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Oscillatory Behavior of a Class Impulsive
Fractional Partial Differential Equation

Qian Feng, Anping Liu

Abstract—In this paper, we investigate the oscillatory be-
havior of a class of impulsive fractional partial differential
equations with Neumann and Dirichlet boundary conditions
by using the definitions and the related properties of the mod-
ified Riemann-Liouville fractional order and the differential
inequality method. Some sufficient conditions for the oscillation
of the solutions of the impulsive fractional differential equation
are obtained. As an application, we included an example to
illustrate the main result.

Index Terms—impulsive; fractional partial differential equa-
tions; modified Riemann-Liouville fractional partial derivative;
oscillation.

I. INTRODUCTION

RACTIONAL differential equations have gained in-

creasing attention due to their various applications in
science and engineering such as rheology, dynamical pro-
cesses in self-similar and porous structures, heat conduction,
control theory, electroanalytical chemistry, chemical physics,
and economics, etc. The growing interest is caused both by
the intensive development of the theory of fractional calculus
itself and by the applications.

The oscillation theory as a part of the qualitative theory of
differential equations has been developed rapidly in the last
decades, and there has been plenty of works on the oscillatory
behavior of integer order partial differential equations [1—3].
Some new developments in the oscillatory behavior of solu-
tions of fractional differential equations with damping terms
have been reported by authors [4 — 9]. In [5], P. Prakash has
studied the oscillatory behavior of solutions of the nonlinear
fractional partial differential equation with damping and
forced term subject to Robin boundary condition by using the
differential inequality method as well as the integral average
method.

Recently, the oscillatory behavior of various classes of
fractional differential equations has been investigated by
many authors [10—15]. In [15], A. Raheem established some
sufficient conditions for oscillation of solutions of a class of
impulsive partial fractional differential equations with forcing
term subject to Robin and Dirichlet boundary conditions
by using differential inequality method. For more related
references, please refer to [19 — 21].

The main purpose of this paper is to give several os-
cillation theorems for the fractional impulsive differential
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equation:

D¢ , (r(t)Diﬁtu(aZ,t)) +p(t) DS yu(z,t)
= a(t)h(u)Au(z,t)

+ Z a;(t)h; (u(z,t — 1)) Au(z, t — 1)
i=1

- ﬂ;(x,t, u(z,t)) — q(z, ) F(u(z,t), t £t (1)

D¢ yu (z,t;i') =0 (x,tk,Dfﬁ,tu (az,tk)) ,

k=123, (z,) QxR =F
u(w,t;r) =0 (z,tr,u (z, 1)),
k=1,23,---, (z,)eQxRy=F

with two kinds of boundary conditions
ou(x,t)
ON
and

= g(z, t,u(x,t)), (x,t) €00 X Ry, t#tr (2)

u(z,t) =0, (x,t) €00 X Ry, t#ty 3)

where 0 < a < 1, A is the Laplacian in R", ) is a bounded
domain in R™ with a smooth boundary 9€) and Q = QUL
N is the unit out normal vector to 99, g(x,t,u(x,t)) €
COUx Ry xR;Ry). And 0 <ty < -+ <t; <---, and

lim ¢; = +o0.
71— 00

Throughout this paper, we assume that the following
conditions hold:

HD r(t) € C*(Ry;Ry), p(t), a(t) € C(Ry;Ry),
a;(t) € C(R+;Ry) 5 h(u), hi(u) € C(R;R) and
7; > 0 are constants, ¢ € I; = {1,2---,j}; u # 0,
g(x,t,u(z,t)) is a piecewise continuous function, such
that ug(z,t,u(z,t))h(u) < 0, ug(z,t,u(z,t)hi(u) <
0, uh/(u) >0, uhl(u) > 0.

(H2) gq(z,t) € C(E;Ry), qt) = migq(l‘,t); F(u) €

e

C(R; R), for = # 0, there exist positive constant ¢, such that

F
$Zc>0.
(H3) m € C(E x R; R), and
[ >0 n € (0, +00),
m(x’t’”)‘{go n € (~00,0);

(H4) o (.T,‘, t, D—(i,tu (.13, tk)) ’ 4 (J), li,u (Z‘, tk)) : Ex
Ry x R — R, they are both piecewise continuous with
discontinuities of first kind only at ¢ = ¢, and left continuous
att =ti, k=1,2,3,..., and there exist positive constants

oy, Qs /Bkv ék’ such that § 7é 0; C # 0,
a, < U(x,;kﬁ)

d (x,tr, C)

B, %

< Qs

IN

SBIW
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where 3, < ay..

