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Béicklund Transformations and Exact Explicit
Solutions for a High-order Classical
Boussinesq-Burgers Equation

Jinming Zuo

Abstract—In this work, a high-order classical Boussinesq-
Burgers equation is investigated. We establish a transfora-
tion which turns the high-order classical Boussinesq-Burgers
equation into a single Sharma-Tasso-Olver equation, then we
obtain Bécklund transformation and abundant exact solutions,
including multi-solitary wave solution, trigonometric function
series solution, rational series solution and solution consisting
of the three types of solutions.

Index Terms—high-order classical Boussinesq-Burgers
(HCBB) equation, Bicklund transformation, Soliton solution,
Homogenous balance method.

I. INTRODUCTION

T is well known that nonlinear evolution equations

play an important role in describing nonlinear scientific
phenomena, such as marine engineering, fluid dynamics,
plasma physics, chemistry, and physics. The research on
qualitative and quantitative features of these equations has
increased significantly in recent decades. It has become
an extremely active area of study to solve these nonlinear
evolution equations. With the aid of symbolic computation,
a variety of powerful methods are presented, such as Hirota’s
bilinear method [1,2], Backlund transformation (BT) [3-5],
Darboux transformation (DT) [6,7], Painlevé analysis [8-
10], homogeneous balance method (HB) [11-13] and so
on. In Refs. [14,15], Fan extended HB method to search
for Bécklund transformations and similarity reductions of
nonlinear PDE. So more solutions can be obtained by the
extended HB method.

In this work, we will discuss the following high-order
classical Boussinesq-Burgers (HCBB) equation [16]

up = 3(B — 1) (utiy)s + 3 (uv)y + 3uPuy + g,
vy = 3B(1 — £8) (2ugUay + Ullgzs) + 3(1 — ) (1)
(wvz)z + 3vvz + 3(U?0) + §Vsa-
where [ is an arbitrary constant. When 8 = 1, Eq. (1)
becomes a high-order Boussinesq-Burgers (HBB) equation

_ 3 2 1
up = 5(uv), + 3uuy + Uzae,

Uy = BUglgy + SUlges + 30V, + 3(u?0), )
+%/U(EJXL"
When 5 = 0, Eq. (1) becomes a high-order Boussinesq
system
up = —%(uui)i + 3(w)y + 30Uy + Fusse,

3)

vy = %(UUL)L + %UUQL- + 3(1L2U)g; + ivx,xa,
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In this work, we first establish a transforation which turns
the HCBB equation into a single Sharma-Tasso-Olver (STO)
equation. By the extended HB method [14,15], we reduce
the STO equation to a linear PDE and obtain Bécklund
transformation of it. In addition, the self-transformation of
solutions for the HCBB equation can be obtained. By the
Bicklund transformation and various series solutions of the
linear PDE, we obtain abundant exact solutions of the HCBB
equation, including multi-solitary wave solution, trigonomet-
ric function series solution, rational series solution and solu-
tion consisting of the three types of solutions. Furthermore,
more exact solutions can be obtained by repeatedly using the
self-transformation of solutions.

II. BACKLUND TRANSFORMATION FOR THE HCBB
EQUATION

For simplicity, we consider the function transformation
v = Au, + pu, which converts Eq. (1) into

up = 3(8— 1) (uuy)s + Su(Aug + p))e + 3uuy + gy,
+%>‘(>‘u? + ,LL)U,M; + 3[u2(>‘u1 + /u')]a" + Z)\ua:xm.'c-

Especially, if we set A =2 — 3, u = 0, the above equations
convert into a simple STO equation [17]

_ 9,2 3,2 1 3 1
ug = 3uug + Uy + SUUze + {Uzea- 4)

According to the extended HB method [14,15], we suppose
that the solution of Eq. (4) has the following form

u(a:,t) = f/(UJ)wI((L',t) + UO(xat)v )

where f,w are functions to be determined later, and wug(x, t)
is a solution of Eq. (4). Then we have

ur = f(w)wewi + f(w)wer + vot,
Uy = f//(w)wg + f/(w)wwx + Uoy,

+u0mxa (6)
Uper = [P (W)W + 6" (W)wiwee + (W)
(4wwwwmaj + 3‘*}29:) + f/ (W)wwmm + Uogazx-

