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Multiplication and Translation Formulas for the
Generalized Hypergeometric Functions and Their
Applications

Zhongfeng Sun and Huizeng Qin

Abstract—In his paper, the following multiplication and
translation formulae of the generalized hypergeometric func-

tions
r+1Fs ( _T;)ZgaR (0,$))
= zn:CT’S(n 0) F. —k,ar T
- k 3 r+1L's bS 5
k=0
and

—n, MT(0,x),
r+2Fs( n bg x),aRr y)

" s —k,x,ar
= ZDkY (n797y) T+2FS( bs "
k=0

).

are discussed for positive integers n, r, s, where MT(0,z) = 0z
or 0 + = and the notation ag,bs are r, s-dimensional vector,
respectively. Similarly, the multiplication and translation formu-
las for the basic hypergeometric series ¢ can also be derived.
Based on these results, the multiplication and translation formu-
las for the classical continuous, discrete orthogonal polynomials
and the g-classical orthogonal polynomials which are associated
with . Fs or ¢, can be established directly.

Index Terms—Generalized Hypergeometric Function, Basic
Hypergeometric Series, Classical Orthogonal Polynomials, In-
version Formula.

I. INTRODUCTION

ECENTLY, the generalized hypergeometric functions

have found significant applications in various fields
such as Klein-Gordon equation [1], exact renormalization
group equations [2], the fractional integral and derivative op-
erators [3], Hilbert transform [4], the urban wireless channel
[5], the fractional Jacobi functions [6] and so on. Especially,
the author [6] established a new formula between Jacobi
polynomials and certain fractional Jacobi functions with the
aid of the generalized hypergeometric functions with the
nonnegative integer n.

Many orthogonal polynomials can be represented by the
generalized hypergeometric functions or the basic hyperge-
ometric series [7], [8], [9], [10]. In [7], the authors consider
the multiplication problem

=" Din(n,a)pm(x), (1)
m=0
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and the translation problem

ZD (n, a)pm(x), 2)

a—l—x

for the orthogonal polynomials p,, (x), which are widely used
in combinatorial analysis. To solve the multiplication prob-
lem (1) for some classical continuous and discrete orthogonal
polynomials effectively, the generating functions are used in
[11].

We find that the inversion formula of the polynomial can
be applied to solve the multiplication problem (1) and the
translation problem (2) directly. For example, with the yields
of the orthogonal polynomial p,,(x)

x):ZAm

m=0

b)(b+ )™, 3)
and it’s inversion formula

c—|—ac

Z B €

we can derive the following multiplication and translation
formulae directly,

mier) =3 Antya”- 35 (7))

= 0 l:O (5)

pn(a—l—ﬂi) = m ZBl a+b)pl( )
0 =0

n

m

Therefore, if we can determine the nature of coefficients
of multiplication and translation formulas in the function
transformation, it is easily to construct the multiplication and
translation formulas for some orthogonal polynomials.

In this paper, we aim at constructing the multiplication
and translation formulas for the generalized hypergeometric
functions by using their inversion formula, and apply it to
solve the multiplication problem and the translation problem
of some classical continuous, discrete orthogonal polynomi-
als and the g-classical orthogonal polynomials, which are
associated with the generalized hypergeometric functions.

For convenience, we introduce the Pochhammer symbol

(), and the ¢-shifted factorial (x;q), [12]:
n—1 n—1
(@)n = H($+j)7 (T;9)n = H(l_qjx)7 n €N, (6)
§=0 §=0
with N ={1,2,...}, (x)o = (x;¢)o := 1, and their products
(ar)n == H(ak)nv (ar;@)n = H(QMQ)?M (7
k=1 k=1
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where r,n € N, 0 < |g|] < 1 and the notation ap :=
(a1,as,...,a,) is used.

The hypergeometric functions ,.F and the basic hyperge-
ometric series .¢¢ [12], [13] are defined by

ar _ — (aR)n n
+ (52 |2) =2 et ®
and
ag | v (ari@)n
o ( b q’x> ,; (bs: @) (a5 9)n ©)

1+s—r
~ ((71)nqn(n71)/2) In’

where r,s € N.
In particular, ,. Fs and ¢, can be reduced to the following
finite sums,

—n,aR . (=n)ilar) ,
F. = g
r+1 s( bS l‘) Z l'(bs)l xT
150 (10)
_ Z(*l)lcl (aR)lIl
= “osh
and
-1 g
r19s e bs R (I;$>

(1)

S (¢7":9); (ar; q);

