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Extinction 1in an Impulsive Nonautonomous
Lotka-Volterra Competitive System with Discrete
Delay and Infinite Delay

Lili Wang, Haiyan Lv

Abstract—An impulsive nonautonomous Lotka-Volterra com-
petitive system with discrete delay and infinite delay is studied
in this paper. It is shown that if the coefficients are continuous,
bounded above and below by positive constants and satisfy
certain inequalities, then one of the components will be driven
to extinction while the other one will stabilize at the certain
positive solution of a nonlinear single species model (an impul-
sive logistic equation). An example together with its numerical
simulations is given to illustrate the feasibility and effectiveness
of the main results.

Index Terms—Extinction; Global attractivity; Lotka-Volterra
competitive system; Delay; Impulse.

I. INTRODUCTION

N the real world, affected by a variety of factors both

naturally and manly, the inner discipline of species or
environment often suffers some dispersed changes over a
relatively short time interval at the fixed times. In mathemat-
ics perspective, such sudden changes could be described by
impulses (see [1,2]). Owing to the theoretical and practical
significance, the dynamic behaviors of impulsive differential
equations have been extensively researched, see [3-8].

In recent years, the study of extinction and permanence
of the species has become one of the most important topic
in population dynamics. The results on the extinction and
permanence of the species of impulsive population dynamic
systems, see [9-12]. However, there are seldom results on
the extinction and permanence of the species of impulsive
population dynamic systems with delay. In fact, more re-
alistic population dynamics should take into account the
effect of delay. Noting that some studies of the dynamics
of natural populations indicate that the density-dependent
population regulation probably takes place over many gen-
erations, many authors have discussed the influence of many
past generations on the density of species population and
discussed the dynamic behaviors of competitive, predator-
prey, and cooperative systems. Moreover, delay differential
equations may exhibit much more complicated dynamic
behaviors than ordinary differential equations since a delay
could cause a stable equilibrium to become unstable and
cause the population to fluctuate.

Motivated by the above statements, in this work, we shall
study the following impulsive Lotka-Volterra competitive
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system with discrete delay and infinite delay

i oo
2y (t) = x(t)|ri(t) — al(t)/o ki(s)x1(t — s)ds
B bg(t).’bg(t — 7') :|
c(t_) +axo(t—71) )
25 (t) = zo(t)|r2(t) — a(t)z2(t — 7)
i) o k(s)mat — s)ds o
c(t) + f0+oo ki(s)xq(t — s)ds} E L
zi(t]) = (1= hiy)a(ty),
wa(tF) = (1= hoj)aa(ty), (1)

where x1(t), x2(t) are population density of species x; and
xo at time ¢, respectively; the jump conditions xl(tj)
(1 — hyj)ai(tj), i = 1,2 reflects the possibility of impulsive
effects on the species z;; j € N,N ={1,2,--- }.

Given a function f(t), let f* and f' denote sup f(t)
t€[0,w]
| f(t), respectively. For system (1), throughout this

inf
te(0,w
paper, the following conditions are assumed:
(Hy) The functions r;(¢),a;(t), b;(t), c(t) are positive contin-
uous functions with period w, and 7! < r;(¢) < r¥, al <
a;(t) < a?,bé <bi(t) < b;ﬂcl <c(t) <c*i=1,2;

The impulse times t;,j € N satisfy 0 <t <ty <---,

and lim t; = 4o0;
J—+oo
The parameters h;; are real constants satisfying 0 <

hij < 1aZ = 172a.j € Na

Hogtj <¢(1—h;;) are periodic functions of period w, and
there exist positive constants m,; and M; such that m; <
Hogt_,.<t(1 —hij) <M, forallt>0,i=1,2,j € N;
The delay 7 is a nonnegative constant; k1 : [0, +00) —
[0,4+00) is piecewise continuous and integrable on
[0, +00) with f0+°° ki(s)ds = 1.

and

Definition 1. (21, x5) is said to be a solution of system (1)
provided

(1) z;(t),i = 1,2 are absolutely continuous on each interval
(0, t1] and (tj,tk_H],j € N;

(i3) Foranyt;,j € N, xl(tj) and z;(t;
i(t5);

(#i1) x;(t),1 = 1,2 satisfy (1) for almost everywhere (a.e.) in
[0, +00)/{t;} and satisfy xl(t;r) = (1—hij)xi(t;) for every
t= tj,j e N.

