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Abstract—In his paper, the following multiplication and
translation formulae of the generalized hypergeometric func-
tions

r+1Fs

(
−n, aR
bS

MT (θ, x)

)
=

n∑
k=0

Cr,s
k (n, θ) r+1Fs

(
−k, aR
bS

x

)
,

and

r+2Fs
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−n,MT (θ, x), aR

bS
y

)
=

n∑
k=0

Dr,s
k (n, θ, y) r+2Fs

(
−k, x, aR

bS
y

)
,

are discussed for positive integers n, r, s, where MT (θ, x) = θx
or θ + x and the notation aR, bS are r, s-dimensional vector,
respectively. Similarly, the multiplication and translation formu-
las for the basic hypergeometric series rφs can also be derived.
Based on these results, the multiplication and translation formu-
las for the classical continuous, discrete orthogonal polynomials
and the q-classical orthogonal polynomials which are associated
with rFs or rφs can be established directly.

Index Terms—Generalized Hypergeometric Function, Basic
Hypergeometric Series, Classical Orthogonal Polynomials, In-
version Formula.

I. INTRODUCTION

RECENTLY, the generalized hypergeometric functions
have found significant applications in various fields

such as Klein-Gordon equation [1], exact renormalization
group equations [2], the fractional integral and derivative op-
erators [3], Hilbert transform [4], the urban wireless channel
[5], the fractional Jacobi functions [6] and so on. Especially,
the author [6] established a new formula between Jacobi
polynomials and certain fractional Jacobi functions with the
aid of the generalized hypergeometric functions with the
nonnegative integer n.

Many orthogonal polynomials can be represented by the
generalized hypergeometric functions or the basic hyperge-
ometric series [7], [8], [9], [10]. In [7], the authors consider
the multiplication problem

pn(ax) =
n∑

m=0

Dm(n, a)pm(x), (1)
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and the translation problem

pn(a+ x) =
n∑

m=0

Dm(n, a)pm(x), (2)

for the orthogonal polynomials pn(x), which are widely used
in combinatorial analysis. To solve the multiplication prob-
lem (1) for some classical continuous and discrete orthogonal
polynomials effectively, the generating functions are used in
[11] .

We find that the inversion formula of the polynomial can
be applied to solve the multiplication problem (1) and the
translation problem (2) directly. For example, with the yields
of the orthogonal polynomial pn(x)

pn(x) =
n∑

m=0

Am(b)(b+ x)m, (3)

and it’s inversion formula

(c+ x)n =
n∑

m=0

Bm(c)pm(x), (4)

we can derive the following multiplication and translation
formulae directly,

pn(ax) =
n∑

m=0

Am(b)am ·
m∑
l=0

Bl

(
b

a

)
pl(x),

pn(a+ x) =
n∑

m=0

Am(b) ·
m∑
l=0

Bl(a+ b)pl(x).

(5)

Therefore, if we can determine the nature of coefficients
of multiplication and translation formulas in the function
transformation, it is easily to construct the multiplication and
translation formulas for some orthogonal polynomials.

In this paper, we aim at constructing the multiplication
and translation formulas for the generalized hypergeometric
functions by using their inversion formula, and apply it to
solve the multiplication problem and the translation problem
of some classical continuous, discrete orthogonal polynomi-
als and the q-classical orthogonal polynomials, which are
associated with the generalized hypergeometric functions.

For convenience, we introduce the Pochhammer symbol
(x)n and the q-shifted factorial (x; q)n [12]:

(x)n =
n−1∏
j=0

(x+ j), (x; q)n =
n−1∏
j=0

(1− qjx), n ∈ N, (6)

with N = {1, 2, . . .}, (x)0 = (x; q)0 := 1, and their products

(aR)n :=
r∏

k=1

(ak)n, (aR; q)n :=
r∏

k=1

(ak; q)n, (7)
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where r, n ∈ N, 0 < |q| < 1 and the notation aR :=
(a1, a2, . . . , ar) is used.

The hypergeometric functions rFs and the basic hyperge-
ometric series rφs [12], [13] are defined by

rFs

(
aR
bS

x

)
=
∞∑
n=0

(aR)n
(bS)nn!

xn, (8)

and

rφs

(
aR
bS

q;x

)
=
∞∑
n=0

(aR; q)n
(bS ; q)n(q; q)n

×
(
(−1)nqn(n−1)/2

)1+s−r
xn,

(9)

where r, s ∈ N.
In particular, rFs and rφs can be reduced to the following

finite sums,

r+1Fs

(
−n, aR
bS

x

)
=

n∑
l=0

(−n)l(aR)l
l!(bS)l

xl

=
n∑
l=0

(−1)lCln
(aR)l
(bS)l

xl,

(10)

and

r+1φs

(
q−n, aR
bS

q;x

)
=

n∑
j=0

(q−n; q)j
(bS ; q)j

(aR; q)j
(q; q)j

×
(
(−1)jqj(j−1)/2

)s−r
xj ,

(11)

where n ∈ N. According to Eqs. (3.3) and (3.4) in [12],
the inversion formulas associated with (10) and (11) can be
expressed as follows,

xn =
(bS)n
(aR)n

n∑
k=0

Ckn(−1)k r+1Fs

(
−k, aR
bS

x

)
, (12)

and

xn =
(
(−1)nq

n(n−1)
2

)r−s
qn

(bS ; q)n
(aR; q)n

n∑
k=0

(−1)k

×
[
n
k

]
q

q
k(k−1)

2 r+1φs

(
q−k, aR
bS

q;x

)
,

(13)

where [
n
k

]
q

=
(q; q)n

(q; q)k(q; q)n−k
. (14)

Replacing x, aR, r by y, (x, aR), r + 1 in (12) and (13),
respectively, we have

(x)n =
(bS)n
yn(aR)n

n∑
k=0

Ckn(−1)k

× r+2Fs

(
−k, x, aR

bS
y

)
,

(15)

and

(x; q)n

=
(
(−1)nq

n(n−1)
2

)r+1−s qn(bS ; q)n
yn(aR; q)n

n∑
k=0

[
n
k

]
q

×(−1)kq
k(k−1)

2 r+2φs

(
q−k, x, aR

bS
q; y

)
.