II. PRELIMINARIES

Definition 2.1(/16]) The Riemann-Liouville fractional
integral of order &« > 0 of a function f : R+ — R on
the half-axis R is given by

1

T3P0 = 7o / (t—v) o @)

provided that the right side is pointwise defined on R,
where I' is the gamma function.

Definition 2.2(//7]) The modified Riemann-Liouville
fractional partial derivative of order o > 0 is defined as

DEF) = sy g [, (=97 — F0)e
ifo<a<l,
Dft) = (f"e)“ ", ifl<n<a<n+l.

®)

Definition 2.3 The solution u(x,t) of problems (1),

(2)((3)) is called nonoscillatory in the domain F, if it is

either eventually positive or eventually negative. Otherwise,
it is called oscillatory.

The following is a list of some calculation formulas related
to modified Riemann-Liouville derivative

I'l+a) pr—a
Fl+r—a) ’
DE(fOh() = h(t)DF f(t) + (&) DFh(1),
D f[n(®)] = fDPh(t) = Dy fIR(O)(R(£)".

For convenience, we denote:

Dot =

I1I. MAIN RESULTS

Theorem 3.1 If impulsive fractional differential inequality

DY, [r(t)Dg U®)] +p(t) DS, U(t) < —cq(t)U (1),
D% U (&)
<Ak om, k=1,2,3,-
S=DgUm) =M
ﬁ<U(tZr)<B k=1,2,3,---
k= U(tk) k> ) Sy Dy )
(6)

has no eventually positive solutions and the impulsive frac-
tional differential inequality

D¢, [r()D$,U®)] +pt)DG,U(t) = —ca(®)U (1),
DeU{t)
Qp > Dith(tk) Saka k_1a2737"'a
U(ty) _ _
ékﬁ U(tk) Sﬂk’ k*172733"'7
@)

has no eventually negative solutions, then every nontrivial
solution u(z,t) of the problem (1) and (2) is oscillatory in
E.

Proof Suppose that u(z,t) is a nonoscillatory solution of
the problem (1) and (2). Without loss of generality, we may
assume that u(z,t) is an eventually positive solution of the
problem (1) and (2) in the domain F, then there exists a
to > 0, such that u(z,t) > 0 and u(z,t — ;) > 0 for
(x,t) € Q X [tg, +00).

Case 1: t # ti. Integrating the first equation of Eq.(1) with
respect to x over the domain €2, we have

g, /Q (H&)DS yulz, t))de + p(t) /Q DY u(z, t)dz
— a(t) /Q () A, t)do

+Zj;ai(t)

—/Qm(x,t,u(x,t))dx—/Qq(x,t)F(u(x,t))dx. ®)

7)) Au(x, t — 7;)dx

By using Green’s formula and Eq.(2), we obtain

/Qh@UAu@aﬂdx
_ ou(x,t)
- /em hu) =549~ / '(u)|grad uf*dz

:—/th(u) (z,t,u(x,t))dS — /

t > to, (€))

u)|grad u|*dx

<0,

/Q hi(u(z, t — 7)) Au(z, t — 7)dx
= — / g(x,t — 1, u(x, t — 7)) hi(u(x, t — 7;))dS
o0

—/ Ri(u(z,t —
Q

7)) |grad u(z,t — 7;)|*dx

<0, t > to, (10)
where dS is an area element of df).
It is obvious that
/Qm(x,t,u(x,t))da: >0, t>ty, (11)
/ q(z, t)F(u(z,t))dx > / cq(t)u(z, t)dz
! z(gaﬂJ@L t>to.  (12)

From (8)-(12), we obtain

D, [r(t)DS U @®)]+p() DS ,U(t) < —cq(t)U (1), t > to,
(13)

where

U(t):/ﬂu(x,t)dx.

Case 2: t = tj. From the second and third equations of
Eq.(1), together with the assumption (H4) can deduce that

DY yu (x,t])) o (z,tk, DS u (@, 1))

o < = < ay,
k= DS ju(z,ty) D¢ yu(z,t) =0k
k=1,2,3,--.
u(z, ) Sz, tp,u(z,ty)
< _ WU U)o 12,3 ...
By < (z,t1) u (z,ty) < i T

Volume 50, Issue 2: June 2020



TAENG International Journal of Applied Mathematics, 50:2, [JAM_50 2 26

then integrating the two inequalities above with respect to z
over the domain 2, we derive

DU (t)) _ Jo D% u (@) do <
= o s
EDEU () [, DYu(mtl)dr T (14)
k=1,2,3,---
=k = U (tg) fQ T tk =k
k=1,2,3,--
Thus (13)-(15) imply that the function U (¢ fQ x,t)dx

is an eventually positive solution of the fract10nal 1mpu151ve
differential inequality (6) which contradicts the conditions of
theorem.

