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Some Fast Algorithms for Exterior Anisotropic
Problems in Concave Angle Domains

Yajun Chen, and Qikui Du

Abstract—In this paper, some fast algorithms using elliptical
arc artificial boundary is designed to solve exterior anisotropic
problems in concave angle domains. Some exact nonlocal
boundary conditions are derived on the elliptical arc artificial
boundary. Based on the above artificial boundary conditions,
the Dirichlet-Neumann alternating method is presented. The
convergence of this algorithm is examined. Finally, some
numerical examples are given to show the effectiveness of our
methods.

Index Terms—elliptical arc artificial boundary, Dirichlet
-Neumann alternating method, anisotropic problems, concave
angle domains, convergence

I. INTRODUCTION

T HE problems in unbounded domains are

encountered in many fields of scientific and engineering
computing. There is a variety of numerical methods to solve
such problems. One of the commonly used techniques is the
method of artificial boundary conditions [1]-[9]. Based on
artificial boundary conditions, the overlapping and
non-overlapping domain decomposition methods can be
viewed as effective ways to solve problems in unbounded
domains. These techniques have been used to solve many
linear or nonlinear problems [10]-[21]. Recently, the authors
used an overlapping domain decomposition method to solve
anisotropic problems in concave angle domains [22]. In this
paper, we design a non-overlapping domain decomposition
method to solve the above problems.

Let Q be an exterior concave angle domain with angle w,
and 0 < w < 2m. The boundary of domain Q is decomposed
into three disjoint parts: I',T, and T, (see Fig. 1), i.e.
00=TUIl,Ul,, LNI,=0,TNl,=0¢,INl,=0.
The boundary T is a simple smooth curve part, I, and T, are
two half lines. We consider the following anisotropic
problem:

V- (AVu) =f, inQ,
u=0, onl,Ul,,
AVu-n=g, onT,
u is vanish at infinity,
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Fig. 1: The illustration of domain £)

and
V- (AVu) =f, inQ,
AVu-n=0, onl,UT,, @)
u=~h, onT,
u is bounded at infinity,
2
where A = (ko (1)) kisaconstantand 0 <k <1,uis

the unknown function, f € L2(Q) and g, h € L?>(T) are
given functions, supp(f) is compact.

The outline of the paper is as follows. In Section 2, we
derive an exact elliptical arc artificial boundary condition
for the above anisotropic problem. In Section 3, we
construct a Dirichlet-Neumann alternating, and give the
convergence of the method. Finally, in Section 4 we present
some numerical results to show its accuracy and the
effectiveness of our methods.

Il. THE EXACT ARTIFICIAL BOUNDARY CONDITION

Let f, denote the half distance between the two foci of
an ellipse, we introduce an elliptic system of co-ordinates
(u, @) such that the artificial boundary B coincides with the
elliptical arc {(1, @) |1 = pug, 0 < ¢ < w}, where f;, =

V1-k2 _ 1+k . .
p R, ug =1In Nrwred Thus, the Cartesian co-ordinates

(&,7m) are related to the elliptic co-ordinates (u, ¢), that is

& = fycoshy cos @, n = fysinhy sin ¢. The domain exterior
to B, namely the {(u, @) |1 > g, 0 < ¢ < w} is denoted by
D, . Let B be a circle arc with radius R at the origin,
enclosing T and supp(f). We first introduce the following
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transformation x = k&, y = n, then the anisotropic problem
(1) become the following Poisson problem:

—Au=f, inQ,
u=0, onful,, A3)
au ~ =
=g, onl,

~_ R _R* 2 22 i
where § = kﬁg,] =7 (sin* ¢ + k?cos? ¢). The artificial
boundary is an elliptical arc
B ={(&n|k*? +n? = R%, (£,1) € 0}, and the exterior
domainto B is D = {(§,1n)|k?E* + n?> > R?, (&,n) € Q}.

