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Existence and Non-existence of Traveling Wave
for a Holling-Tanner Model

Xiangkui Zhao, Zhizhi He

Abstract—In 2017, Ai, Du and Peng[7] studied the traveling
wave of a singularity Holling-Tanner predator-prey model. By
employing an auxiliary system to overcome the singularity, they
proved the existence of traveling waves when the parameter
of functional response belongs to a limited range. This article
aims to extend the above results and simplify the process. The
details are stated below: (i) Improving the parameter to oo;
(ii) Simplifying the process by constructing a non-zero lower
solution to overcome the singularity.

Index Terms—Predator-prey model, traveling wave solution,
upper and lower solution.

I. INTRODUCTION

HE relationship between prey and predator has long

been a topic of interest to many researchers, see [1-9]
and their references. Murray and Renshaw[1-2] presented the
Holling-Tanner predator-prey model:

U = Uge +7u(l —u) —
v = dvge +sv(1 — 2).

rku
a+bu

v,
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Chen, Guo and Yao studied traveling waves of (1) when
a=1b=0,0< k < 1 in reference [3]. Zhao studied
traveling waves of (1) when a = 1,b =0, k = 1 in reference
[4].

Ai, Du and Peng considered the traveling waves of the
following generalized Holling-Tanner predator-prey model:

Up = Uy +u(l —u) —
v = dVgy + sv(1 = 2)

m

au
THpum ¥
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in reference [7].

If m = 1, they proved the existence of traveling waves
only when o < V2

Since the predator equatlon has a singularity at zero prey
population, they constructed an auxiliary function sv(l —
ﬁ(u)) where

ou(u) = { R vz 3)

U+ geu=<,

to overcome the singularity, but this complicate the research
process.

In this paper, we will extend the research results of the
model (2) when m = 1, which is the following model

Up = Uy + (1l —u) — %,
_ v “4)
Ut = dvge + sv(1 — 2).
We will construct a non-zero lower solution to overcome the
singularity. The method can also be applied to the generalized
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Holling-Tanner predator-prey model (2). Where w and v are
the population sizes of prey and predator respectively, the
parameters «, d and s are positive, and [ is nonnegative.
When S = 0, we refer the reader to reference [3-4]. For the
specific details about functions u, v and these constants, we
refer the reader to reference [7]. (4) has two constant steady
states (1,0) and (u*,v*) with
2
VB-1-aZ+4f+1+a—-p

A traveling wave of (4) is the following form:
u(z,t) = d1(x + ct) = ¢p1(2),
v(x,t) = ga(x + ct) = ¢a(2), z € R,

where the constant ¢ > 0 is the wave speed; z = x + ct
is called the moving coordinate. The wave profile (¢1, ¢2)
satisfies the following system of equations:

a2 (z) )=0

1(2) = edh(2) + dr(2)(1 - d1(2) — 122Gl =
Ay () — edh(2) + sda(2)(1 — 2y = 0,

®)
where z € R. We will study the traveling waves connecting
(1,0) and (u*,v*). The tail behavior of wave profile (¢1, ¢2)
at oo is discussed by comparing ¢, , ¢; and ¢}, ¢35, where

¢; = liminf ¢;(2), ¢f =limsup¢;(2), i =1,2.
z—+00 z—400

We will organize the rest of this paper as follows. In
section 2, the upper and lower solutions of the model are
introduced. In section 3, the existence of traveling waves is
considered. In section 4, the model (4) is discussed.

II. UPPER AND LOWER SOLUTIONS

HROUGHOUT the paper, assume that «, 3 satisfy one
of the conditions
Ha<l BeR () a>1,8>2a+2vVa?—a—1.
And denote

c+Ve2+4 c— — 4ds
Mo e
V2 —4d
A3 = H;7d87 ¢ =2Vds.

Definition 2.1: The functions (¢;,¢,) and (¢,,4,) are
called a pair of upper and lower solutions of (4), if a;, Qi,

-1y
(bi ’ (b ’

1 = 1,2 are bounded and the inequalities

1) = B1(2) + B ()1 = 81 (2) - 12 5] <0,
8/(2) — e, (2) + 6, ()[1 - 8, () — T3] 20,
dgy (2) - c¢;<z> + s¢2<z>< 23 <,
A} (2) = e (2) + 50, (2)(1 = S25) 2 0
(6)
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hold for z € R\ D with some finite set D = {z1, 2o, --

'azm}~

A. The case ¢ > c*.

Then, we consider the case ¢ > c¢*. Similar to reference
[3], for given constants i, q > 1, we introduce functions

fl(z):e)\z ,UA2Z f2( ) A2z ) ZeRv
then zog = —Ing/[(u — 1))\2] is the unique zero point of f,
zv = —In(qu)/[(p — 1)A2] < 2 is the unique maximum

point of f; in (—o0,2p), f1 is positive in (—o0, zp), f2 is
positive and strictly increasing in (—oo, 2g).