(16)

Basic relations between the Pochhammer symbol (x)n and
xn can be expressed as follows ([12] pp.157),

(x)n =
n∑

m=0

(−1)n−mS1(n,m)xm,

xn =
n∑

m=0

(−1)n−mS2(n,m)(x)m,

(17)

where S1(n,m), S2(n,m) are the Stirling numbers of first
and second kind, respectively.

Similarly, basic relations between the q-shifted factorial
(x; q)n and xn are given by

(x; q)n =
n∑

m=0

[
n
m

]
q

(−1)mqm(m−1)/2xm, (18)

and

xn =
n∑

m=0

[
n
m

]
q

(−1)mqm(m+1−2n)/2(x; q)m, (19)

which can be found in [12] (pp.157).
The structure of this paper is as follows. In Section II, the

inversion formulas are used to establish the multiplication
and translation formula of the generalized hypergeometric
functions. In Section III, those results in Section II are ap-
plied to derive the multiplication and translation formulas for
some classical continuous or discrete orthogonal polynomials
and the q-classical orthogonal polynomials directly, which
are associated with rFs or rφs. A final conclusion is given
in Section IV.

II. MULTIPLICATION AND TRANSLATION FORMULAS OF
THE HYPERGEOMETRIC FUNCTIONS AND THE BASIC

HYPERGEOMETRIC SERIES

Theorem 2.1 The following multiplication and translation
formulas of the hypergeometric functions are valid for n ∈ N
and θ, x ∈ R\{0},

r+1Fs

(
−n, aR
bS

θx

)
=

n∑
k=0

Cknθ
k(1− θ)n−k r+1Fs

(
−k, aR
bS

x

)
,

(20)

and

r+1Fs

(
−n, aR
bS

θ + x

)
=

n∑
k=0

Ckn(−1)k r+1Fs

(
−k, aR
bS

x

)
×

n∑
m=k

Cn−mn−k (−1)m

× r+1Fs

(
m− n, aR +mIR

bS +mIS
θ

)
,

(21)

where IR := (1, 1, . . . , 1) is r-dimensional vector.
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Proof. 1) From (10) and (12), we have

r+1Fs

(
−n, aR
bS

θx

)
=

n∑
l=0

Cln(−θ)l

×
l∑

k=0

Ckl (−1)k r+1Fs

(
−k, aR
bS

x

)
=

n∑
k=0

Cknθ
k
r+1Fs

(
−k, aR
bS

x

)
×

n∑
l=k

Cl−kn−k(−θ)
l−k,

(22)

which implies that (20) holds.

2) With the help of (10), we yield

r+1Fs

(
−n, aR
bS

θ + x

)
=

n∑
j=0

(−1)jCjn
(aR)j
(bS)j

j∑
m=0

Cmj θ
j−mxm

=
n∑

m=0

Cmn (−1)mxm

×
n∑

j=m

(−1)j−mCj−mn−m
(aR)j
(bS)j

θj−m.

(23)

By substituting j = l +m, (23) becomes

r+1Fs

(
−n, aR
bS

θ + x

)
=

n∑
m=0

Cmn (−1)mxm

×
n−m∑
l=0

Cln−m(−1)l (aR)l+m
(bS)l+m

θl.

(24)

Combining (12) with (24), we obtain

r+1Fs

(
−n, aR
bS

θ + x

)
=

n∑
m=0

Cmn (−1)m
(bS)m
(aR)m

×
m∑
k=0

Ckm(−1)k r+1Fs

(
−k, aR
bS

x

)
×
n−m∑
l=0

Cln−m(−1)l (aR)l+m
(bS)l+m

θl

=
n∑
k=0

Ckn(−1)k r+1Fs

(
−k, aR
bS

x

)
×

n∑
m=k

Cm−kn−k (−1)m

×
n−m∑
l=0

Cln−m(−1)l (aR +mIR)l
(bS +mIS)l

θl.

(25)

It follows by (10) that (21) holds. �

For convenience sake, we introduce the following notation

m
r+1φs

(
q−n, aR
bS

q;x

)
:=

n−m∑
l=0

Clm+l

(
(−1)lq

l(l−1)
2

)s−r (
xqm(s−r)

)l
× (qm−n; q)l(q

maR; q)l
(qm+1; q)l(qmbS ; q)l

,

(26)

where m ∈ N ∪ {0}. Specially, there is

0
r+1φs

(
q−n, aR
bS

q;x

)

= r+1φs

(
q−n, aR
bS

q;x

)
.

(27)

Theorem 2.2 For n ∈ N, θ, x ∈ R\{0} and 0 < |q| < 1,
the multiplication and translation formulas of rφs can be
expressed as follows,

r+1φs

(
q−n, aR
bS

q; θx

)
= (−θ)nq

n(1−n)
2

n∑
k=0

(q−n; q)k(θ
−1; q)n−k

(q; q)k

×qkn · r+1φs

(
q−k, aR
bS

q;x

)
,

(28)

and

r+1φs

(
q−n, aR
bS

q; θ + x

)
=

n∑
k=0

(−1)kq
k(k+1)

2
(q−n; q)k
(q; q)k

× r+1φs

(
q−k, aR
bS

q;x

)
×
n−k∑
l=0

ql
(qk−n; q)l
(q; q)l

l+k
r+1φs

(
q−n, aR
bS

q; θ

)
.