Substituting (6) into Eq. (4), we have

—(%f/fm + 3f/2f// + %f//2 =+ if(zl))wi
_(6f/f// 4 %f///)qug _ (%’f’f”wm + 3f/3w7;7;
+%f”/ww;ﬂ + 3f//qu + 3f/2u09; + 3f//u(2))wg
+(f”wt - 6f/2u0w$1: - 6f/u0u0x - %f//quIz
_f//wxmx - %f/2wwma: - %f/UOILE)wx

+yOt + f/th _‘3f/u%wac:c - S.fIUO:cwwt
_éf/UOw:ca:w - %UguL - SU%UOLE - % /QU}%x
—5UOUOz: — %f”w?m: - if/w:ca:wx -

)

1
7 U0z = 0.
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Setting the coefficient of wi to zero, we obtain the ODE
about f(w)

%f/f/// + 3f/2f// + %f//Q + i-f(4) =0. (8)

which admits the solution f(w(z,t)) = 3Inw(z,t) or
f(w(x,t)) = nw(z,t). In order to obtain Bicklund trans-
formation of Eq. (4), we choose the solution

flw(z, 1)) = § Inw(z,t). ©9)
From (9), it holds that
f/2 — _%f//7 f/f// — —if”/, f/3 — %fll/~

We can use these expressions to linearize the derivative terms
of f(w) in (7) and obtain sum of some terms of f’ and f”'.
Setting their coefficients to zero, we can obtain the following
reduction equations

2 3,2 3 1 —
U — 3UOUOI — 3Upy — 3U0UOz: — FUOzzx = 0,
2
Wet — OUQUQz Wy — 3U0wzm — 5 UQzrz Wy

3 1 _

§u0wzmm - Zwrxzz - 07 (10)
2,2 _ 3 2 _ 3

WiWy — SUFWE — §U Wy — SUOWa Wy

73UOrwmm -

1 _
— W Weze = 0.

We find that above conditions can be satisfied, provided that

1 —
7 Uozzx = 0,

2 3,2 3
Upt — 3UgUoz — 5UGy — SU0U0zz — '
SUOWzy — zWrgx = 0.

2 3
wi — 3UGWy — FUz Wy —

(1)

Substituting the expression of (9) into (5), we obtain a
Bécklund transformation

—~ 10

u(r,t) = 55 Inw(z,t) + uo, (12)

where w(x,t) and ug(z,t) satisfy (11).
It is interesting to note that if the original solution
uo(z,t) = w(z,t), Egs. (11) become the same form

w — 3wiwy — éwg — 3w, —

22 - 4 (3)

1 _

which is exactly Eq. (4). So, from the Bécklund transforma-
tion (12), we can see that if u(x,t) is a solution of Eq. (4),
then

Uw,t) = 3280 4 u(a,t).

is still the solution of Eq. (4). Similarly, we can obtain that
if u(z,t) and v(x,t) are a solution of the HCBB equation,
then

Ule,t) = 355y o+ ula),

Viz,t)=1 [U(I’t)h +v(x, t).

u(zx,t)

(14)

is still the solution of the HCBB equation. It means (14) is
a self-transformation of solutions for the HCBB equation.

III. ABUNDANT EXPLICIT AND EXACT SOLUTIONS TO
THE HCBB EQUATION

In order to obtain exact solutions, we choose the original
solution wg(x,t) = b in Egs. (11), where b is an arbitrary
constant. Egs. (11) become a linear PDE

wy — 3b%wy — 2bwyy — TwWeps = 0. (15)

Especially, choosing the original solution wg(z,t) = 0 in
Egs. (11), we can obtain a more simple PDE

(16)

1 _
Wt — yWeax = 0.

Case 1 (Multi-solitary solutions). We apply the traveling
wave transformation w(z,t) = w(§) = w(k(z + ct)) to Eq.
(15), which will yield

(¢ —3b?)w’ — 3bkw” — k2w = 0. (17)
where ’ denotes d/d¢ and the constant ¢ is the velocity of

traveling wave. Obviously, Eq. (17) admits the solution

W(E) = o + crek@HEY + 30+ (18)

where cg, c1, k are arbitrary constants and the traveling wave
velocity ¢ = 3b? + 3bk + k2. Since (17) is linear, by the
superposition principle,

N k(a4 (3624 B bkt Lk2)D)
w(§) =co+ > cieil® 20kit gk
=1

19)

is still the solution of Eq. (17), where cq,c;, ki(i =
1,2,...,n) are arbitrary constants.