Since zp < 29 < 0, f2(0) = 1, we can choose a small
enough positive number § << 1, a negative number zo €
(zm, 20) satisfying

fi(z2) =46, fi(z2) <O0. (7

We choose the constants u, 7, p, g satisfying the following
assumptions.
(A1) p € (1, min{A3/A2,2}), n > 0 small enough such that
A2 > nA; and (77/\1)2 —c(nph) — K < 0;

(A2) P> —&m, >2—c(nA —
¢ > maxil —HaGa)T- g
Introduce the functlons ¢1(z) ( ) 2(2), ¢, (2) as follow-
ing'
=1, z € R, )
[ K z >z,
B { 1 — pen™=, z < 21, ®
|1, z >0,
- )\22 z g 0’
(10)
z > 29,
/\22 _ eu)\gz7 2 S 29,
(11

—14+4/(B-1)2 —« .
where Kk = p1+y/(B 216) +450 ), z1 < 0 is defined by

pe™* =1 -k § < k. It is obvious that x < 1, when
a, B> 0.

Lemma 2.1: Assume that ¢ > c*, then the functions
(01(2), #2(2)). (&, (2), 9, (2)) defined by (8)-(11) are a pair
of upper and lower solutlons of (1.5).

The proof is similar to Lemma 3.1 in reference [4]. We omit
it here.

Remark 2.1: Assume that ¢ > ¢*, k satisfy (1 —
k)(1 + Bk™) = ax™ !, then we can choose proper
constants 1,7, p,q such that the functions (¢,(2), ¢5(2)),
(¢,(2),8,(2)) defined by (8)-(11) are a pair of upper and
lower solutions of the generalized Holling-Tanner predator-
prey model (2).

B. The case ¢ = c*.

Next we consider the case ¢ = c*. For given constants
h = X2e?/2,q > hy/2/)a, introduce functions

q1(z) =[—hz— q(fz)l/z]e’\”, g2(z) = fhze)‘ZZ,
93(z) = —hz — q(—z)l/27 z <0.

It is from reference [3] that 29 = —(gq/h)? < —2/)s is the
unique zero of gy in (—o0,0), g1 > 0 has a unique maximum
point Z in (—o0,2g), go strictly increases on (oo, —2/As],

g2(—2/X2) = 1, g3 is positive and strictly decreases in
(—OO, Zo) .

Since Z < zp < —2/A2, g2(—2/A2) = 1, we can choose
a small enough positive number 6 << 1, a negative number
z9 € (Z, 2p) satisfying

g1(z2) =9, ¢1(22) <0, and ga(23) < 1—4. (12)

Now we consider the existence of the upper and lower
solutions of (5), when ¢ = ¢*.

For p > e, there exists z; < —2/\y with peMzt = 1,
A2 > 2n)1, since pe”'* is increasing in z and

—277>\1/>\2

pe > pe_1 > 1.

Next, we choose the constants 7, p, g satisfying the fol-
lowing assumptions.
(B1) 0 < n << 1 satisfies

(n)\l)z —c(nA1) — K <0, A2 > 2nAq;

ah .
(B2) p > max {e, —x oy )

(B3) ¢ > max {h/2/ o, B (;5-)"*)

We introduce the functlons qbl(z),@l(z),%(z),%(z) as
following:

b.(2) = 1, eR (13)
_ R, z Z 21,
T 1 - pemiz, z < 7,
(14)
- _ ]., z Z 72/)\2,
= { —hzeder, 2< -2/, 1
_ 6) z 2 22,
‘W)‘{ (“he — (2=, 2 < 2.
(16)

Where pe"™ 1%t =1 — g, § < k. Then the following lemma
holds.

Lemma 2.2: Assume that ¢ = c¢*, then the functions
(61(2).62(2)). (&, (2). 6, (2)) defined by (13)-(16) are a pair
of upper and lower solutions of (4).

The proof is similar to Lemma 3.2 in reference [4]. We omit
it here.

Remark 2.2: Assume that ¢ = ¢*, x satisfy (1 — &)(1 +
Bk™) = arx™"!, then we can choose proper constants

1, P, ¢ such that the functions (¢;(2), d,(2)), (¢, (2), ¢,(2))
defined by (13)-(16) are a pair of upper and lower solutions

of the generalized Holling-Tanner predator-prey model (2).