(29)

Proof. 1) From (11) and (13), it is easy to see that

r+1φs

(
q−n, aR
bS

q; θx

)
=

n∑
j=0

(q−n; q)j
(q; q)j

(qθ)j
j∑

k=0

[
j
k

]
q

(−1)kq
k(k−1)

2

× r+1φs

(
q−k, aR
bS

q;x

)
=

n∑
k=0

(q−n; q)k
(q; q)k

r+1φs

(
q−k, aR
bS

q;x

)
×(−1)kq

k(k−1)
2

n∑
j=k

(qk−n; q)j−k
(q; q)j−k

(qθ)j .

(30)

It follows by variable substitution t = j − k that

r+1φs

(
q−n, aR
bS

q; θx

)
=

n∑
k=0

(q−n; q)k
(q; q)k

r+1φs

(
q−k, aR
bS

q;x

)
×(−1)kq

k(k−1)
2 (θq)k

n−k∑
t=0

(qk−n; q)t
(q; q)t

(θq)t.

(31)
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For m ≥ n, we have

(q−m; q)n = (−1)n
n−1∏
j=0

qj−m
n−1∏
j=0

(1− qm−j)

= (−1)nq−mn+n(n−1)/2 (q; q)m
(q; q)m−n

,

(32)

which gives that

n−k∑
t=0

(qk−n; q)t
(q; q)t

(θq)t

=
n−k∑
t=0

[
n− k
t

]
q

q−(n−k)tqt(t+1)/2(−θ)t.
(33)

It follows by variable substitution t = n− k −m that

n−k∑
t=0

(qk−n; q)t
(q; q)t

(θq)t

=
n−k∑
m=0

[
n− k
m

]
q

(−θ)n−k−m

×q−(n−k−m)(n−k+m−1)/2.

(34)

Then, from (18) and (34), we derive

n−k∑
t=0

(qk−n; q)t
(q; q)t

(θq)t

= (−1)n−kθn−kq(n−k)(1−n+k)/2(θ−1; q)n−k.
(35)

Inserting (35) into (31), we arrive at the required result (28).
2) In view of (11) and (13), we find

r+1φs

(
q−n, aR
bS

q; θ + x

)
=

n∑
j=0

(q−n; q)j(aR; q)j
(bS ; q)j(q; q)j

(
(−1)jqj(j−1)/2

)s−r
×

j∑
m=0

Cmj θ
mxj−m

=
n∑
j=0

j∑
m=0

Cmj θ
m (q−n; q)j(q

j−maR; q)m
(q; q)j(qj−mbS ; q)m

qj−m

×
(
(−1)mqmj−m(m+1)/2

)s−r
×
(
(−1)j−mq(j−m)(j−m−1)/2

)s−r
×(q−1x)j−m (aR; q)j−m

(bS ; q)j−m

=

n∑
j=0

j∑
m=0

Cmj θ
m (q−n; q)j(q

j−maR; q)m
(q; q)j(qj−mbS ; q)m

qj−m

×
(
(−1)mqmj−m(m+1)/2

)s−r
×
j−m∑
k=0

[
j −m
k

]
q

(−1)kq
k(k−1)

2

× r+1φs

(
q−k, aR
bS

q;x

)
=

n∑
k=0

(−1)kq
k(k+1)

2
(q−n; q)k
(q; q)k

× r+1φs

(
q−k, aR
bS

q;x

)
×G(n, k),

(36)

where

G(n, k)

=
n∑
j=k

j−k∑
m=0

Cmj θ
m (qk−n; q)j−k(q

j−maR; q)m
(qj−m+1; q)m(q; q)j−m−k

× qj−m−k

(qj−mbS ; q)m

(
(−1)mqmj−m(m+1)/2

)s−r
.

(37)

Exchanging the order of summation for (37) and replacing
j by l +m+ k, we obtain

G(n, k)

=
n−k∑
m=0

n−k−m∑
l=0

Cmk+m+lθ
m

× (qk−n; q)m+l(q
k+laR; q)m

(qk+l+1; q)m(q; q)l(qk+lbS ; q)m

×ql
(
(−1)mqm(k+m+l)−m(m+1)/2

)s−r
,

(38)

which means that

G(n, k)

=

n−k∑
l=0

ql
(qk−n; q)l
(q; q)l

n−k−l∑
m=0

Cmk+m+lθ
m

× (qk+l−n; q)m(qk+laR; q)m
(qk+l+1; q)m(qk+lbS ; q)m

×
(
(−1)mqm(k+l)+m(m−1)/2

)s−r
.

(39)

Combining (36), (39) with (26), we yield (29). Hence, the
proof is complete. �

Similarly, we can establish the multiplication and transla-
tion formulas for

r+2Fs

(
−n,MT (θ, x), aR

bS
y

)
,

r+2φs

(
q−n,MT (θ, x), aR

bS
q; y

)
,

where MT (θ, x) = θx or θ + x.

Theorem 2.3 Let n ∈ N and θ, x, y ∈ R\{0}. Then

r+2Fs

(
−n, θ + x, aR

bS
y

)
=

n∑
k=0

Ckn r+2Fs

(
−k, x, aR

bS
y

) n∑
m=k

(−1)m−k

×Cm−kn−k r+2Fs

(
m− n, θ, aR +mIR

bS +mIS
y

)
,

(40)

and

r+2Fs

(
−n, θx, aR

bS
y

)
=

n∑
k=0

(−1)k r+2Fs

(
−k, x, aR

bS
y

)
×

n∑
m=k

(−1)mCkm m
r+1Fs

(
−n, aR
bS

θ; y

)
,

(41)
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where

m
r+1Fs

(
−n, aR
bS

θ; y

)
=

n∑
l=m

Clny
l−m (aR +mIR)l−m

(bS +mIR)l−m

×
l∑

j=m

S1(l, j)S2(j,m)θj .