From (19) and the Bécklund transformation (12), multi-
solitary solution of Eq. (4) can be expressed by

n
5 Cikieki(z+(3b2+%bk1+ik?)t)

1 i=1
u(z,t) = = =
2 cot 30 Cieki(a;+(3b2+%bki+%k12)t)
i=1

+b.

Similarly, we can obtain that multi-solitary solution of the
HCBB equation can be expressed by

v

” 3524 3 1,2
) cikyeli @@V S bR+ ED)Y)

u(z,t) = 5= +0,

- 3624+ 3 pk,+ L2
ot 3 ki (@ @024 Zokit DY)
=1

n

{ 3 Cik?eki(z+(3b2+gbki+%kf)t)
1=1

. e 24 3 pp.+ 12
ot S Ciek,y(zﬁ»(?’b +3bk;+1 kD))

i=1

S5 cakseki (o (@034 Gokit 320 ] 2}

v(z,t) = #

(20)

i=1

ud ) 24 3pp. 4+ 1k2
oty Ciek[(m+(3b +3bk;+ 1 k2)t)
=1

Especially, choosing the original solution ug(z,t) = 0, we
can obtain the solution of (16)

w(€) =co+ 3 ciekil@tikit)

i=1

21

and multi-solitary solution of Eq. (4) with compact form

£ cpebiter 30
1 i=1

u(x,t) =5 - .

( ’ ) QCOJFi Cieki(w+%k1%t)

i=1

Then, we can obtain that multi-solitary solution of the HCBB
equation can be expressed by

i Cikieki(m+%k§t)
1 i=1
u(x,t) =5
( ’ ) 2 Co-‘ri Cieki(aci»%k?t)’
=1

n (12
> Cikfekl(“wrélk%t)

v(z,t) = 25[3{ =1

cot+ Y. cie
i=1
i Cz'kriek'i(m'*'%k?t) 2
i=1
Co+i Cieki(m"'%kgt) .
i=1
Taking n = 3,8 = 1,¢g = 1,¢; = 1,k; = i(i = 1,2,3) in

(22), we can show the picture of multi-solitary wave solution
in Fig. 1.

(22)

ki(mﬁ»ik?t)
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Fig. 1. Multi-solitary wave solutions of the HCBB equation.

Case 2 (Trigonometric function series solutions). We apply
the traveling wave transformation w(x,t) = w(¢§) = w(k(z+
ct)) to Eq. (16), which will yield

cw' — %k%}”’ =0. (23)

Obviously, (23) admits two trigonometric function solutions

wi(€) = ¢1 + cosink(z — 1k2t),

wo(§) = dy + dycosl(z — %l%), (24)

where ¢y, co, k,dy,ds, 1 are arbitrary constants and the trav-
eling wave velocity ¢ = —1k? (or —1(?). Similarly, by
the superposition principle, Eq. (16) admits the following
trigonometric function series solution

n
w(z,t) =co+ Y ¢sink;(z — 1k?t)

n =t (25)
+ 3 d;cosli(z — $12t).
i=1
where ¢, c;,d;, ki l;(i = 1,2,---,n) are arbitrary con-

stants. From (25) and the Backlund transformation (12),
the solution of Eq. (4) consisting of trigonometric functions

series can be expressed as

n n
> ciki cos ki(zfik?t)f > d;l;sin li(zfil?t)
_1li=1 i=1
u(z,t) = 5= - =L .
co+ Y cisinks(@—kZt)+ Y di cosls(w—512t)
i=1 i=1

Then, we can obtain that trigonometric functions series of
the HCBB equation can be expressed by

u(z,t) =

n n
) _Z:l c;k; cos ki(z—ik?t)— '21 d;l; sin li(z—ilft)
2

n n ,
co+ > cisink;(x—k2t)+ > dj cosl(z—112t)
i=1 i=1

(26)

M=

n
cik? sinki(x— L k7t)+ > dil? cosl;(z— L12t)
i=1 i=1

n n
co+ Y cisink;(x—3k2t)+ Y d; cosl;(z—$12t)
i=1 i=1
2

v(z, t)_
25
2
C.
1

n n
> cikscoski(z—3kit)— 'Zl dil;sinl; (z—112t)
+| = i=

co+ > cisink;(x—k2t)+ > dj cosl(z—F12t)
i=1 i=1

Taking n = 1,8 = 1,c0 = 2,¢c1 = k1 = 2,dy = 1; =1
in (26), we can show the picture of trigonometric function
series solutions in Fig. 2.