Assume that £ = 0 in the domain D, then problem (3)
confines in D is

—Au=0, inD,
u=0, onfLufly,, 4)
u is vanish at infinite.

By separation of variables, we know that the solution of
problem (4) has the form

u(l, @) = TiZ bye s sin ™22, (5)
where
2 .
by =2 J; ulie, @) sin=2dp, n=12,-.  (6)
Thus (5) can be written as
u(u. P) =
2352 UG [ U (yip, ¢) sin 22 sin "L dgp &
H(#R' W, (p) (7)

We differentiate (7) with respect to u and set u = uj to
obtain

ou 21
9|5 = ——Zn2

10u

Slnce F=— |B, we obtain the exact artificial

boundary condltlon on B:

Elﬁ 2\/—2 nf u(ug, @) sm—sm nm,b do £
Ku (g, 9). 9)

I1l. DIRICHLET-NEUMANN ALTERNATING METHOD

Draw a circular arc Ty = {(1, )|t > p1, 0 < ¢ < w},
which enclose I such that dist(I', ;) > 0. Then € is divided

into two non-overlapping subdomains Q, and Q, (see Fig. 2).

Let Q, be the bounded domain amongT, Iy, T,, and I}, and
Q, be the unbounded domain outside T, Iy and T,. Then the
problem (1) is decomposed into two subproblems in domains
Q, and Q,, we proposed the Dirichlet-Neumann alternating

nf u(pg, d) sm—smnnd> de. (8)

method as follows.

w o

tas™
‘e

Fig.2: The illustration of domain Q, and Q,

1
Step 1. Pick an initial value (2 € Hz( I}), and put
l=0.

Step 2. Solve a Dirichlet problem in ,:

I(—v (AuP) =, inQ,
ugl) =0, on[,Ul,,
ul? =20, onTy,

k ( ) is vanish at infinity.

(10)

Step 3. Solve a mixed problem in Q;:

(V- (AawP)=f inq,
u =0, onT,UT,,
Jquil) 'n=g, onT,

AVUY 1= —Avul -,

(11)
onIj.
Step 4. Update the boundary value on I; by

200 = gD 4 (1 - 620, (12)

Step 5. Set [ = [ + 1, then goto Step 2.

where u(” and u(l) are the [th approximate solutions in Q,
and Q,, respectlvely. 0, denotes the ith relaxation factor and

1
A is an arbitrary function in Hz(T;).

In the following, we just consider the convergence and
convergence rate of problem (1), we can obtain
corresponding result of problem (2) in the same way.

It is difficult to analyze the convergence of the above
alternating method in the general domain. However, the
analysis is possible for some special curve T'. Therefore, we
only consider the case where the boundaries T and I; both
=R5, (x,y) €

2
0}, T = {(y)|z+y*=RE (x,y) €Q},and R, > Ry,
Let x = k&, y = n, then the mixed problem:

2
are elliptical arcs, i.e., T = {(x,y)|%5 +
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V- (AVu) =f, inQ,,
u=0, onl,UT,,
AVu-n=g, onT,
AVu-n=g,, onljy,

(13)

become the following problem:

(—Auzf, in Q,,
u=0, onf,UT,,

du ~

—=3J

I
u
\ o, = Ju on I,

onT, (14)

QJ

k2sin? ¢p+cos? ¢

where §= kZ2sin? <p+cos2

[={¢&mE? +TIZ~_ R3, (5,77) S ﬁ}, L ={EmIg* +
n? = R?, (&,1) € 0}. And on T; we have

Ku(uq, @) =

k 2

nn¢
\/m(qu Z Tlf u(.ulrd)) Sln_51n dd)n

k+1
wher 1R
ere fy =VkZ — 1Ry, g = \/__1
Let
e(l)_ﬂ—ﬂ(l)_ +00 b Sinm onT
2 = — 4an=1%n o 1
we have
Aved - n = —xel’
= mp (19
= TEntereorty ar, Lno1 hn Sin