= (bsia); (6:9);
x <(_1)jqj(j71>/2>s_’"xj,

where n € N. According to Eqgs. (3.3) and (3.4) in [12],
the inversion formulas associated with (10) and (11) can be
expressed as follows,

I) ,  (12)

—k,a
7>+1Fs ( bS r

ZO’“

”kO

f (13)

n k(1) q ",ar

X q 2 r+1%s q;x |,
3], (73 o)
where (@)
n q;9)n

= D (14)

{ k L (4 k(G Dn—r

Replacing z,ag,r by y,(xz,ar),r + 1 in (12) and (13),
respectively, we have

(2),, =
(15)

)
oF, kxaR

i
(7

and

) ,
(39),,

= (o) s Q)ni{nL .

(aR7q n gp—o k
k(1) ,T,a
x(—1)Fq™ 2 r+2¢s( v R y)

Basic relations between the Pochhammer symbol (z),, and
z" can be expressed as follows ([12] pp.157),

n

" = Z (=1)"""Sa(n, m)()m,

m=0

where S1(n,m), Sa(n,m) are the Stirling numbers of first
and second kind, respectively.

Similarly, basic relations between the g¢-shifted factorial

(z;q), and z™ are given by
n n B ’
(w5 q)n =) {m} (=1)mgmim=hizam, a8
m=0 q
and
= Z { } )" (@ g), (19)

which can be found in [12] (pp.157).

The structure of this paper is as follows. In Section II, the
inversion formulas are used to establish the multiplication
and translation formula of the generalized hypergeometric
functions. In Section III, those results in Section II are ap-
plied to derive the multiplication and translation formulas for
some classical continuous or discrete orthogonal polynomials
and the g-classical orthogonal polynomials directly, which
are associated with ,.F or ,.¢s. A final conclusion is given
in Section IV.

II. MULTIPLICATION AND TRANSLATION FORMULAS OF
THE HYPERGEOMETRIC FUNCTIONS AND THE BASIC
HYPERGEOMETRIC SERIES

Theorem 2.1 The following multiplication and translation
formulas of the hypergeometric functions are valid for n € N
and 0,z € R\{0},

r+1F9< _TéisaR 056)
n _ (20)
_ ZCﬁ@k(l — o)k L\ F, < /Z, aR x) ’
k=0 S
and
r+1Fs ( _7;)75@3 0 +.’£>
= ZCﬁ(_ P F ( _IZ’ “R €E>
S
k=0, (21)
Xy Oni(=
m=k
m—n,ar +mlilg
X ri1 by ( bs +mlg 0> ’

where Ir :=(1,1,...,1) is r-dimensional vector.
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Proof. 1) From (10) and (12), we have

r+1Fs < T aR 0575)

= ch
7]{,(13
X Z Cl 7‘+1Fs ( bs

_ Zc};ek MFS( _’Z’“R x>
k=0 o

x Z sziIZ(_H)l_kv
=k

which implies that (20) holds.

!

2) With the help of (10), we yield

—n,a
7’+1FS ( bS B 0 + I)

7=0
= Y opyra
m:On
> Z (_1)j—mcj—m @ej_m

" (bs);

j=m

By substituting j = [ + m, (23) becomes
-n,a
7'+1Fs< bSR 9“!‘3))
— Z C;n(_l)mxm
Z L R)ler 9[

(bs)l+m

Combining (12) with (24), we obtain

m=0 ! aR)m

= —k,a
% Ck -1 k , Fs s UR )
SO vk (T e
< — Ci_m(*l)l (aRr)i+m g

=0 (bS)H-m

= Skt an (Th )

k=0 s
x Z (=™

m=k

n—m —|—mIR)l
% (-1 1 (ar I
3 O G )

It follows by (10) that (21) holds. W

For convenience sake, we introduce the following notation

q " ar
I”+1¢s< b q;l‘)

S SEMEE

m—-n.

r (xqm(s_r)) 1 6)

><(q ;a)u(g™ar; q)
(22) (qm+1’ ) ( rrLbS’q)

where m € N U {0}. Specially, there is

q ",aR
2+1¢s < bs Q;I>

—n g
= r+1¢s( 1 b R Q;iC)-
s
Theorem 2.2 Forn € N, §,2 € R\{0} and 0 < |¢| < 1,

the multiplication and translation formulas of ,¢s can be
expressed as follows,
q,Hx)

r+l¢s ( 7

n om0 (7 @)k(0 5 @)
(~0)"q Z AOTURST TS

n

27)