(42)

Proof. 1) With the aid of the ChuVandermonde identity
([7], pp.509)

(a+ x)n =
n∑

m=0

Cmn (a)n−m(x)m, (43)

(10) becomes

r+2Fs

(
−n, θ + x, aR

bS
y

)
=

n∑
l=0

(−1)lCln
(aR)l
(bS)l

yl
l∑

m=0

Cml (θ)l−m(x)m

=
n∑

m=0

Cmn (−1)m (aR)m
(bS)m

(x)my
m

n∑
l=m

(−1)l−m

×Cl−mn−m
(aR +mIR)l−m
(bS +mIS)l−m

(θ)l−my
l−m.

(44)

It follows by variable substitution u = l −m and (15) that

r+2Fs

(
−n, θ + x, aR

bS
y

)
=

n∑
m=0

Cmn (−1)m (aR)m
(bS)m

(x)my
m

×
n−m∑
u=0

(−1)uCun−m
(aR +mIR)u
(bS +mIS)u

(θ)uy
u

=
n∑

m=0

Cmn (−1)m
m∑
k=0

r+2Fs

(
−k, x, aR

bS
y

)
×Ckm(−1)k

n−m∑
u=0

(−1)uCun−m
u∑
j=0

Cju(−1)j

× r+2Fs

(
−j, θ, aR +mIR

bS +mIS
y

)
=

n∑
k=0

Ckn r+2Fs

(
−k, x, aR

bS
y

)
×

n∑
m=k

Cm−kn−k (−1)m−k
n−m∑
j=0

Cjn−m

× r+2Fs

(
−j, θ, aR +mIR

bS +mIS
y

)
×
n−m∑
u=j

Cu−jn−m−j(−1)
u−j .

(45)

Next by applying the following identity

n−m∑
u=j

Cu−jn−m−j(−1)
u−j =

{
1, j = n−m,
0, j 6= n−m, (46)

(45) reduces to (40).

2) Making use of (17), we get

(θx)l

=
l∑

j=0

(−1)l−jS1(l, j)θ
j

×
j∑

m=0

(−1)j−mS2(j,m)(x)m

=
l∑

m=0

(−1)l−m(x)m

l∑
j=m

S1(l, j)S2(j,m)θj .

(47)

Combining (10), (47) and (15), we have

r+2Fs

(
−n, θx, aR

bS
y

)
=

n∑
l=0

(−1)lCln
(aR)l
(bS)l

yl
l∑

m=0

(−1)l−m(x)m

×
l∑

j=m

S1(l, j)S2(j,m)θj

=
n∑

m=0

(−1)m (aR)m
(bS)m

ym(x)m

n∑
l=m

Clny
l−m

× (aR +mIR)l−m
(bS +mIS)l−m

l∑
j=m

S1(l, j)S2(j,m)θj

=
n∑

m=0

(−1)m
m∑
k=0

r+2Fs

(
−k, x, aR

bS
y

)
×Ckm(−1)k · mr+1Fs

(
−n, aR
bS

θ; y

)
,

(48)

which implies that (41) holds. �

Lemma 2.4 The translation formula of the q-shifted
factorial can be expressed as follows,

(a+ x; q)n =
n∑
k=0

(−1)kq
k(k+1)

2 Mn,k(a; q)(x; q)k, (49)

where n ∈ N, a, x ∈ R, 0 < |q| < 1 and

Mn,k(a; q) =
n∑

m=k

[
n
m

]
q

(−1)mq
m(m−1)

2 −mk

×
m−k∑
l=0

Clm

[
m− l
k

]
q

(aqk)l.

(50)

Proof. Taking into account (18) and (19), we acquire

(a+ x; q)n

=
n∑

m=0

[
n
m

]
q

(−1)mqm(m−1)/2

×
m∑
j=0

Cjma
m−jxj

=
n∑

m=0

[
n
m

]
q

(−1)mqm(m−1)/2
m∑
j=0

Cjma
m−j

×
j∑

k=0

[
j
k

]
q

(−1)kqk(k+1−2j)/2(x; q)k.

(51)
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This means that

(a+ x; q)n

=
n∑
k=0

(−1)kqk(k+1)/2(x; q)k

×
n∑

m=k

[
n
m

]
q

(−1)mqm(m−1)/2−mk

×
m∑
j=k

[
j
k

]
q

Cjm(aqk)(m−j).

(52)

Replacing j by m− l in (52), we obtain (49). �

Theorem 2.5 Let n ∈ N, θ, x, y ∈ R\{0} and 0 < |q| <
1. Then

r+2φs

(
q−n, θx, aR

bS
q; y

)
=

n∑
k=0

(−1)kq
k(k+1)

2 θk
(q−n; q)k
(q; q)k

× r+2φs

(
q−k, x, aR

bS
q; y

) n−k∑
m=0

(θq)m
(qk−n; q)m
(q; q)m

× r+2φs

(
qm+k−n, θ, qk+maR

qk+mbS
q; q(k+m)(s−r−1)y

)
,

(53)
and

r+2φs

(
q−n, θ + x, aR

bS
q; y

)
=

n∑
k=0

(−1)kq
k(k−1)

2 r+2φs

(
q−k, x, aR

bS
q; y

)
×

n∑
t=k

(−1)tqt(t+3)/2 (q
−n; q)t
(q; q)t

[
t
k

]
q

×tr+2φ̃s

(
q−n, aR
bS

q; θ; y

)
,

(54)

where

t
r+2φ̃s

(
q−n, aR
bS

q; θ; y

)
=

n−t∑
l=0

Ml+t,t(θ; q)
(
(−1)lq

l(l−1)
2

)s−r−1
×(qt(s−r−1)y)l (q

t−n; q)l(q
taR; q)l

(qt+1; q)l(qtbS ; q)l
.