By the separation of variables, we have

o _ + iy AP
e’ =—232 b, Hn(r)smT,
where
nm ng 2"_" nm
RE (ro—R,® r~ )
Hy(r) = 2w 2w .
Ry o +R, o
Hence
[3) k
f}Ce( = —_— le H R sm—.
1 \/kzsmz @+cos? ¢ wRy Z ( 1)

Then, we have

JlVeI(HI) oy — —.'K(/l _ /1(1+1))
= K (0,” + (1 - 620 - 2)
- _ k T

VkZ2sinZ g+cos? ¢ wRq

* ZAZ nbn (0) Hy(Ry) — 1+ 6))sin =

If we let
o — o,
EO = ||AVe, n||_%_rl,
then
O — k2 22 212
E szZ (1 4+ n*)zn°b

" k2sin2 g+cos? ¢ w

and

U+ — k? m?

: 2
k?sin? ¢+cos? ¢ w?R%

1
235 +n?)2n?bi(6,Hy(Ry) — 1+ 6,)?
= (1—6)2E® 4 - i

k2sinZ gp+cos? ¢ w2R?

1
L TA9 (1 +n2) 2 n2b26,Hy (Ry) (0,Ha (Ry) + 26, — 2.)

Let

2

6 = inf,c, + TR

A computation shows that § = g

Ifweletd, =0,1,2,- satisfy 0 < 9, < §, then

EUD < (1-0)%ED,

By the trace theorem, we have

<CEW 50, |- 4o,

les”ll, g, <

This means that the Dirichlet-Neumann alternating
method is convergent if 0 < 6, < 6.

We also have

k2 2

E(l+1) —

26in2 2 2p2
k“sin“ ¢+cos® ¢ w*RY

1
21 +n?) 2 n?bi(0,H, (Ry) —

k? w?

1+ 6,2

7 k2sin? g+cos? ¢ w2R2

1
THE (L +n2)72n?b2(20, — 1 - 26,G,(Ry))
= (1-260)2E® 4 -

: 2
k2sin? ¢+cos? ¢ w?R%

1
'214{201(1 + nz)_E nzbrzlelGn(Rl)(glGn(Rl) —20,+1),
where
Gu(Ry) =
Let

o = Ssu +—.
Pnez 2—Gn(R1)
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Itiseasytogeto = §
Similar to the above analysis, if we take 6, =0,1,2, -,

satisfy o < 6, < 1, the Dirichlet-Neumann alternating
method is also convergent.

Therefore, for 0 < 8, < 1, the Dirichlet-Neumann
alternating method is convergent.

IV. NUMERICAL EXAMPLES

In this section, we give a numerical example to show the
effectiveness of Dirichlet-Neumann alternating method. The
finite element method with liner elements is used in the
computation.

Example 1. We consider problem (1), where Q =
{(r®)r>2 0<0<2n}, T={r0|r=2 0<6<
2n}, Ty ={(r,0)|r>2, 6 =0}, and T, = {(r,0)|r > 2,

6 = 2m}. By using coordinate transformation x = k&, y = 7,
we turn the original problem into the problem as the
following

—Au=f, inQ,
u=0, onfpul,, (16)
ou - ~
— =g, onl,
on

where O = {(u, @)1 > po, 0 < <21}, T'={(w@)ln=
tor 0 <@ <2m}, Tp ={(, @)|p = po, ¢ =0}, T, =

_ _ _ 2y1-kK? _ 1+k
{w o= o, ¢ =2m}, fo = P and g = In Jike
— K i iqi
Letu(x,y) = ey be the exact solution of original

problemand g = Z—Z Ir-

uy,, is the finite element solution in £, e and e;, denote
the maximal error of all node functions in £, respectively,
ie.,

e() = sup [u(P) —uip(P)I,

PiEQq

en(D) = sup [ush'(P) — uin(P)I-

P€EQq

qn (D) is the approximation of the convergence rate, i.e.,

_ ep(l-1)
qn(D) = Ten®)