(23) =
= (a3 9)x
_kaaR
Xq T+1¢S ( b Q;x> )
and
-1 q
ri10s < 1 b r q;9+w>
- s0n) (g5 )k
= > (D¢ > (()
=0 qvq)k
_k (29)
< riads (1 gsw
(24) 4 £l bS )
n—k _n
x Zq il s ( bsa q;9> :
Proof. 1) From (11) and (13), it is easy to see that
—n 4
r+19s < 1 b f q;ﬁw)
~ (47"59); [J ] pRCD
= 0 -1 2
ZO T0; (Q)Z .| Dk
J
r+1¢g< x) (30)
(g5 q) < - )
= - N r ¢5 @ q;T
kZ:O (G b
(25) (k—1) (qkf’l'q)- k )
x(=1)Fq 2 = (g0).
jz_:k (¢ 0)5-+

It follows by variable substitution ¢ = j — k that

q;G:U)
=@k (qk,aR . )

= 2w e o) e
g k1) kn_k (qk ")t t
—1)" 2 (0 ACEENEL VAV IS
x(—=1)"q (Q); (q;q)t(q)

—-n
yOR

r+10s ( ¢ b
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For m > n, we have

n—1
(q—m’ _ n H q] m H _ q'rn—j)
j=0 @) (32)
_ _ q:9)m
_ —1 nq mn+n(n—1)/2 ,
=) (4 Q) m—n
which gives that
n—k —n
— (™,
2 (4:9)¢ )
=0 (33)
n—=k n—
_ Z { ) } q ( k)tqt(t+1)/2(_0)t.
t=0 q
It follows by variable substitution ¢ = n — k — m that
n—k g n
q )4
oo
t:% q;q
- S e
m
m=0
Xq—(n—k—m)(n—k—i-m—l)/Q.
Then, from (18) and (34), we derive
t
Z 7.q 0q) (35)

0
— g 1)n k@n k (n k)(1— n+k)/2(0

) Q)n—k

Inserting (35) into (31), we arrive at the required result (28).
2) In view of (11) and (13), we find

r+1¢s( e b’aR CI;9+$>
5

_ N @05ani i (o ya-n2) T
- Z (bs; )J(QaQ)j (( LY'e )

=0
j .
% Z C}nemxj—m
— Z Z Cm m 7q) (qj_m/aR;q)m j—m
j=0m=0 )](q‘jimbs;q)’ln
% ((_1)mqmj—m(m+1)/2)s_r
y ((_1)jfmq<jfm><jfm71>/2)H

(aR, Q)g m
(b57 ) —m

(36)

) (qj aR.q)m ji—m
j=0m=0 q) (@77"bs: @)m
~ ( l)mqm] m(m+1)/2) B

j—m .
— k(k—1)
< [1 ] eore
q

)

_ Z(*l)kq% (qin; Q)k'

= (43 9)k

—k
X 7‘+1¢5( 4 b;aR q7$> X G(n,k)a

where
G(n, k)
n Jj=k k n. Jj—m .
Z Z Cmam ’Q)J k(q aqu)m
j=k m=0 (@™ @) (43 @) j—m—k (37

q]mk

4t 1™ mj—m(m+1)/2 5o
(@753 @)m (( )"a )

Exchanging the order of summation for (37) and replacing
j by Il +m + k, we obtain

kot (38)

" " Dm+1(¢7 T ar; Om
(@5 @)m (@ i(@Hbs; m
qu ((_1)mqm(k+m+l)7m(m+1)/2)

which means that

n—k—l1
Q) 3 m
)l C'Icherl(9

m=0

k+1 (39)

=0
(qurl n7q) (q aR;q)m

(@ ) (€053 Q)
<( 1)™q m(k+1)+m(m— 1)/2)

-T

Combining (36), (39) with (26), we yield (29). Hence, the
proof is complete. MW

Similarly, we can establish the multiplication and transla-
tion formulas for

T+2Fs ( - Mjg(e,x%aR y) )
S
" MT(0,x),a
7'+2¢s ( 4 bi‘ ) R Qay) ’

where MT(0,2) = 0x or 0 + x.
Theorem 2.3 Let n € N and 0, 2,y € R\{0}. Then

—n,0+x,a
r+2Fs( b n y)
S
: k.x,ap

= Zcﬁ T+2Fs< a 7b7
k=0 o

y) > (=D)mF (o)

m=k
m—k m—n,0,ar +mlg
XCn—k 7‘+2FS ( bS +mIS y) ’
and
—n, 0z, a
7‘+2Fs ( bS B y)
_ i(_l)k F *k,I,CLR
- k 0 r+24's bS ) (41)