(55)

Proof. 1) We recall the multiplication formula of the q-
shifted factorial (x; q)n

(ax; q)n =

n∑
m=0

[
n
m

]
q

am(a; q)n−m(x; q)m, (56)

which is Eq. (7) in [7]. Using (11) and (56), we find

r+2φs

(
q−n, θx, aR

bS
q; y

)
=

n∑
j=0

(q−n; q)j(aR; q)j
(bS ; q)j(q; q)j

(
(−1)jqj(j−1)/2

)s−r−1
×yj

j∑
t=0

[
j
t

]
q

θt(θ; q)j−t(x; q)t

=
n∑
t=0

(qθ)t
(q−n; q)t
(q; q)t

· (q−1y)t

×
(
(−1)tqt(t−1)/2

)s−r−1 (aR; q)t
(bS ; q)t

(x; q)t

×
n∑
j=t

(qt−n; q)j−t(q
taR; q)j−t

(qtbS ; q)j−t(q; q)j−t
yj−t(θ; q)j−t

×
(
(−1)j−tq(j−t)(j−t−1)/2+(j−t)t

)s−r−1
.

(57)

By substituting j = l + t and using (16), (11), we yield

r+2φs

(
q−n, θx, aR

bS
q; y

)
=

n∑
t=0

(qθ)t
(q−n; q)t
(q; q)t

·
t∑

k=0

[
t
k

]
q

(−1)kq
k(k−1)

2

× r+2φs

(
q−k, x, aR

bS
q; y

)
×
n−t∑
l=0

(qt−n; q)l(q
taR; q)l

(qtbS ; q)l(q; q)l

×
(
(−1)lql(l−1)/2+lt

)s−r−1
yl(θ; q)l

=
n∑
k=0

(−1)kq
k(k+1)

2 θk
(q−n; q)k
(q; q)k

× r+2φs

(
q−k, x, aR

bS
q; y

)
×

n∑
t=k

(qθ)t−k
(qk−n; q)t−k
(q; q)t−k

× r+2φs

(
qt−n, θ, qtaR

qtbS
q; qt(s−r−1)y

)
.

(58)

It follows by variable substitution m = t−k that (53) holds.

2) Using (11) and (49), one gets

r+2φs

(
q−n, θ + x, aR

bS
q; y

)
=

n∑
j=0

(q−n; q)j(aR; q)j
(bS ; q)j(q; q)j

(
(−1)jqj(j−1)/2

)s−r−1
×yj

j∑
t=0

(−1)tqt(t+1)/2Mj,t(θ; q)(x; q)t

=
n∑
t=0

(−1)tqt(t+3)/2 ·
(
(−1)tqt(t−1)/2

)s−r−1
× (q−n; q)t

(q; q)t
(q−1y)t

(aR; q)t
(bS ; q)t

(x; q)t

×
n∑
j=t

(qt−n; q)j−t(q
taR; q)j−t

(qtbS ; q)j−t(qt+1; q)j−t
yj−tMj,t(θ; q)

×
(
(−1)j−tq(j−t)(j−t−1)/2+(j−t)t

)s−r−1
.

(59)
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It follows by variable substitution l = j − t and (16) that

r+2φs

(
q−n, θ + x, aR

bS
q; y

)
=

n∑
t=0

(−1)tqt(t+3)/2 (q
−n; q)t
(q; q)t

t∑
k=0

[
t
k

]
q

(−1)k

×q
k(k−1)

2 · r+2φs

(
q−k, x, aR

bS
q; y

)
×
n−t∑
l=0

(qt−n; q)l(q
taR; q)l

(qtbS ; q)l(qt+1; q)l
ylMl+t,t(θ; q)

×
(
(−1)lql(l−1)/2+lt

)s−r−1
=

n∑
k=0

(−1)kq
k(k−1)

2 r+2φs

(
q−k, x, aR

bS
q; y

)
×

n∑
t=k

(−1)tqt(t+3)/2 (q
−n; q)t
(q; q)t

[
t
k

]
q

×tr+2φ̃s

(
q−n, aR
bS

q; θ; y

)
,

(60)

which means that (54) holds. �

III. APPLICATIONS

Many orthogonal polynomials can be represented by the
hypergeometric functions or the basic hypergeometric series.
So, if we can determine the nature of coefficients of multipli-
cation and translation formulas , it is easily to construct the
multiplication and translation formulas for some orthogonal
polynomials based on the reslut in Section II.

Suppose that the polynomial pn(x) and its inversion
formula are given by

pn(x) =
n∑
k=0

τkEk(x), En(x) =
n∑
k=0

σkpk(x), (61)

where En(x) = xn, (x)n or (x; q)n, then the polynomial
qn(x) = Anpn(x) and its inversion formula can be expressed
by

qn(x) = An

n∑
k=0

τkEk(x),

En(x) =

n∑
k=0

σk
Ak

Akpk(x) =
n∑
k=0

σk
Ak

qk(x).

(62)

By (1) and (2), the multiplication and translation formulas
and inversion formula for qn(x),

qn(ax) = Anpn(ax) = An

n∑
m=0

Dm(n, a)

Am
qm(x), (63)

and

qn(a+x) = Anpn(a+x) = An

n∑
m=0

Dm(n, a)

An
qm(x). (64)

Denote s := α + β + 1. For α, β > −1, the hypergeo-
metric representations and the inverse formula of the Jacobi

polynomial P (α,β)
n (x) [7](pp.500) are given by

P
(α,β)
n (x)

=
(α+ 1)n

n!
2F1

(
−n, n+ s
α+ 1

1− x
2

)
,

(
1− x
2

)n
=

n∑
l=0

(s+ 2l)(α+ l + 1)n−l(−n)l
(s+ l)n+1

P
(α,β)
l (x).

(65)

Corollary 3.1 Let α, β > −1, θ, x ∈ R\{0} and n ∈ N.
Then

P
(α,β)
n (θ + x)

=
n∑
j=0

(s+ 2j)(α+ j + 1)n−j
(n− j)!

