynomial could be applied to solve
nonlinear travelling wave equations.

VI. CONCLUSION

We have analysed the approximate analytical solutions of differ-
ent kinds of Sine Gordon equations using the combination of the

(Advance online publication: 12 August 2019)



IAENG International Journal of Applied Mathematics, 49:3, IJAM_49 3 12

Elzaki transform method and the Adomian polynomial. The essence
of obtaining the analytical solutions is to enable researchers to
know the influence of each parameter on the equations under study.
In conclusion, all the problems considered showed that the Elzaki
transform method and the Adomian polynomial are very powerful
integral transform methods in solving Sine Gordon equations. The
solutions presented also agree with the solutions obtained when
reduced differential transform method is used as provided in the
reference. A three dimensional graph of all the problems considered
were also plotted to give the shape of the solutions to Sine Gordon
equations. A comparison with those given in the reference were
made and they were found to agree. Solving nonlinear differential
equations (whether partial or ordinary differential equations) is very
easy by using this method.
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