Secondly, if u(x,t) is an eventually negative solution of
the problem (1) and (2) in the domain E then using above
procedure, we can easily show that U (¢ fQ u(z, t)dx is
an eventually negative solution of the fractlonal 1mpu151ve
differential inequality (7) which again contradicts the condi-
tions of theorem. This completes the proof.

Lemma 3.2(/15]) The smallest eigenvalue Ao of the
Dirichlet problem

Aw(z) + dw(x) = 0,
w(z) =0, on 0N

is positive and the corresponding eigenfunction ¢(x) is
positive in €.
Theorem 3.3 If impulsive fractional differential inequality

DS, [r(t)DY V()] +p(t)DS ,V (t) <
Rar
= DS LV (tk)

Vv (t)
V (tk)

in (16)

—cq(t)V (1)

B, <Bp, k=1,2,3,--

IN

7)
has no eventually positive solutions and the impulsive frac-
tional differential inequality

DS, [r(t)DS V(1)) + p(t) DY,V (t) >
D§ .V (1)
%S Da v S
V()
V (t)

—cq(H)V (1)

Qg k:172737"'

ﬁk’ SBkﬂk:172a37"'

IA

(18)
has no eventually negative solutions, then every nontrivial
solution u(x,t) of the problem (1), (3) is oscillatory in E.
Proof To obtain a proof by contradiction, let u(x,t) be
a nonoscillatory solution of the problem (1) and (3). Then,
u(x,t) is either eventually positive or eventually negative in
E. If u(z, t) is an eventually positive solution of the problem
(1) and (3) in the domain E, then there exists £; > 0, such
that w(z,t) > 0 and u(x,t — 7;) > 0 for (x,t) € Q x
[t1, +00).

Case 1: t # t;. Multiplying the first equation of Eq.(1) by
¢(x) and integrating with respect to 2 over the domain €,

we have

DY, (7“(t)D+ qu(z, t)) o(x)dx

+ p(t /D+tu

—a(t) /Q h(u)Au(z, t)6(z)dz

Zal / u(z,t

/ m(x,t,u(z, t))p(x )dxf/ q(z, ) F (u(z,t))p(x)dx
(19)
By using Green’s formula and lemma 3.2, we obtain

/Au(x,t)qb(x)dx: /u(x,t)Agb(x)d:z:
Q Q
= —/\O/Qu(x,t)gb(a:)dx (20)

<0,

(x)dx

7)) Au (z,t — 7;) d(x)dx

t >ty

o(z)dx

/Q Au(z,t—7)

=—)\0/ u(z,t —7;)p(x)de <0, t=>t, (21
Q
and
/ m(x,t,u(z, t))p(x)dx >0, t > tq, (22)
o

/Q a(a, O F (u(x, 1)¢(x)dz > /chmu(x,t)qﬁ(m)dx
> cq(t)V (1), t >t (23)
From (19)-(23), we get

D¢, [r(t)DS V(#)]+p(t)DS V() < —cq(t)V (), t > 1y,

(24)
where

V) = /S (e )o(a)d.

Case 2: t = tj. From the second and third equations of
Eq.(1), together with the assumption (H4) can deduce that

DY u (1’, t;) o (ac, tr, DS Ju (z, tk))

o < = < ayg,
k= DS ju(z,tr) DS yu(z,t) =0k
k=1,2,3,--.
u(z, ) 8 (x,th,u(z,ty) 5
< = < k=1,2,3,---.
B, < u(z,ty) u(z,ty) < B, %3,

then multiplying the above two inequalities by ¢(z) respec-
tively and integrating with respect to = over the domain (),
we derive

DYV () _ Jy D (w.8f) o(a)da

Qe < DS,V (te) — [o DY yu(z,te) d(z)da =
k=1,2,3,--
(25)
g VU] puleit) i
BTV () [qulaty) ola)de =N (26)
k=1,2,3,-
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Thus (24) (26) imply that the function V(t) =
fQ x)dx is an eventually positive solution of
the fractlonal impulsive differential inequality (17) which
contradicts the conditions of the theorem.