P
(α,β)
j (x)

×
n∑

m=j

(−1)m−jCn−mn−j
(n+ s)m
(s+ j)m+1

× 2F1

(
m− n, n+ s+m

α+m+ 1
− θ

2

)
,

(66)

and

P
(α,β)
n (θx)

=

n∑
j=0

(s+ 2j)(α+ j + 1)n−j
(n− j)!

P
(α,β)
j (x)

×
n∑

m=j

(−1)m−jCn−mn−j
θm(n+ s)m
(s+ j)m+1

× 2F1

(
m− n, n+ s+m

α+m+ 1
1− θ

2

)
.

(67)

Proof. 1) By using (10) and the Vandermonde summation
formula [9](pp.7)

2F1

(
−n, b
c

1

)
=

(c− b)n
(c)n

, (68)

one has
k∑
l=j

(−1)lCk−lk−j
(n+ s)l
(s+ j)l+1

=
(−1)j(n+ s)j
(s+ j)j+1

2F1

(
j − k, n+ s+ j
s+ 2j + 1

1

)
= (−1)j (n+ s)j(j + 1− n)k−j

(s+ j)k+1
.

(69)

Combining (10) and (65), we encounter

2F1

(
−k, n+ s
α+ 1

1− x
2

)
=

k∑
l=0

(−1)lClk
(n+ s)l
(α+ 1)l

×
l∑

j=0

(s+ 2j)(α+ j + 1)l−j(−l)j
(s+ j)l+1

P
(α,β)
j (x)

=
k∑
j=0

(−1)j (s+ 2j)k!

(α+ 1)j(k − j)!
P

(α,β)
j (x)

×
k∑
l=j

(−1)lCk−lk−j
(n+ s)l
(s+ j)l+1

.

(70)
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It follows by (69) that

2F1

(
−k, n+ s
α+ 1

1− x
2

)
= k!

k∑
j=0

(−1)k−jCk−jn−1−j

× (s+ 2j)(n+ s)j
(α+ 1)j(s+ j)k+1

P
(α,β)
j (x).

(71)

Making use of (65), (21) and (71), we obtain

P
(α,β)
n (θ + x)

=
(α+ 1)n

n!

n∑
k=0

Ckn(−1)k

×2F1

(
−k, n+ s
α+ 1

1− x
2

) n∑
m=k

Cn−mn−k

×(−1)m · 2F1

(
m− n, n+m+ s

α+m+ 1
− θ

2

)
=

n∑
k=0

(−1)k

(n− k)!

k∑
j=0

Ck−jn−1−j(−1)
k−j

× (s+ 2j)(α+ j + 1)n−j(n+ s)j
(s+ j)k+1

P
(α,β)
j (x)

×
n∑

m=k

Cn−mn−k (−1)m

× 2F1

(
m− n, n+m+ s

α+m+ 1
− θ

2

)
=

n∑
j=0

(−1)j (s+ 2j)(α+ j + 1)n−j
(n− j)!

P
(α,β)
j (x)

×
n∑

m=j

(−1)mCn−mn−j · V (n, s, j,m)

× 2F1

(
m− n, n+m+ s

α+m+ 1
− θ

2

)
,

(72)

where

V (n, s, j,m)

= (n+ s)j

m∑
k=j

(−1)k−jCm−km−j
(j + 1− n)k−j
(s+ j)k+1

. (73)

Using (69), one has

V (n, s, j,m)

=
m∑
k=j

(−1)kCm−km−j

k∑
l=j

(−1)lCk−lk−j
(n+ s)l
(s+ j)l+1

=
m∑
l=j

Cl−jm−j
(n+ s)l
(s+ j)l+1

m∑
k=l

(−1)k−lCk−lm−l

=
(n+ s)m
(s+ j)m+1

.

(74)

Inserting (74) into (72), we arrive at the required result (66).

2) Using (20), (70) and (10), we come to

2F1

(
−m,n+ s
α+ 1

θ(1− x)
2

)
=

m∑
k=0

Ckmθ
k(1− θ)m−k

× 2F1

(
−k, n+ s
α+ 1

1− x
2

)
= m!

m∑
k=0

θk(1− θ)m−k

(m− k)!

k∑
j=0

(−1)k−jCk−jn−1−j

× (s+ 2j)(n+ s)j
(α+ 1)j(s+ j)k+1

P
(α,β)
j (x)

= m!
m∑
j=0

(s+ 2j)(n+ s)jθ
j(1− θ)m−j

(α+ 1)j

×P (α,β)
j (x)

m∑
k=j

Ck−jn−1−j

× 1

(m− k)!(s+ j)k+1

(
θ

θ − 1

)k−j
.

(75)

It follows by variable substitution l = k − j and (10) that

1

m!
· 2F1

(
−m,n+ s
α+ 1

θ(1− x)
2

)
=

m∑
j=0

(s+ 2j)(n+ s)jθ
j(1− θ)m−j

(m− j)!(α+ 1)j(s+ j)j+1
P

(α,β)
j (x)

×
m−j∑
l=0

(−1)lClm−j
(j + 1− n)l
(s+ 2j + 1)l

(
θ

θ − 1

)l
=

m∑
j=0

(s+ 2j)(n+ s)jθ
j(1− θ)m−j

(m− j)!(α+ 1)j(s+ j)j+1
P

(α,β)
j (x)

× 2F1

(
j −m, j + 1− n

s+ 2j + 1

θ

θ − 1

)
.