) exist and z;(t; )

The main purpose of this paper is to study the extinction
and stability of system (1), and derive some sufficient con-
ditions which guarantee one of the species will be driven to
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extinction while the other one will be globally attractive with
any positive solution of an impulsive single species model.
The initial conditions of (1) are of the form

J)L(S) = QDL(S) > 078 € (_OOaO]MPL(O) > Oa (2)

where ¢;, ¢ = 1,2 are bounded and continuous functions on
(—00,0].

II. PRELIMINARIES

In this section, we state the following lemmas which will
be useful in the proof of our main results.

Lemma 1. Let x(t) = (x1(t), 22(t))T be any solution of
system (1) such that x;(0%) > 0, then there exists positive
constants x; such that

limsupz;(t) < af,i=1,2,

t—4o0
where
u
7"1 *

U
My
oo g 2 T :

ki(s)e Ti%ds

mgaé

*

xlz

ajmi foJr

Proof: By the relation between the solutions of impul-
sive system and the corresponding non-impulsive system.
The proof of Lemma 1 is similar to that of Lemma 2.2 in
[13] and [14]. So we omit here.

Lemma 2. ([15]) Let x be a bounded nonnegative continuous
function, and let k : [0,+00) — [0,4+00) be a continuous
kernel such that j;joo k(s)ds = 1. Then

t
lim inf/ k(t — s)ds
t——4o0

lim sup/ k(t — s)ds < limsup z(t).

t—+4oc0 t—+4o0

liminf x(t) <
t—+o00

IA

Remark 1. If
s)x(s)ds = z*.

. . . t B
tilgloox(t) = x*, then tllgloo S k(t

III. EXTINCTION OF x2 AND STABILITY OF x1

In this section, we present the extinction of the species x5.

Theorem 1. Assume that the inequality
ba(t)

O ar(t)(e(t) + 2)
g lifiip{ ’ a2<t>c<t>} )

lim inf

tooo T (t) br (1)
t—+oco T1 (t) t—+o00

holds, where

or

1 q
ﬁ@):rﬂw+a§:ma—mﬁ>o, (5)

=1

1 g
@@):rﬂw+;§:ma—h%y>q (6)

j=1

then the species xo will be driven to extinction, that is, for
any positive solution (z1(t), z2(t))T of system (1), xo(t) —
0 exponentially as t — +o0.

Proof: We only prove one case, the proof for the other
case is similar.

Let #(t) = (x1(t),72(t))T be a solution of system (1)
with initial conditions (2). By inequality (3), we can choose
a, B, > 0 such that

. L T(t) «a o
ltlgl-ﬁg?(t) > E+E>E
) a1 (t)(c(t) +x7)  ba(t)
” lirﬁiﬁop{ by (1) ’cu(t)c(t)}’

then there exists a positive constant 77 > 0 such that for all
t>1T,

( Ja > efra(t) > Eﬁflz > 0;

()(()+x1)>0;
ba(t) > 0.

m(t)B —
abl()
()()

From system (1) and inequalities (8)-(9), it follows that
d [, (za2(t)”
i)
= ;lt |:Oéhl],‘2( ) — ﬁlnxl(t)}
= (ary(t) — Bri(t))
Ozbl (t)

L) + Johee ((t—s)ds ﬁal(t)}
+oo

X /o k1(s)x1(t — s)ds

[ Bbs(t)

e(t) + zo(t — 1)

Bri(t)),t #t;,

)
®)
€))