Secondly, if u(x,t) is an eventually negative solution of
the problem (1) and (3) in the domain E, then using above
procedure, we can easily get a contradiction to the conditions
of theorem. This completes the proof.

Using above results, next we shall establish some more
oscillation criteria for the impulsive fractional differential
equations.

For this, we need the following lemma.

Lemma 3.4(/15]) Let

G(t) = /Ot(t —v)"“f(v)dv €(0,1), t > 0.
Then
G'(t) =T(L—a)(DYf)(t), a€(0,1), t>0.
Lemma 3.5(/18]) Assume that
w'(t) < h(t), t#tg, t>t,
w(ty) < U +dwty), k=123,
where 0 < t1 < -+ < t < --- and hmt;C +00;

w € PCYRy,R], h € C[Ry,R] and dy > 0 are constants.

Then
(1+dg) /
t

Y 5<tk<t

U}(t) S w (t())
t0<tk<t

t > to.
Lemma 3.6 If 0 < o < 1, and then

(DYI54 ) () = f()
Proof By the definition 2.1 and 2.2, we get

(DLIGL ) (@)

B 1 i/w dt y
CT(l—a)dz Jo (z—t)

B 1 d /x dt /t J
T —a)dr Jo (=0 Jy =57
1 ¢ ¢ — a—1
R f(s)ds/s (@ — )=t — 5)°~dt.
Letting t = s + pu(z — ), using the definition of the Beta
function
T 1
[ et ta = [ e e
s 0
=B(a,1 - «),
(o7 ge3 B
(D15.1) () = Fo—as dr/’f )ds = £(x).

This completes the proof.
Theorem 3.7 Suppose that for some t* > 0,

o 1

and
&{/;(s)ds = 400

B e <£k<8

lim (28)
£—o0
where 1(s) = ce®()§(s). Then every nontrival solution of
problem (1)-(2) is oscillatory in the domain E.
Proof To prove the theorem, it is sufficient to prove that the
impulsive fractional differential inequality (1) and (2) admit
no eventually positive solutions and no eventually negative
solutions, respectively.

Again, we argue by contradiction. If the impulsive frac-
tional differential inequality (6) has an eventually positive
solution U(t), then there exists t* > 0 satisfying U(¢) >
0,U(t—m)>0,G(t) >0 for t > t*, such that

D2 [eR(t)r(t)DiU(t)}

= O DS [r(t)DIU®)] + r(t)DSU () DS
— RO D [r(t)DIU()] + +(8) DU (£)eR ) DI T <TE3)
_ eR(t)Da [ )] eR aU( )

=" [DY[r(t ) U(t)] + p(t ) (t)]

< —ceffWqt)U(t)

< 0. (29)

Thus ef*r(t) DU (t) is strictly decreasing for ¢ > t* and
D¢ U(t) is eventually of constant sign. We claim DU (t) >
0 on t € [t*,00). Otherwise, assume that there exists a
sufficiently large 7" € [t*, 00) such that DS U(T") < 0. Then
it is obvious that

eR(t)T(t)DiU(t) < eR(T)r(T)DiU(T) =c; <0,

where ¢; is a constant for ¢ € [T, 00).
Lemma 3.4 yields that

G'(t) €1
——2 =D (t) < ———— 30
I'(l— o) UOE elitr(t)’ G0
Integrating the above inequality from 7' to ¢ enables us to
get
t G/(S) t c1
———ds < ——d 31
Lmu@s—ﬁﬂwms’ ey
bl

As t — o0, lim;_, o G(t) < —o0, which contradicts the fact
that G(t) > 0. Hence D{U(t) > 0 for t > T.

Let
ryT()DEU(R)
‘ Ut)

Then we have w(t) > 0, and it follows from (6) that

w(t) =

DS w(t)
_ R(t)Di[r(t)(l])i;](t)] L T(t)gigf(t) D3RO
rey DEr(O)DIU )] eROr()DEU()DU(1)
i) 0
p(t)
+ @w(t)
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_ R —p(t) D U®) —cq)UR)  w?(t)
U(t) eBWr(t)
p(t)
B0 PO () ()
= —ce™Mq(t) (it w(t) RO (1) + r(t)w(t)
< —ce"Wq(t) (33)
i.e.,
Diw(t) < —(t), (34)
where 1(t) = cef'q(t).
From (H1) and inequality (6), it is easy to see that
w(tf) < Fw(t), k=123-- (9
B
Let £ = ﬁ FE) = w(b), () = (t), we derive
Dw(t) = DYE() = w'(§D(E) = w'(€),  (36)
Therefore, we have
w'(€) < —(). (37)
From (35)-(37), we get
w'(€) < — (&), EF &, £t
@) < Za(&), k=1,23 G
By,
Using Lemma 3.5 and (28), we obtain
w(§)
< a(t) / * H
t*<£k<£ s<£k<£
= *’“ 1/1( )ds
t*<];[<§ /t t* <Ep<s
<0, (39)

which contradicts the fact that w(&) > 0.