(76)

With the aid of (65), (21) and (76), we deduce that

P
(α,β)
n (θx)

=
(α+ 1)n

n!

n∑
m=0

Cmn (−1)m

× 2F1

(
−m,n+ s
α+ 1

θ(1− x)
2

) n∑
l=m

Cn−ln−m

×(−1)l · 2F1

(
l − n, n+ l + s
α+ l + 1

1− θ
2

)
=

n∑
m=0

(−1)m

(n−m)!

m∑
j=0

(s+ 2j)(α+ j + 1)n−j
(m− j)!(s+ j)j+1

×(n+ s)jθ
j(1− θ)m−jP (α,β)

j (x)

× 2F1

(
j −m, j + 1− n

s+ 2j + 1

θ

θ − 1

)
×

n∑
l=m

Cn−ln−m(−1)l

× 2F1

(
l − n, n+ l + s
α+ l + 1

1− θ
2

)
=

n∑
j=0

(s+ 2j)(α+ j + 1)n−j
(n− j)!

P
(α,β)
j (x)

×
n∑
l=j

(−1)l−jCn−ln−j · U(n, s, j, l, θ)

× 2F1

(
l − n, n+ l + s
α+ l + 1

1− θ
2

)
,

(77)
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where

U(n, s, j, l, θ)

=
(n+ s)jθ

j

(s+ j)j+1

l∑
m=j

Cl−ml−j (−1)m(1− θ)m−j

× 2F1

(
j −m, j + 1− n

s+ 2j + 1

θ

θ − 1

)
.

(78)

Using (10) and (74), we proceed to get

U(n, s, j, l, θ)

=
(n+ s)jθ

j

(s+ j)j+1

l−j∑
t=0

Ctl−j(−1)t+j(1− θ)t

×
t∑

k=0

(−1)kCkt
(j + 1− n)k
(s+ 2j + 1)k

(
θ

θ − 1

)k
= (−1)j (n+ s)jθ

j

(s+ j)j+1

l−j∑
k=0

(−1)kCkl−j

× (j + 1− n)k
(s+ 2j + 1)k

θk
l−j∑
t=k

Ct−kl−j−k(θ − 1)t−k

= (−1)j (n+ s)jθ
l

(s+ j)j+1

×
l−j∑
k=0

(−1)kCkl−j
(j + 1− n)k
(s+ 2j + 1)k

=
θl(n+ s)l
(s+ j)l+1

.

(79)

Combining (79) with (77), we deduce that (67) holds. �

In the next part, we will discuss the multiplication and
translation formulas for Little q-Jacobi polynomial [8] de-
fined by

pn(x; a, b; q) = (−1)nq
n(n−1)

2
(aq; q)n

(abqn+1; q)n

×2φ1

(
q−n, abqn+1

aq
q; qx

)
,

(80)

and it’s inversion formula can be expressed as follows,

xn =
n∑

m=0

[
n
m

]
q

(aqm+1; q)n−m
(abq2(m+1); q)n−m

pm(x; a, b; q). (81)

Corollary 3.2 Let θ, x, a, b ∈ R\{0}, 0 < |q| < 1 and
n ∈ N, then the multiplication and translation formulae of
Little q-Jacobi polynomial can be expressed as follows,

pn(θx; a, b; q)

= (−1)nqn(n−1)/2
n∑

m=0

(θq)
m

× (aqm+1; q)n−m(q−n; q)m
(abqn+m+1; q)n−m(q; q)m

· pm(x; a, b; q)

×2φ1

(
qm−n, abqm+n+1

abq2m+2 q; θq

)
,

(82)

and
pn(θ + x; a, b; q)

= (−1)nqn(n−1)/2
n∑
u=0

(aqu+1; q)n−u
(abqn+u+1; q)n−u(q; q)u

×pu(x; a, b; q)
n∑

m=u

qm(q−n; q)m
(q; q)m−u

× m
2 φ1

(
q−n, abqn+1

aq
q; θq

)
×2φ1

(
qu−m, qu+1−n

abq2u+2 q; abqn+m+1

)
,

(83)

where m
2 φ1 can be given by (26).

Proof. 1) Combining (80) with (28), we yield

pn(θx; a, b; q)

= (−1)nq
n(n−1)

2
(aq; q)n

(abqn+1; q)n

×2φ1

(
q−n, abqn+1

aq
q; qθx

)
=

θn(aq; q)n
(abqn+1; q)n

n∑
k=0

qkn
(q−n; q)k(θ

−1; q)n−k
(q; q)k

×2φ1

(
q−k, abqn+1

aq
q; qx

)
.

(84)

Using (81) and (11), we have

2φ1

(
q−k, abqn+1

aq
q; qx

)
=

k∑
l=0

(q−k; q)l(abq
n+1; q)l

(aq; q)l(q; q)l
(qx)l

=

k∑
l=0

(q−k; q)l(abq
n+1; q)l

(aq; q)l(q; q)l
ql

l∑
m=0

[
l
m

]
q

× (aqm+1; q)l−m
(abq2(m+1); q)l−m

pm(x; a, b; q)

=
k∑

m=0

(q−k; q)m(abqn+1; q)m
(aq; q)m(q; q)m

qm · pm(x; a, b; q)

×2φ1

(
qm−k, abqn+m+1

abq2m+2 q; q

)
.

(85)

Inserting (85) into (84), we obtain

pn(θx; a, b; q)

=
θn(aq; q)n
(abqn+1; q)n

n∑
k=0

qkn
(q−n; q)k(θ

−1; q)n−k
(q; q)k

×
k∑

m=0

(q−k; q)m(abqn+1; q)m
(aq; q)m(q; q)m

pm(x; a, b; q)

×qm ·2 φ1
(
qm−k, abqn+m+1

abq2m+2 q; q

)
=

n∑
m=0

(θq)
m (aqm+1; q)n−m(q−n; q)m
(abqn+1+m; q)n−m(q; q)m

×pm(x; a, b; q) · Y (n,m, q, θ, a, b),

(86)

where
Y (n,m, q, θ, a, b)

=
n∑

k=m

θn−mqkn
(q−n+m; q)k−m(θ−1; q)n−k

(q; q)k

×(q−k; q)m ·2 φ1
(
qm−k, abqn+m+1

abq2m+2 q; q

)
.