-5
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Fig. 2. Trigonometric function series solutions of the HCBB equation.
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Case 3 (Rational series solution). In order to obtain the
rational series solution of the HCBB equation, we still
consider the linear PDE (16). Suppose that the solution of
(16) can be expressed as the rational series form

n

wz,t) = ki)t

=0

27)

Substituting (27) into (16) and setting the coefficient of ¢! to
zero, we obtain the recursive ODEs for k;(x) as follows

!
2k2 - % d\§x31 - 07
kg — 14k
3 4 dz3 T
(28)
1 d3ky, _
nk”d;kz dx3 = 0,
1 n
T4 dz® T 0.
Solving the recursive ODEs, we obtain
3(n—1i)+2 .
ki(z) = 2 s i (B3n42—9)! 3n42-3i—j
v 474! =5 (Bn+2—3i—j)! ’ (29)

: 777’)'
From (29), the rational series solution of (16) can be ex-

pressed as

n N—

w(z,t) = >

i=0 \ j=

3

cj(N—j)! —3i—j |4
O TNy |t (30)
where N = 3n+ 2. From (30) and the Bicklund transforma-

tion (12), rational series solution of Eq. (4) can be expressed

as
N-3i—1 )
> zf _g(N=DY N=3i—j—1 |y
=0 Sy AN - D!

mNSij)ti

Then, we can obtain that rational series solutions of the
HCBB equation can be expressed by

5 N8 (N —j)!
=0 = AN —3i—j)!

u(x,t) =
n N—3i—1 e (N=)! . )
j N—3i—j—1 i
1i§0< ]go TN 3" ¢
2 n NZ3 (V=) Nesii | ’
igo jz::o TaN i ok
v(z,t) =
n [ N-3i-2 i (N—)! o )
J N—-3i—j—2 i
2-8 20( S T st ' 1)

N—3i—j |¢i

n (N vy
E T (N—3i— %

=0 0 )
mNBijl) +h 2
N—Si—j)ti

where ¢;(i =1,2,--- , N) are arbitrary constants.

Taking n = 2,5 = 1,¢; = 1(: = 0,1,2,---,8) in (31),
we can show the picture of rational series solutions in Fig.
3.

Case 4 (Mixed solutions). We note that linear combi-
nations of (21), (25) and (30) will yield the solutions of
(16) by the superposition principle. Then, by Béacklund

.

N—3i—1 e (N—j)!

];0 4T (N =3i—j—1)!

Nz—::ai i (N=j)! N
ry : 4T3 (N —3i—j)!

j=0

i
N

3

o
Il

(b) v(z,t)

Fig. 3. Rational series solutions of the HCBB equation.

transformation (12), the mixed exact solutions of the HCBB
equation can be expressed in the following form

o) = BT T
’ 2 1o+ U1 +H12Uz+15U3
s LTI
oo 1) = 152 ] BT AT
’ 2 lo+11Ur+12U2+13Us 32)

_ _ 12
| & WU+1Us+13Us)
lo+l1U1+12U2+13Us

where [;(i = 0,1,2,3) are arbitrary constants and /U\l(z =
1,2, 3) present the solutions (24), (29) and (35), respectively.

IV. DISCUSSION

In this work, we first established a suitable transformation
which converts the HCBB equation into a simple STO
equation. By the Bécklund transformation and various series
solutions of the linear PDE, we obtain abundant exact
solutions of the HCBB equation, including multi-solitary
wave solution, trigonometric function series solution, rational
series solution and solution consisting of the three types of
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solutions. Furthermore, more exact solutions can be obtained
by repeatedly using the self-transformation of solutions.
These results are important and may have significant impact
on future research. It is also worth noting that this method can
be applied to other nonlinear evolution equations, especially
those with high-order nonlinear terms.
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