—Nn,ar
nL r+1F ( bS

XZ

9;y>7
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where 2) Making use of (17), we get
m —N,ar .
T+1F ( bS 97y> (9$)l
l
+ mIR)l_m 1—i X .
C’l 1—m (ar _ _ 38, (1.7)07
Z (bs +mIR)i—m (42) ;J( 1) 1(1,4)0
J
. j 47
S Su(L3)Sal ) % 37 (1S5, m) (@) @0
j=m m=0
l l
Proof. 1) With the aid of the ChuVandermonde identity = Z Z S1(l,5)S2(5,m)0”.
([71, pp-509) =0 j=m
n Combining (10), (47) and (15), we have
(@t 2)n =Y CrMa)n—m(®)m, (43)
m=0 r —n, 0z, ap
r+247s bS Y
(10) becomes n (ar) )
_ _Dict VAR D
(e > D e
r+24's b Yy -
s Z ,
n ! X Sl(l7])52(.77 m)ej
a
— Z(_l)lcrlL( R)lyl Z sz(e)l—m(ff)m i
= (bsh” (44 - (ar ~
n n — (_1)m mym(x)m Cny —-m (48)
e R @ Y () D P>
m:Ol (ar + mIR; l:rzn «\ar T mIR) i zl: S1(1,5)S2(j, m)@?
Xcim -m 9 —m -m ) 5
n—m (bS +mIS)l—m ( )l Y (bS + mIS)l,m j=m
< — k,xz,a
It follows by variable substitution v = [ — m and (15) that = Z( 1) Z r+2Fs ( b f y)
m=0 k=0 &
—n,0+zx,a k(_q1\k.m N, 4R | p,
7+2Fs ( bS R ) XCm( 1) r+1FS bS eay) )
n
= Y cr(-nm ((‘ZR))’” () my™ which implies that (41) holds. M
m—0 S)m
anm(il) w (ar+mlp)y (0)uy® Lemma 2.4 The translation formula of the g-shifted

"M (bg + mlg)y factorial can be expressed as follows,

u=0
- G —k,x,ar > .
B (= r+2ls ((k+1)
’"X:JO : ’“Z " ( s ’ (@ +z3q)n = Z(—l)qu T Ma(asq)(@q)k,  (49)
xCp (~1)* necr_, S oi(—
uZ;J Z (45) where n € N, a,z € R, 0 < |¢| < 1 and
r —], 0 aRr + mIR
e bs +mls

= —k,x,a m
= ZOS r+2F§( bS = m= k (50)

n—m X Cl |: _l:| (aqk)l.
~ Z C::z kk m k Z J_ Z q

y)y) My k(a; q) = i [ . L(—l)mqm(@l)m’“

y P —7,0,ap + m [R Proof. Taking into account (18) and (19), we acquire
T2t bs +mlg
Z (a+x5q)n
Cu 7 _ —j. n n
n—m-— ] _ m, m(m—1)/2
- X |n] e
m:?n q
Next by applying the following identity « Z CI Mgl
n—m Jj=0 (51)
i 1, j=n—m n
u—j u—J — ’ ’ n m m m—
ZC'IL m— j( 1) _{ 0, j#n—m, (46) = Z |:m:| ( ( 1)/22 I a
u=j m=0 q
J .
(45) reduces to (40). % Z [ i ] (—1)kgkE+1=20)/2 (g ¢, .
k=0 q
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This means that