III. THE EXISTENCE OF TRAVELING WAVE

IMILAR to reference [3], we will consider the existence
of traveling waves for (4) by Schauder’s fixed point
theorem.
First, we introduce the sets

X ={®=(¢1,¢2) | ®

is a continuous function from R to RQ}
and
Xp={PeX|r<¢d1<land0< ¢y <1

for all z € R}.
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Next, we define the functions

{ Fi(z,y) =wr+z(l —x— li‘%w),
Fy(z,y) == wy +sy(1 — £)
for constant w. If w > max{(1 + %), s(2 — x)/k}, we
know that F) is nondecreasing in x and nonincreasing in y
for k < x <1and 0 <y < 1. Also, F» is nondecreasing
with respect to z and y for k <z <land 0 <y < 1.

Let

a7)

¢ — /2 + dwd;
dy =1, dy =d, )\il(c) = Ta
V2 + dwd;
Aiz(c) = u, i=1,2.

2d;

For ® = (¢1,¢2) € X4, define operator P = (Py, P) as
following:

1 z
Pi(d)h ¢2)<Z) = M(/_ e)\u(z—s)

oo

+oo
+ / 6&2(2_5)) Fi(¢1, ¢2)(s)ds
for i = 1,2, z € R. Obviously
di(Pi(¢1, 02))" (2) = c(Pi(¢1,¢2)) (2) — BPi(¢1, 92)(2)

+Ei(¢p1,92)(2) = 0,

for:=1,2,z € R.

Lemma 3.1: If (5) has a pair of upper and lower solutions
(¢, 05) and (¢,:9,) in X, satisfying
CD 6;(2) > ¢,(2). z€R, i =1,2
(C2) §i(2—) > Gi(x+), d)(2—) < Gl(++) z € D, i =1,2
where

bil(z) = lim ¢/ (€).

=zt

—/
Jim, 3(O), /(=) =
Then it has a solution (¢y, ¢2) such that ¢,(z) > ¢;(z) >
¢ (2) forall z € R, i =1,2.
The proof is similar to Lemma 2.3 in reference [3]. We omit
it here.

Theorem 3.2: Assume that ¢ > c¢*, then there exists a

positive solution (¢1, ¢2) of (5) such that
ZEEHOO(lev ¢2)(2) = (17 0)7

6,(2) S 6:(2) SBil2), i =1,2, zER

Proof: Now we consider the case ¢ > c¢*. By Lemma
2.1, we know that (8)-(11) are a pair of upper and lower
solutions of (5).

Now we will prove the condition(C1) and (C2) hold for
the case ¢ > c*.
When z > z;,we have

B1(2) = 0,(5) =1— K >0,

When z < z1, we have
61(2) — ¢, (2) = pe”™* > 0.

Similarly, it can be proven that ¢,(z) > ¢,(2). Thus,
condition (C1) holds.

For condition (C2), we have

o) (z14) = 0> ¢ (21-),

= —

9u(0+) = 0 < G(0-),

?2(224—) =0> QQ(ZQ_).
Hence there exists a positive solution (¢1,¢2) of (5) such
that

(18)

9,(2) < 6i(2) < (2), i=1,2, z€R
by Lemma 3.1. It is obvious that lim (¢1,¢2)(2) = (1,0).
Z——00

The case ¢ = c* can be proven similarly. The proof is
complete. [ |

A. The properties of traveling waves

Now we consider the tail behavior at oo of the traveling
waves for (4), which is the solution of (5).

Proposition 3.3: Assume that ¢ > c*, then the traveling
waves (1, o) of (4) satisfies k < ¢ < ¢ < ¢f < ¢ <
1.

Proof: By Theorem 3.2, we know that

126,(2) 2 61(2) > 6,(2) = .

for all z € R.

Then we will prove that ¢; < ¢, . For the contradiction,
we suppose that ¢ > ¢, . If ¢, is eventually monotone,
we have ¢3(00) exists, since ¢ is bounded on R. Hence

$2(c0) = ¢5 = ¢3 . Since
Am%@m$:@w»—@m>

is finite, either 1im+inf @5(s) = 0 when ¢4 (s) > 0 for s >> 1
S—r—+00
or limsup ¢4(s) = 0 when ¢5(s) <0 for s >> 1. Then we

s——+oo
can find a sequence {z,} with z, — 400 as n — +00 such

that

lim ¢2(zn) - ¢2_ < ¢1_a

n—-+oo

. ’ o
ngrfoo Pa(zn) = 0.

Hence

liminf{l QSZ(Z“} > {1- 42’5} > 0.

n—+oo B $1(2n) ory

Integrating the second equation of the system (5) from O to
Zn, We have

d(¢3(2n) — ¢2(0)) — c[d2(zn) — ¢2(0)]

“aoi- gl

When n — 400, it is a contradiction because since the left
side of (19) is bounded and the right side of (19) tends to
—00.