(87)
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It follows by variable substitution t = k −m that

Y (n,m, q, θ, a, b)

=
n−m∑
t=0

θn−mq(m+t)n (q
−n+m; q)t(θ

−1; q)n−m−t
(q; q)t

× (q−m−t; q)m
(qt+1; q)m

2φ1

(
q−t, abqn+m+1

abq2m+2 q; q

)
.

(88)

Using the definition of the q-shifted factorial (6), we have

(q−m−t; q)m
(qt+1; q)m

= (−1)mq−m(t+1)−m(m−1)
2 . (89)

Inserting (89) into (88) and using (28), one gets

Y (n,m, q, θ, a, b)

= (−1)nqn(n−1)/2

×2φ1

(
qm−n, abqm+n+1

abq2m+2 q; θq

) (90)

Combining (90) with (86), we conclude that (82) holds.
2) Using (80) and (29), we derive

pn(θ + x; a, b; q)

= (−1)nq
n(n−1)

2
(aq; q)n

(abqn+1; q)n

× 2φ1

(
q−n, abqn+1

aq
q; qθ + qx

)
= (−1)nq

n(n−1)
2

n∑
k=0

(aq; q)n(q
−n; q)k

(abqn+1; q)n(q; q)k

×(−1)kq
k(k+1)

2 2φ1

(
q−k, abqn+1

aq
q; qx

)
×
n−k∑
t=0

qt(qk−n; q)t
(q; q)t

× t+k
2 φ1

(
q−n, abqn+1

aq
q; qθ

)
.

(91)

By substituting m = k + t and using (85), we yield

pn(θ + x; a, b; q)

= (−1)nq
n(n−1)

2

n∑
k=0

(aq; q)n(q
−n; q)k

(q; q)k(abqn+1; q)n
(−1)k

×q
k(k+1)

2

k∑
u=0

(q−k; q)u(abq
n+1; q)u

(aq; q)u(q; q)u
qu

×2φ1

(
qu−k, abqn+u+1

abq2u+2 q; q

)
×pu(x; a, b; q)

n∑
m=k

qm−k(qk−n; q)m−k
(q; q)m−k

× m
2 φ1

(
q−n, abqn+1

aq
q; qθ

)
.

(92)

Exchanging the order of summation, (92) becomes,

pn(θ + x; a, b; q)

= (−1)nq
n(n−1)

2

n∑
u=0

(aqu+1; q)n−u
(q; q)u(abqn+1+u; q)n−u

×pu(x; a, b; q) · J(n, u, a, b, q, θ),

(93)

where

J(n, u, a, b, q, θ)

=
n∑
k=u

(−1)kq
k(k+1)

2
(q−k; q)u(q

−n; q)k
(q; q)k

qu

×2φ1

(
qu−k, abqn+u+1

abq2u+2 q; q

)
×

n∑
m=k

qm−k(qk−n; q)m−k
(q; q)m−k

× m
2 φ1

(
q−n, abqn+1

aq
q; qθ

)
=

n∑
m=u

(q−n; q)m
(q; q)m−u

qm ·H(n,m, u, a, b, q)

× m
2 φ1

(
q−n, abqn+1

aq
q; qθ

)
,

(94)

where

H(n,m, u, a, b, q)

=
m∑
k=u

(−1)kq
k(k+1)

2
(qm−k+1; q)k−u(q

−k; q)u
(q; q)k

×qu−k · 2φ1
(
qu−k, abqn+u+1

abq2u+2 q; q

)
.

(95)

Using the following identity [9]

2φ1

(
q−n, b
a

q; q

)
=
bn(b−1a; q)n

(a; q)n
, (96)

we have

2φ1

(
qu−k, abqn+u+1

abq2u+2 q; q

)
=

(
abqn+u+1

)k−u
(qu+1−n; q)k−u

(abq2u+2; q)k−u
.

(97)

With the aid of (97), (32) and (11), (95) reduces to

H(n,m, u, a, b, q)

=
m∑
k=u

(−1)kq
k(k+1)

2
(q−k; q)u(q

m−k+1; q)k−u
(qk−u+1; q)u(qu−m; q)k−u

×
(
qu−m−1

)k−u · (abqn+m+1
)k−u

× (qu+1−n; q)k−u(q
u−m; q)k−u

(abq2u+2; q)k−u(q; q)k−u

=
m∑
k=u

(qu+1−n; q)k−u(q
u−m; q)k−u

(abq2u+2; q)k−u(q; q)k−u

×
(
abqn+m+1

)k−u
= 2φ1

(
qu−m, qu+1−n

abq2u+2 q; abqn+m+1

)
.

(98)

Combining (93), (94) and (98), we arrive at the required
result (83). �

IV. CONCLUSION

As is well-konwn, many orthogonal polynomials [7], [9],
[10] can be represented by the generalized hypergeometric
functions rFs or the basic hypergeometric series rφs, such
as the classical continuous orthogonal polynomials: the Ja-
cobi, Laguerre, Hermite and Bessel polynomials; the clas-
sical discrete orthogonal polynomials: the Hahn, Meixner,
Krawtchouk and Charlier polynomials; the q-classical or-
thogonal polynomials: the little q-Jacobi, q-Hahn, q-Meixner,
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q-Laguerre, q-Charlier and Stieltjes-Wigert polynomials and
so on.

In this paper, we aim to establish the multiplication
and translation formulas for the generalized hypergeometric
polynomials rFs and the basic hypergeometric polynomials
rφs with the aid of their inversion formula.

Based on these results and the nature of coefficients
of multiplication and translation formulas, it is easily to
construct the multiplication and translation formulas for the
above metioned orthogonal polynomials directly.
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