which is Eq. (7) in [7]. Using (11) and (56), we find

q7n701.7a'
(a+z;q)n r+2¢s( b r Q;y>
= ) (-1)FgFETI 2 (25 q),, -y (a7";9);(ar; q); ((_I)qufl)/z)w_l
= = (b 10)i(4:9);
m m(m 1)/2—mk (52)
X
X_:J ] ijz [ ] "0 9)j-4(x39):
x> [ ] (ag")m =7, Lt (57)
: = q0)" ———— (¢ y
=k tz_;( ) (¢ )t )
s (ar; q)e
% (( l)tqt(t 1)/2) (bR. q)f(:c;q)t
Replacing j by m —  in (52), we obtain (49). W A g s @)t
q y4)j— tqaRaqut j—t 0: )
0 Dy e e L
Theorem 2.5 Letn €N, 6,z,y € R\{0} and 0 < |q| < j=t o
1. Then y ((_1)j—tq(j—t)(j—t—1)/2+(j—t>t)S "
By substituting j = [ + t and using (16), (11), we yield
q_n>9$7aR . " fx.a
r+20s < bs a4y r+20s ( 1 ,bs’ i Q§y)
= —1)k Lk;’”gkm n (g™ q) ¢ + (e=1)
Z( )'a (¢ Q)x = > (@)=Y i (—1)kq >
h=0 n—k ( k ) t=0 (q’ Q)t k=0 q
¢ ", zar | m (@ Om ~k 2.a
X ri20s < bs q,y) Z:O(HQ) W X py2@s ( bs R q;y)
m+k7n707 k+ma T ) (5 n—t
X ry2®Ps < e k+mg Bl gy qUermi(s=r=1),, ) XZ( t ;q)i(d"ar; Q)
q (53) =0 ( bSa )(qvq)
s—r—1
and x ((=1)fq! =/ Ty g ), (58)
) D e
"0+ zx,a — 4, 9)k
r+29s ( 7 b " q;y) k=0 &
S q ,T,aR .
n . —k X r+2¢s b q; y)
g Bo1) q ,T,aR S
= Z(_l) q 2 r+2¢s< bS (ﬂy) k Q)t A
_ (54) x Z e
xz sl [ ¢ ] t eq
k n7 ) a S—r
- (45 9)e ‘ X r+2¢)s( qtbsq 1" ”y)
xtads 1 b; q;9;y>7
It follows by variable substitution m = t — k that (53) holds.
where 2) Using (11) and (49), one gets
" O0+z,a
- -n NN gy
t q ;4R 0. bS
+2¢’s b %0y n —n —1
5 _ (@"59)i(@ar;9)j ((1yigiG-n/2) "
=1\ s—r—1 - Z (b )( ) ( )q
=ZMl+tteq( Dl (55) jmo \bsialila
< (gD @ (g ars D Xy’ Z ) q" VM (05 9) (w5 9)
(¢ @)i(qbs; ) n R
_ Z(*l)tqt(t+3)/2 ) ((71)tqt(t71)/2) (59
t=0
Proof. 1) We recall the multiplication formula of the g- (q L ( yi +(aRr; @) (239)
shifted factorial (z;¢q)n (g9 ) q'y (bs; q): 1t
n t
1qj fqaRa(I)j t ] t
X M; (65 q
n n z; qu qj tq+l7q) jt( )
(CLw;Q)n = Z [ m :| am(a§q)nfm(l’§Q)m7 (56) « ( J DG—t—1)/24+(—t)t )sfrfl'
m=0 q
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It follows by variable substitution [ = j — ¢ and (16) that

_/n/’e+ b
r+2¢s< 1 ) v an q;y>
S
- 372 (@75 q)e ! t k
_ (71)tqt(t+3)/27 (71)
; (a39): ;J k],
k(k=1) —* xa
xq ~r+2</>s(q I q;y)
S

q ar; Q)
t+1 q)l ylMl-l—t,t(o; Q)

n—t
8 lz:: tbs Q)

% (( 1) 11— 1)/2+lt)

k1) ¢ F zap
r+2¢s bS

(—1)fq >
1)tqHt+3)/2 (") [ 3 }
(a)e LK,

~ .a
Xf~+2¢s ( e bs R (I;Q;y)»

which means that (54) holds. W

(60)

—r—1

I
M:

ES
Il

0

x
o~
HM:
=

i

III. APPLICATIONS

Many orthogonal polynomials can be represented by the
hypergeometric functions or the basic hypergeometric series.
So, if we can determine the nature of coefficients of multipli-
cation and translation formulas , it is easily to construct the
multiplication and translation formulas for some orthogonal
polynomials based on the reslut in Section II.

Suppose that the polynomial p,(z) and its inversion
formula are given by

n
pn(z ZTkEk z) = fokpk(@
k=0

where E,(z) = 2", (z), or (x;q),, then the polynomial
gn(x) = A,pp () and its inversion formula can be expressed
by

(61)

(x) = An Y meEy(z)

k=0
(62)

En(e) = AAm() (@)
k=0

By (1) and (2), the multiplication and translation formulas
and inversion formula for ¢, (),

n Dm
gnlaz) = Appn(az) = 4, 3 2290y (63)
m=0 m
and
"~ Dy (n,
gn(a+2x) = Appn(atz) = A, #a)qm(x). (64)
m=0 n

Denote s := o + 8 + 1. For «, 8 > —1, the hypergeo-
metric representations and the inverse formula of the Jacobi

polynomial P{*? (x) [71(pp.500) are given by

P ()
_ (a4 1), I —-n,n+s|l—2
- ’I’L‘ 241 a +1 ) )
1—a (65)

N 21)(a—|—l+1)nfl(—n)lpl(a,ﬂ)(x)‘
=0 (8+l)n+1

Corollary 3.1 Let o, 5 >
Then

-1, 6,2 € R\{0} and n € N.