If ¢4 is oscillatory at oo, then we can choose a sequence
{zn} of minimal points of ¢ with z, — 0o as n — +00
such that ngrfoo ¢2(zn) = ¢ . Note that

=—s

19)
0

d¢l2/(zn) - C¢lz(zn) >0

for all n. Also, we have

. . d)Q(Zn) ¢7
m{1- 225> {1- 52} >0
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This implies that

lim inf {dqb'z’(zn) — e (zn) + sP2(2n) [1 —

¢2(Zn) >0

n oo 91(2)
is a contradiction. To sum up, we know that ¢; < ¢, holds.
The case ¢5 < ¢ can be treated similarly. Consequently,

k<o < ¢y <of <of <1

holds. The proof is complete. ]
Proposition 3.4: Assume that ¢ > c*, then the traveling
wave (g1, ¢2) of (4) satisfies

— +
Logr— 2% 5o 1og - %2 o
14 B¢y 1+ B¢y
Proof: Now we will prove that
1— ¢IL _ LQ_F >0
1+ B¢y
For contradiction, we suppose that 1 — (ﬁ — 1i§i+ < 0.

1

If ¢; is eventually monotone, similar to Proposition 3.3, we
know that ¢4 (o) exists. We can also find a sequence {z,}
with z,, — +00 as n — +o00o such that

Hence .
1 aQ2(2n
el
gt Py
S[l g 1+B¢T}<O

Integrating the first equation of the system (5) from 0 to z,,
we have

(02(2n) — ¢5(0)) = c[p2(zn) — ¢2(0)]
:—r/ o1 (s {1—@( ) — 1?2{; z )}ds. (20)

Let n — +o00, we get a contradiction, since the left side of
(20) is bounded and the right side of (20) tends to +oo.

If ¢ is oscillatory at co, we can choose a sequence {z, }
of maximal points of ¢; with 2z, — oo as n — +oco such
that lim ¢1(z,) = ¢ . Note that

n—4oo

Y(zn) -

for all n. Also, we have

et (zn) <0

. a¢2(zn)
msup 1 01(s0) = 52
o agy
S[l £ 1+ﬁ¢f}<0'

This implies that

ligiup {qﬁ'f(zn) — ' (2n)
apa(zn)

JEOVES) APV A

is a contradiction.

The above analysis of the two cases of ¢, lead us to the
conclusion that

1— ¢+ _ a(b; >0
b1+ B T
+
The case 1 — ¢ — 11%, < 0 can be proven similarly. The
1

proof is complete. -
Theorem 3.5: Assume that ¢ > c*, then the traveling wave
(¢1, ¢2) of (4) such that

hm (¢17¢2)( ) (U*>’U*)7 (21)
Proof: From Proposition 3.3 and 3.4, we can see
+ 4 agy 4 gy
Pt T ser S T i per
- ¢2 O“ﬂ_
. 22
<¢; + 1+B¢1__¢1 1+ B, (22)
Case o < 1. From (22), we have
7 —¢1 <a o h < a(¢] —¢7).
R R T B

So ¢ = @1 . From Proposition 3.3, we can see oF = q&}' =
¢y = ¢1. So

Jim (é1, é2)(2) = (u', 07).
Case a > 1, 8 > 2a + 2v/a? — a — 1. From (22), we have

of oy

L+ B¢y 1+P60
< o =D+ B(1 +¢1)]
B (1+ BT )1+ Boy)

Also, fromk < ¢; < ¢5 < zj); < gzﬁf < 1, after calculation,

L+8(0f +é1) _ 48

(23)

¢of — 1 <a

(1+B¢7)(1+ Ber) — (B+1)?
is proven. So
_ 4af3 _
+ +
¢ — ¢ < m(% —¢7).
Since B > 2a+2vVa? —a—1, thatis o < (6151)2, we have
(;j:ilﬁy < 1. So ¢ = ¢ . Similar to the case o < 1, we
can see
lim (91, 0)(2) = (u",0"). (24
|

Remark 3.1: There is no traveling wave of (4) for the case
¢ < ¢*, which means ¢ = ¢* is the minimal speed.
The proof is similar to Theorem 2.6 in reference [3]. We will
not repeat it.

IV. CONCLUSION

In this paper, we consider the traveling waves of a Holling-
Tanner predator-prey model. Our work can simplify the
research of reference [7] by employing a non-zero lower
solution. We also enlarged the range of « to (0, +00), which
supplement the reference [7]. The research method can also
be applied to the generalized Holling-Tanner predator-prey
model (2). The restrict of our work is that the upper and
lower solutions must be modified as constant .
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