—|aas(t) —

(ara(t) -

}xﬂt—T)

IN

(10)

and

gl o] e[y o0

Forany t € [Ay, Ap+1) and A\, € [mw, (m+1)w), m € N,

integrating both sides of (10) over internals [0, A1), [A1, A2),

-+, [Ao=1, As) and [A,,t), respectively, and adding the o
inequalities, it follows from (5)-(7) and (11) that

() (@)

(ﬂfz(tf))“] I [(1 — hg;)®
(z1(t]))° (1= hq )P

t 0<]‘t_-[<t(1 - h2j)a
< /0 (arg(t) — Bri(t))dt +1n 1_][(1——}117)5
0<t;<t
< ma (wrg + Zln(l - hQi))
j=1

q
—mf (wﬁ +) In(1 - hlj)> +¢
j=1
= mw [oz <7‘§ +

iﬁému—hwg
ﬂ(ﬂl + i}iln(l — hlj)ﬂ +¢

< —mweﬂfé + &, (12)
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where
= g, ([ o= nopa
O<l;[<p(1 — haj)®
)
This shows that
« T ex mwepr (xQ(O))a
(@a(t)” < (22(8))" exp{ ey + €} (22 04
¢ (@2(0))
= (21(t))” exp{—mwe S, }es @ (O))B

If t - +o0, then m — 400, according to Lemma 2, and
noticing that x;(¢) is ultimately upper bounded, hence, we
obtain z2(t) — 0 exponentially as ¢ — +o00. This completes
the proof.

Consider the following impulsive logistic equations

a'(t) = a(t)|r1(t)
—a1 () f;7° ki (s)z(t — s)ds|, (13)
t#t5,j €N,
w(t]) = (1= hyy)z(t).
and
a'(t) = z(t)[r1(t) — a1 (t)z(t)],t # t;,5 € N,
{w(tj) (1= hj)a(t;). : (19

Theorem 2. Under the assumptions of Theorem 1. Let
2(t) = (21(t),22(t))T be any positive solution of system
(1) with initial condition (2), then the species xo will be
driven to extinction, that is, x2(t) — 0 as t — 400, and
x1(t) — x*(t) as t — oo, where x*(t) is any positive
solution of equation (13).

Proof: Let z(t) = (x1(t),z2(t))T be a solution of
system (1) with z;(0) > 0,4 = 1,2. From Lemma I,
x1(t) is bounded above by positive constants on [0, +00).
To finish the proof of Theorem 2, it is enough to show that
x1(t) — z*(t) as t — +oo, where z*(¢) is any positive
solution of equation (13).

From system (1), we have

< l’l(t) Tl(t)

—ay(t fo
3 7& tjm? € N7
a1 (t]) = (1= hij)aa(ty),

' (t)

s)x1(t — s)ds|, (15)

then x4 (t) < a*(t) for all ¢t > 0, where x*(t) is any positive
solution of equation (13) with (0) = x1(0). Clearly, z*(t) is
bounded above and below by positive constants on [0, +00).

Define a function V(¢) on [0, +00) as
V(t) = —(lnzq(¢)

~Inz*(t)). (16)

For t # t;,j € N, calculating the derivative of V'(¢) along

the solution x4 (¢) and x*(¢), it follows that

/ 1) 2"
vo = (5 w*(t))
+oo
= —a t)/o ¥ (t —s) —x1(t — 9)]ds
bQ(t)LCQ(t — T)
c(t) +xa(t—1)
Since lim z5(t) = 0, there exists a positive constant

t—

T5 > 0 such that for all ¢t > Ts + 7,

Ig(t) < E.
Hence,
+o0o
V() < —almy / ki(s)[z*(t — s) — z1(t — s)]ds
0
bye

4\
c(t) + zo(t — 1)
Let ¢ — 0, then

+oo
V'(t) < —almy /0 ki(s)[z*(t — s) — z1(t — s)]ds.