PP + )
S (s+2)(@+j+ Dnj PO ()
(n =) !
(n+8)m
(5 Jrj)m+1
n,n+s+m 9)

=0

o N e Ter

m=j

m—
X2F1< a+m+1 2

(66)

and
P (0x)

(n+8)m (67)

n i 0
. Z-(il) Cn= T s+ J)ms

— 0
% 2F1<m n,n+s+m 1).

a+m-+1 2

Proof. 1) By using (10) and the Vandermonde summation
formula [9](pp.7)

A ()=t
k

>

= + )41

(-1 (n+s), P (j—k,n+8+j

CEN T s+2j+1

_ (71)j (n+s)j(j+1—n)k_j'
(5+J)kt1

Combining (10) and (65), we encounter
1—=2
2 ( a+1 2 )
; (n+8)i

k(a—i— 1)[
l . .
(s+2j)(a+j+1)
x 2 (s + )i I

(68)

one has

(69)

)

—k,n+s

(70)

k] .
i (s +25)k! o,
- RV e

Lokl (nfs)z .
T (s+J)im
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It follows by (69) that

—k,n+s
2F1( a+1

1—=x
2
- k'z Ik (71)

" "5+ 2)(n+9), (0.8)
CE TR s

Making use of (65), (21) and (71), we obtain

p{*? (e +2)

_ Oé+ nz

k n+s
X2F1< a+1

1—xz - n—m
9 )ZCn—k
=k

¢
2
g

s+2))(a+j+ Dn_j(n+35); (ap)
(S+J)k+1 RN

Zc:;;”

m—n,n—&—mi—f—s
a+m+1

X

—n,n+m-+s

b

a+m+1
— Z( ) (3+2])(a+.7+1)71 JP(D‘B)( )
(n—j)!
7=0
X (—l)mC';Z:JmV(n,s,Lm)
m=j
o (Mo mntmts 0
2 a+m+1 2)°
where
V(n,s,j,m)
S yhieme kG L=k (73)
= (n+s9); —lkjcgfl?(j : 1,
R N v
Using (69), one has
V(n,s,j,m)
m k
_ +s)
_ ykom=k nick-t (n :
2 ”lef VOGP
s); k—1 vk—1
= 1 C
Z s+])l+1 Z( ) m-

0t
(8+ )m+1

Inserting (74) into (72), we arrive at the required result (66).

2) Using (20), (70) and (10), we come to

g —mnts|00-2)
241 a+1 2

= ) _CkeFa—o)m*t
k=0

k(jJr 2j)(n + 5)1 ;(275)( ) (75
1),

(s+ Dkt 7 _
T (s r 2t s, (1 )
N m'z ((Jé+1)j

m

(@2 Ot

X(m—k’)!(13+j)k+1 (9€1>k J'

It follows by variable substitution [ = k — j and (10) that

1 -m,n+s
- 2F1< Oé+1

2

9(1—95))

_ fj 2Bt OO
= OZ—FI) (5+])]+1
m—j l
o (j+1—n) 0
76
<D= mfs+23+1) (9—1> 7o)

=

m

0
(5+2)) (0 + 5),09(1= )" o)
(= e+ ;(s+ fyer

b
6-1)°

()

&)

m,j+1—n

j-
X2F1< s+2j+1

With the aid of (65), (21) and (76), we deduce that

“’)(ex)
a+1
= Zc
m,n+s 01— 2)\ N~ ot
X2F1( a+1 9 )l_zcnm
l—nn+l+s 1-6
x(=1)" ( a+l+1 2 )
_ i ) i 5—1—2] a—f—j—i—l)n j
— 17:0 8—|—j)]+1
x(n+5);67 (1 9)’” JP;‘””()
j—m,j+1—-n| 0 77
XZFl( s+2j+1 9—1) 77

x>l (-1
l=m
—n,n+l+s

! 1-6
XzFl( a+l+1 2 >
_ z": (s+25)(a+j+1)n- i Pl ()
= (n—7)!