Secondly, suppose that U(t) is an eventually negative
solution of the fractional differential inequality (7) and there
exists G(t) < 0, t € [t*,00). Then by using above process
it can be easily shown that DY U (t) < 0 for ¢ > t*.
r(t)DSU(t)

U(t)
inequality (7), we get DYw(t) > cefMq(t) = y(t) and

Let w(t) = —efi®) , thus w < 0. And from

ot sul) < Shul), k=123
that is
w'(€) > P(€), E#E, E>tF
(6 < () < w6, k=123,
Tk k
(40)
If @() = —o(¢)
V() < —(E), E#&, E>tF
D) < Eu(g), k=1,2,3, 1)

Using lemma 3.5

(&) <(tY) / H (42)
t*<§k<£ t s<£k<£
Therefore,

w(§)

> w(t*) / H

t*<§ <§ v <y <£

= I = / =k g(s)ds | (43)

tr<€p<E ék P prctp<s

>0,

which contradicts the fact that w(¢{) < 0. The proof is
complete.

Theorem 3.8 If all the conditions of Theorem 3.7 hold.
Then every solution of problem (1) and (3) oscillates in F.
Proof Suppose that V'(¢) is a nonoscillatory solution of
(17). Without loss of generality, the proof that (17) is
oscillatory is similar to that of Theorems 3.7, therefore, we
omit it.

IV. APPLICATION

Example 4.1 Consider the fractional differential equation
3

3 1
=5 D2 u(at)

1 f—_2 45 1 1
2 Y737 2 -
Dz, e 37 D3 u(z,t)| + ste

= etuAu(z, t) + t3 Au(z, t — 3)
u(z,t) 9 .o
Tires (% +t)u(x,t), t#t
1 1
D? ju(x,tf) = 3D% u(x,ty),
k=123, (z,t)e0,mr)xR.=F

U(l’,tz—) = U(l’,tk),

k=123, (z,t)e(0,mr) xR =F
(44)
with the boundary condition
w(0,t) = u(m,t) =0, t>0 45)
Note here that
¢ Lt% 1 ,t,Lt%
r(t)=e 37 p(t) = gte 37
2 3 (g,
a(t) =€, a1(t) =t3, m(z,t,u) = 71%(2122,
h(u) =u?, hi(u) =1,
gz, t) =2 + 1%, q(t) = min(a? +¢°) = 12,
zEQ
1
o (x, ty, DI tu (z, tk)) =3DZ ju(z, i),
(5(1‘ tk, (LL' tk)) = (l‘ tk)
F
F(u) = u, ELU >c=1.

And take Q = (0,7), j =1, B, =1, ap = 3.
We can easily check the COHdlthHS of Theorem 3.8, as
follows

R(t) = IZ, (f(]g) :Fé)/ot(t_v)é—l.;dv
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Il
—_
S—
X
—
|
4
<
QL
—
~
|
4
N—
|
Nl

Therefore
§ —~—
gll)rgo ef®)q(s)ds
.
£ 5 3
= lim e3vm®" §2ds
§—00 Jyx
[ 5 3 & 5, 3
= lim ﬁ5%63ﬁ32 f* 7/ 63ﬁ52ﬁd5%
£E—o0 $*
[ 2 .3 37 2 .3
= lim |V7sZen=" |5 7/ \few?szséds
§—o0 £+ 2
[ 2 .3 3r (¢ 23
= lim |Vasien7® IS f—/ deav=""
£—o00 ) 2 t*
r 3 3
= lim ﬁfge#@ - 31633?52
E—o0 L 2
w3 2 )F 3T _2_ )3
—/7(t 2 e3Vm — —e3VTm
() d
:—'—OO’

H i’iz}?(s)ds = +00.

t*<&p<s

3
lim /
§—00 Jyx

Therefore, every solution of the problem (44) and (45)

oscillates.
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