The above inequality implies that

d +°°
am
dt< 1 1/T3/

x[x*(0 —s) — x1(0 — s)]dsd9> > 0. (17

where T3 = T5 + 7.
For t =1t;,j € N, we can easily check that

V(tS) =V(t)).

Integrating both sides of (17) on the interval [T3,t), we

have
—+oo
*V - alml / / kl
T3

x[2"(0 — s) — x1(0 — s)|dsdf > =V (T3),

that is,

+OO
1/ /
T3

<VT3

—5s) —x1(0 — s)]dsdb

Since V(¢

o</ /+°°

On the other hand, z*(¢) —x1(t) is a nonnegative, bounded
and differential function such that z*/(¢) — 2 (¢) is bounded
on [T3,400). Hence, by the mean valued theorem, z*'(t)
— 24 (t) is uniformly continuous on [T3,+00). Thus by
Barbalat’s Lemma, one can conclude that

tligloo(l"* (t) — x1(t)) = 0.

is bounded, let ¢ — 400, then

—8) —x1(0 — 8)]dsdf < +o0.

This completes the proof.

Theorem 3. Under the assumption of Theorem 1, let x(t) =
(1(t), 22(t))T be any positive solution of system (1) with
initial condition (2), then the species xo will be driven to
extinction, that is, xo(t) — 0 as t — 400, and z1(t) —
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x*(t) as t — +oo, where x*(t) is any positive solution of
equation (14).

Proof: The logistic equation (14)

{ 2/ (t) = z(t)[r1(t) — ar(t)z(t)],t # t;,5 € N,
w(t]) = (1= hyj)a(ty).

can be written as

2 = () {nu) ~an(t) [ ki (s)e()ds|,
t 75 t]‘,j €N,
w(t]) = (1= hy)z(t).

The following proof is similar to that of Theorem 2, we omit
it here. This completes the proof.

IV. EXTINCTION OF z1 AND STABILITY OF 2
In this section, we present the extinction of the species .

Theorem 4. Assume that the inequality

71(¢) < lim inf { a1 (t)c(t) ba(t)

tmsup =7y < fminf = 7a2(t)(c(t)—|—x§)}(18)

or

2(t) bi(t)  aa(t)(c(t) +23)
hlglﬁg 7"1(15) ~ lir—lzligop { ay(t)c(t)’ ba(t) : } 1)

holds, where 71 (t) and 75(t) have been defined in (5) and (6),
respectively. Then the species x1 will be driven to extinction,
that is, for any positive solution (x1(t), z2(t))T of system (1),
x1(t) = 0 exponentially as t — +oc.

Remark 2. The proof of Theorem 4 is similar to the proof
of Theorem 1. So we omit here.

Consider the following impulsive logistic equation

{x’(t) w(t)(ra(t) — ag(t)x(t —7)),t # 5,5 € N,
w(tf) = (1= haj)z(t;).

Next, we study the global attractivity of the species x5 of
system (1).

(20)

Theorem 5. Under the assumptions of Theorem 4. Further
assume that

¢
0= limsupxg/ [az(z + 7) + a2(z + 27)]dz < 2, (21)
t—T1

t—+o0

Msory
where © = =23

aal exp{ri7}. Let (t) = (z1(t),x2(t))T be
any positive solution of system (1), then the species x1 will
be driven to extinction, that is, x1(t) — 0 as t — 400,
and xo(t) — x(t) as t — +oo, where x(t) is any positive

solution of system (20).

Proof: Let #(t) = (x1(t),z2(t))T is a solution of
system (1) with initial conditions (2), z(t) is a solution of
system (20).