We consider the Dirichlet-Neumann alternating method.
Let T, = {(w @)|u = uo + t1, 0 < @ < 21} be the artificial
boundary, and t; = 1. Figure 3 shows the mesh h of
subdomain £, Table 1 shows the convergence rate for
different anisotropic coefficient k (Mesh h/4, 6 = 0.5).
Table 2 shows the relation between convergence rate and
mesh (k = 0.5, 8 = 0.5). Table 3 shows the relation between

convergence rate and relaxation factor (k = 0.5, Mesh h/4,
1 = 6). Figure 4 shows L ({1,) errors for different mesh.
Figure 5 shows the convergence rate for different relaxation
factor.

Fig. 3: Mesh h of domain &,.

TABLE 1: THE CONVERGENCE RATE FOR DIFFERENT ANISOTROPIC
COEFFICIENT k (MESH h/4,6 = 0.5).

k I 0 1 2 3 4 5
e(l) | 0213 | 0.034 | 0.009 | 0.013 | 0.012 | 0.012
08 [ e,() 0.247 | 0.038 | 0.006 | 0.001 | 0.000
2. 6.566 | 6.487 | 6.482 | 6.444
e(l) | 0.164 | 0.034 | 0.017 | 0.022 | 0.019 | 0.019
05 [ ey(D) 0.189 | 0.028 | 0.004 | 0.001 | 0.000
2, 6.771 | 6,516 | 6.502 | 6.364
e(l) | 0.085 | 0.065 | 0.057 | 0.058 | 0.058 | 0.058
02 [e,(D 0.097 | 0.014 | 0.002 | 0.000 | 0.000
ENO) 7.155 | 6577 | 6.497 | 6.003

TABLE 2: THE RELATION BETWEEN CONVERGENCE RATE AND MESH
(k=0.5,0 = 0.5)

M ! 0 1 2 3 4 5
e(l) | 0.155 | 0.075 | 0.060 | 0.062 | 0.062 | 0.062
h/2 [ en(D 0.180 | 0.025 | 0.004 | 0.001 | 0.000
RO 7.297 | 6.667 | 6.304 | 5.843
e(l) | 0.164 | 0.034 | 0.017 | 0.022 | 0.019 | 0.019
h/4 | en(D 0.189 | 0.028 | 0.004 | 0.001 | 0.000
() 6.771 | 6516 | 6.502 | 6.364
e(l) | 0.166 | 0.025 | 0.004 | 0.001 | 0.001 | 0.001
h/8 [ en(l) 0.191 | 0.029 | 0.005 | 0.001 | 0.000
2D 6.633 | 6.426 | 6.426 | 6.418

TABLE 3: THE RELATION BETWEEN CONVERGENCE RATE AND RELAXATION
FACTOR 6 (k = 0.5, MESH h/4,l = 6)

0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8

qn | 1.298 | 1.845 | 3.153 | 6.128 | 5.921 | 2.592 | 1.628 | 1.185
0.2 . : —
~0—h/f2
5 h/4
015@ o hi8|]
-
2 o1t 1
L
Q
o0 00-060660606060660660666060600-
0.05 i
[iN|
EN=
[ R e o et
0 o & & N
0 5 10 15 20
Iteration |

Fig. 4: L= (€,) errors for different mesh.
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Convergence rate

1 r r r
0 0.2 0.4 0.6
Relaxation factor

0.8

Fig. 5: The convergence rate for different relaxation factor.

The numerical results show that the Dirichlet-Neumann

alternating method is feasible and convergent quickly. Its
convergence rate is independent of finite element mesh
parameter h. The method is convergent for all relaxation
factor 6 € (0,1), and the convergence of the method is the
best when the relaxation factor 6 € (0.4,0.5).
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