U(n’ S’ j? l? 0)

1-96
2 )

lj n—I
X g Cn_j-

< F l—n,n+1l+s
2t a+l+1
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where
U<n78’j7l)9)
Co
(n+s);6” - —j
= — c_m-nma-e)mJ
(s+j)j+1n;. =5 (=0 (78)
j—m,j—i—l—n 0
X2F1< s+2j+1 91)
Using (10) and (74), we proceed to get
U(nsy,lﬂ)
n+s
— C t+] 075
5"’] J+IZ l] )
k
ek (J+1-—n ¢
XZ (s+23+1) (9—1
(n+539j ke vk
= 1 HECE .
( ) (5+])]+1 ];)( ) l—j
I—j (79)
X(J+1 ")kakzc (6 1)k
(s+27+1) —
l
— (_1)JM
. (8+])J+1
« j k: J"‘l—’fl)
:0 T (5427 + 1)
_ Onts)
(s+ )41

Combining (79) with (77), we deduce that (67) holds. W

In the next part, we will discuss the multiplication and
translation formulas for Little g-Jacobi polynomial [8] de-
fined by

20 (ag; q)n
(abg"t1:q)n

ab n+1
1 q; qm) )

aq
and it’s inversion formula can be expressed as follows,

(=1)"q
%21 ( ",

pn(z3a,b5q) =
(80)

m+1, q)

(abg?(m+1); Q)n—m

Pm(x;a,b;q). (81)

=[] w

Corollary 3.2 Let 0,2,a,b € R\{0}, 0 < |¢| < 1 and
n € N, then the multiplication and translation formulae of
Little g-Jacobi polynomial can be expressed as follows,

pn(0z;0,b;q)
= (—1)”qn(”’1)/2i(9q)m
(60" @) (0" i (5B ) (82)
(abg? ™+ q)n— m(q+ql)m
oy |1 abgzbgbu q; 0q

and
pn(e +z;a,b; q)

e (aq“ T @)
— -1 nqn(n 1)/2
1) 2 < (abg" T @) n—u (43 @)u

(™ )m

q
xpu(T;a,b; q
mzu (¢ @) m—
m q~", abg"
X 5 91 ( ag q;9q)
qu—m’ u+l—n bl

X201 abg?u+? q; abg )
where 5'¢1 can be given by (26).
Proof. 1) Combining (80) with (28), we yield

(83)

pn(ex;a7b§q)
n nn=1)

= (-1)7¢ >
X901 < ¢

"(aq; q)n
abqn+1
abq

(aq; q)n

(abg™*1:q)y
abqn+1

ag 4 q(%c)

Z k:n n; k(gil;q)nfk

(6 Q)
X a1 ( ¢ aq

q; qm) .
Using (81) and (11), we have

—k n+1
q~ ", abg .
201 < aq q; qx)

k
(%5 q)i(abg" ;5 q), o
2 g agan @
K q)i(abg™ g )lqli[fn]
=0 m=0 q
(aq

(aq,q) (¢ )
m—+1.
7Q)l—m . .
x (abq2(m+1). q> Pm (.23, a, bv Q)
¢ $Qm (abq”*1

-y
= (0 Om(G)m
quk’ abqn+m+1

Xa¢1 ( 2m+2

Inserting (85) into (84), we obtain

(84)

n+1

(g~

[
Mw

(85)

)mm

- pm(x;a,b;q)

Q§Q>-

abq

pn(Qx'a b' q)
n
aq, kn
+1
abq” )” k=0

G
QQ)

n+1 )

b @) m(ab
XZ (q (a(J) q =

7

pm('r a, b; Q)

QQQ>

(ad™ 5 Dn-m(@ Om
= 0
mZ:O( 2" (abg" 17 @) (43 O

Xpm(IC; a, ba q) : Y(?’L, m,dq, 97 a, b)»

abqn+m+1 (86)

i
m
2 P1 ( abq2m+2
m+1.

where
Y(n,m,q,6,a,b)
i enfmqk:n (qin+m§ Q)k—mwil; Q)n—k
k=m

- (4 )k
(g% q)m -2 1 ( 1 q;q) :

(87)
m—k7 abqn,+m+1
2m—+2

abq
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It follows by variable substitution ¢ = k — m that

Y(?’L, m,dq, 97 a, b)

gen—'mq(m+t)n (q ) (9 1 )n m—t

pos (¢; )¢ (88)
(q—m—t; Q)m q*t, abq"*’”“ .