Set
a(t)

= z(t) exp{n(t)}. (22)

For t # t;,j € N, taking derivative on both sides of (22),
we have

dn(t) _ w5(t)
dt X9 (t)

— [Faa(t)2(t —7)]

L) kl( )z (t — s)ds
c(t) f s)xy(t — s)ds
= —az(t) (t—T) eXP{TI(t—T)}
—[—aa(t)x(t — 7)] — f(t)
= F(tn) = F(t,0) = £(t), (23)
where f(t) = blt)tjr%iz ill((z))zllii z;dz From Theorem 4 and
Remark 1, '
Jim f(t) = 0. 24)

By using the mean value theorem of differential calculus,
it follows from (23) that

dn(t)

T = —J(tm(e -

T) - f(t)7
where

J(t) = —F(t,¢) = az(t)z(t — 7) exp{C(t)},
and ((¢) lies between 0 and 7(t — 7), then
w(t —7)} <at —7)exp{C(t)}
x(t—71)} (26)

Consider the following Lyapunov function

(25)

min{zs(t — 7),

< max{za(t — 7),

V) = 0~ [ I+

+ /t J(z 4+ 2T) /t J(z+1)n*(0)dodz.

For ¢t # t;,7 € N, calculating the upper right derivative of
V(t), we have

DYV (t)
= 20glt) = [ I+ =T+ () - £0)

+ / t J(z +27)dzJ (t+ )i (¢)
~J(t+7) /t J(0 + 7)n*(0)do

< Q[W(t)—/t_ J(z 4+ m)n(2)dz][=J(t + 7)n(t)]
+ t J(z 4 27)dzJ(t + 7)n?(t)

RO~ [T+ )il

Noting the fact that 2n(t)n(z) < n%(t) + n?(z), then

DYV({t) < —n*(t)J(t+ 1)
X[Z—/ti (J(z4+7)+ J(z+27))dZ]

+2f(#)|n(t) —/t_ J(z+ 1)n(2)dz|.
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From (25)-(26), it is easy to see that
0 in J(t say.
< min (t+7) < x5al

Further more, from (21) and (24), there exists a positive

constant £(0 < & < 2%5) small sufficiently and a positive
constant 7, such that

24Ol = [ I+ <

/t (J(z+1)+J(z+27))dz<d+¢

for all ¢ > T4, and then

DYV(t) < —n*(O[(2 -8 —&)J(t+7)] +e¢
< —772(t)[(2—5—8)rtn>i(1)1<](t+7')]+€,t>T4.

Let ¢ — 0, then

DTV (t) < —n*(t)[(2 — &) min J(t + 7)] < 0, > Ty. (27)

t>0

For t =1;,j € N, we can easily check that

n(t]) =n(t;), V(E]) = V(t)).
Integrating both sides of (27) on the interval [T}, t), we have
¢

V(O + @ Omin (1) [

Ty

(6)d6 < V(Ty) < +00.

Therefore, V' (t) is bounded on [Ty, +o0) and there is
f+oo n?(t)dt < +oo. Then we claim that
lim 7(t) =0.

t—+o0

(28)

Otherwise, for any given £ > 0, there are two cases:
(i) For any Ty > 0, when t > Ty, |n(t)| > e;
(#4) For any Ty > 0, when ¢t > Ty, |n(¢)]| is oscillatory about
E.
Eor case (), we hz.:lve f;;oo n?(t)dt > f;;oo e2dt — 400,
which is a contradiction.
For case (ii), we can choose two sequences p(n) and

p*(n) satisfying Ty < p1 < p7 < p2 < p5 < ---, and
lim p, = lim p} = +oo such that
t—+oo t——+oo

(pn)| > &5 In(p)| < &5lnlon)] < € Inpy )] > &

n
In(t)] <&Vt € (pn, py,); In(t)] > €,5t € (pyy; Prs1);
dt+2/

and then
+oo
[ rwa = [T
T, Ty n=1"Pn
Pn+1
+ Z / n2(t)dt
n=1 n

+oo n
> Y [ R e

which is also a contradiction.
Combine (22) and (28), we have

= z(t).

tlggloo T2 (t)

This completes the proof.