XW2¢1 abg?m+? 49 ) -

Using the definition of the g-shifted factorial (6), we have

—m—t. m(m—1)

((éqtﬂ- ’qSJ)’” = (-1)"gmTEE T (89)

Inserting (89) into (88) and using (28), one gets
Y(n,m,q,6,a,b)
_ (_1)nqn(n—1)/2

X a1 ( e Q§9Q>

Combining (90) with (86), we conclude that (82) holds.
2) Using (80) and (29), we derive

m—n aqu+n+1 (90)

abq2m+2

pn(e + x;a, b; Q)
(aq; @)n
(abqn+1.

= (-
+17Q)n
q ", abq" )
X 21 < ag q,q9+qx>
n noD) o~ (a3 Q) (@75 9)k

= (abg" 5 ) (4 Ok

q ", abq

aq

¢ q9> .

By substituting m = k + ¢ and using (85), we yield

on
n+1

Q§q$>

"kt —-n.
XE:q 7t
t=0

—n7ab n+1
« t2+k¢1 < q aqq

pn(0+ z30,b;q)

— (_anwi: (ag; @)n(a™"; @)k
= (4 9)k(abg"*'; q)n

k L
S N VAV GG

= (0G0)u(G a)u

—k n+u+1
q“™", abg
X 2¢1 ( abq2u+2

— g
xpu(z;a,b;q) Y

(-n*

92)
a4q

AL )

=g (¢ Dm—r
—n,ab n+
X 51 < 1 aqq q;q0>-

Exchanging the order of summation, (92) becomes,

m—k(

pn(9+x a, b;q)

B g nin_ 1>Zn:
B (¢ Q)u

J(”? /IL7 a7 b’ q7 0)7

aq" 5 @)n—u
abqn—&-l—&-u q) neu

93)

Xpu(®;a,b;q) -

where
a,b,q,0)

k(k+1) q

(g
(@ 9)x

";Q)kqu

énu
-2

X a1 < e abq

n m—k( k—n

ab n+u+1
2u+2 q; 9
q " Dm—k
= (@ Dmr
—n’ CLb n+1
5 P1 ( 1 e q;qe)
n,m,u,a, b’ q)

aq
= >
4 qH) ;

(q_”; Q)m qm . H(
= (& Dm—u
Q)k u(q
(4

u—k, abqn+u+1
2u+2

8 (94)

n+1

—n

X T ( q ", abg

aq

where

H(’IL m,u,a, b7 q)
m m—k+1.

= YR B

k=u

xq"F - 9y ( 1

Using the following identity [9]
qa"b|
201 < o | @ q)

=2 udn (96
qu—k'7 abq7L+u+1
2¢1 ( abq2u+2 q;9
(abqn+u+1)k_“ (qu+1 n. C])k u
(abq?*+2; @) p_y
With the aid of (97), (32) and (11), (95) reduces to

Q)

Q§Q>~

95)

abgq

we have

o7

H(n m,u,a,b, q)
- Z S (@ @)uld™ " Qi
= @ @ e
(qu m—1\k—u bqn-i-m-i-l)k*“
(qu—H 7)7Q)k u(qu m,Q)k ”
(abg®**+2; @) k—u(q; @)k —u
(@™ Qr—ulg"” %CI)H

(abg®**2; @) k—u(q; @) k-
b n+m-+1 k—u

X

X

(98)

I
NE

£
I

u

a

qu m qu+1 n
- 2¢1 ( abq2u+2

X

q; abqn+m+1>
; .

Combining (93), (94) and (98), we arrive at the required
result (83). W

IV. CONCLUSION

As is well-konwn, many orthogonal polynomials [7], [9],
[10] can be represented by the generalized hypergeometric
functions ,.F or the basic hypergeometric series ,¢s, such
as the classical continuous orthogonal polynomials: the Ja-
cobi, Laguerre, Hermite and Bessel polynomials; the clas-
sical discrete orthogonal polynomials: the Hahn, Meixner,
Krawtchouk and Charlier polynomials; the g-classical or-
thogonal polynomials: the little g-Jacobi, g-Hahn, g-Meixner,
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g-Laguerre, g-Charlier and Stieltjes-Wigert polynomials and
SO on.

In this paper, we aim to establish the multiplication
and translation formulas for the generalized hypergeometric
polynomials ,. Fs and the basic hypergeometric polynomials
r¢s with the aid of their inversion formula.

Based on these results and the nature of coefficients
of multiplication and translation formulas, it is easily to
construct the multiplication and translation formulas for the
above metioned orthogonal polynomials directly.
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