V. AN EXAMPLE

In this section, we give an example to illustrate the
feasibility of our results,

2 (t) = 21(t)

_ oo
ri(t) — al(t)/o ki(s)xy(t — s)ds

mnwﬂ}
c(t_) +az(t—1)]

zo(t) = xo(t)|ra(t) — az(t)za(t — 1)

=

bl() k(s )xl(t—s)ds]
—|—f0 Yz1(t — s)ds
t ;é tj,j €N,
a1 (t]) = (1= hyj)aa(ty), (29)
wa(t]) = (1= haj)za(ty).
Let

+oo
p(t) = /o ky(s)z1(t — s)ds, k1(s) = pre 1%,

then (29) can be written as

x, — r —a . bg(t)l‘g(t—T)
L) = 2100~ ar (o) — 200,
N RN L 10
50) = 2a()rat) — ax(Opna(e ~ 1) - IO,
P(O) = m(a(t) —ple). 415, € N,

na(t) = (L= b)),
xZ(t;r) = (1 = hoj)aa(t;).

Choose the coefficients

r1(t) = 1.6 — 0.2 cos(t), a1 (t) = 1.5 — 0.2 sin(¢),
ro(t) = 0.2 — 0.1sin(t), az(t) = 1.2 4+ 0.3 cos(¢),
b1(t) =24 0.5cos(t),ba(t) =1 — 0.5sin(¢ )

ct)=1,11 =05,7=0.1,hy; =1— eXp{g}’

1
h2j =1- exp{i}.

Let w = 2m,t; = jn/2, then ¢ =
calculation, we can get

4. By a direct

Himint ) — 98981 > 2.7461
t—+o0 Tg(t)
a1 (t)(c(t) +x5)  ba(t) }
= limsu ) ;
taﬂf{ bit) aa(t)e(t)
_ 1<
mi(t) =ri(t) + = > In(1 = hyy) > 0;
j=1
1 q
'F'Q(t) = Tg(t) + ; Zln(l - hgj) > 0;
j=1

that is the conditions of Theorems 2 and 3 hold, and so the
species xo will be driven to extinction while the species x;
is asymptotically to any positive solution of

2'(t) = x®)[r(t) — ar(t) f,7 ki(s)
xx1(t — s)ds],t #t;,j € N, (30)
o(tf) = (1 - hiy)z(ty),
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and
2'(t) = z(t)[r1(t) — ar(t)zr ()], # 5,5 € N,
{ a(t]) = (1 = hay)a(ty).
The solutions of systems (29), (30) and (31) corresponding
to initial values are displayed in Figures 1 and 2.

€29

15 1

density

5 10 15 20 25 30 35 40

Fig. 1. Dynamic behaviors of x1 and z2 in system (29) with initial values
(£1(—0.1), 2(—0.1)) = (1,1.2); x is a solution of system (30).

15 1

density

5 10 15 20 25 30 35 40

Fig. 2. Dynamic behaviors of 1 and x2 in system (29) with initial values
(z1(—0.1), z2(—0.1)) = (1,1.2); z is a solution of system (31).

VI. CONCLUSION

This paper is concerned with an impulsive nonautonomous
Lotka-Volterra competitive system with discrete delay and
infinite delay, sufficient conditions which guarantee the per-
manence, extinction of the prey species and the predator
species are obtained, respectively.

This paper provided an effective method for the further
study on permanence and extinction of population dynamic
systems with delays and impulses. In fact, our techniques in
this paper are applicable to an impulsive competitive system
with pure discrete delays or pure infinite delays.

As we know, system (1) is a basic model, based on
system (1), we can establish different types of Lotka-Volterra
competitive systems according to the ecological significance,
such as plankton allelopathy systems, functional response
systems and so on, by using the same methods and analytical
techniques, and similar results can be obtained. From the
obtained results, we not only can reveal the inherent law of
the system, and predict the development of the population,
but also can control or adjust the ecological development
of the population in a better way. Future work includes the
study, analysis, and modeling, one may see [16-18].
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