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Abstract- In this paper we develop two new interesting 

theorems that establishes relationships connecting the Weyl 

fractional integral to the product of multi-index Mittag-Leffler 

function with I-function and H-function. Subsequently, certain 

very intriguing special cases are obtained from the main 

theorems.  

Index Terms- I-function, H-function, Multi-index 

Mittag-Leffler function, Weyl fractional integral. 

I.      INTRODUCTION 

Fractional calculus is the area that attends to the integration 

and differentiation of arbitrary order that could be rational, 

irrational or complex. The subject has attained substantial 

reputation in the past few decades in varied fields of Physics, 

Chemistry, Biological Science and Engineering. 

Contradictory to the classical calculus, there are numerous 

interpretations of fractional order integrals and derivatives. 

Of late, many authors have published innumerable papers [3, 

4, 8-10, 13-16, 18, 23, 28, 29, 31], where they have 

thoroughly investigated the properties, applications and 

various extensions of the fractional calculus operators 

associating distinct arrays of special functions. 
 

The Weyl fractional integral [18] is defined as 

𝑊𝑠,∞
𝑐 𝑓(𝑠) =

1

Γ(𝑐)
∫ (𝑟 − 𝑠)𝑐−1𝑓(𝑟)𝑑𝑟, 𝑅𝑒(𝑐) > 0.

∞

𝑠
            (1) 

The Mittag-Leffler (M-L) function 𝐸𝜇 (Mittag-Leffler, 1902-

1905) [19] is given as 

𝐸𝜇(𝑦) = ∑
𝑦𝑟

Γ(𝜇𝑟+1)
, 𝜇 > 0.∞

𝑟=0              (2) 

Wiman 1905 [32, 33] and Agarwal 1953 [1] also defined the 

Mittag-Leffler function 𝐸𝜇,𝜈 by the power series: 
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𝐸𝜇,𝜈 (𝑦) = ∑
𝑦𝑟

𝛤(𝜇𝑟+𝜈)
, 𝜇 > 0, 𝜈 > 0.∞

𝑟=0                               (3) 

The multi-index Mittag-Leffler function was introduced by 

Kiryakova [13] and is defined as: 

Let 𝛿1, ⋯ , 𝛿𝑚 > 0 and 𝜉1, ⋯ , 𝜉𝑚 be arbitrary real numbers 

and 𝑚 > 1 be an integer, then the multi-index M-L function 

is defined by power series: 

𝐸
(

1

𝛿𝑖
),(𝜉𝑖)

(𝑦) = ∑
𝑦𝑟

Π𝑗=1
𝑚 𝛤(𝜉𝑗+

𝑟

𝛿𝑗
)

.∞
𝑟=0                                       (4) 

 

For 𝑚 = 1, (4) becomes the classical M-L function 

𝐸
(

1

𝛿
),(𝜉) 

(𝑦) and on taking 
1

𝛿
= 𝜇 > 0 and  𝜉 = 𝜈 > 0 , it 

reduces to the M-L function 𝐸𝜇,𝜈 (𝑦) of Wiman 1905 and 

Agarwal 1953 given in (3). 

V. P. Saxena [25] established the I-function and defined it as 

𝐼(𝑠) = 𝐼𝑋𝛽,𝑌𝛽:𝑅
𝑈,𝑉 [𝑠] 

= 𝐼𝑋𝛽,𝑌𝛽:𝑅
𝑈,𝑉 [𝑠 |

(𝑎𝑘, 𝑒𝑘)1,𝑉; (𝑎𝑘𝛽 , 𝑒𝑘𝛽)
𝑉+1,𝑋𝛽

(𝑏𝑘 , 𝑓𝑘)1,𝑈; (𝑏𝑘𝛽 , 𝑓𝑘𝛽)
𝑈+1,𝑌𝛽

]

=
L

tdtst)(
2

1



          (5)                                   

 where, 

𝜑(𝑡) =
Π𝑘=1

𝑈 Γ(𝑏𝑘 − 𝑓𝑘𝑡)Π𝑘=1
𝑉 Γ(1 − 𝑎𝑘 + 𝑒𝑘𝑡)

 ∑ {Π𝑘=𝑈+1

𝑌𝛽 Γ(1 − 𝑏𝑘𝛽 + 𝑓𝑘𝛽𝑡)Π𝑘=𝑉+1

𝑋𝛽 Γ(𝑎𝑘𝛽 − 𝑒𝑘𝛽𝑡)}𝑅
𝛽=1

 

                    (6)                                                                                               

 𝑋𝛽 , 𝑌𝛽(𝛽 = 1,2, ⋯ , 𝑅), 𝑈, 𝑉 are integers satisfying 0 ≤ 𝑉 ≤

𝑋𝛽 , 0 ≤ 𝑈 ≤ 𝑌𝛽; 𝑒𝑘, 𝑓𝑘, 𝑒𝑘𝛽 , 𝑓𝑘𝛽 are real and positives; 

𝑎𝑘 , 𝑏𝑘 , 𝑎𝑘𝛽 , 𝑏𝑘𝛽 are complex numbers. L is a suitable contour 

of the Mellin-Barnes types from 𝛾 − 𝑖𝑒 to 𝛾 + 𝑖𝑒  (𝛾 is real) 

in the complex t-plane. One may refer [25] for details 

regarding existence and various other parametric restrictions 

of I-function. Recently, many researchers have dedicated to 

study the I-function further. Shukla et al. [27] established 

integral relations involving I-function with the product of 

generalized hyper-geometric function. Jain et al.  [7] studied 

multiple integral involving I-function and Bessel-Maitland 

function. Habenom et al. [6] developed new results by 
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applying finite integral on I-function. Saha et al. [21] 

evaluated certain integrals involving product of I-function 

with exponential function, hypergeometric function and H-

function. 

For 𝑅 = 1, (5) corresponds to the renowned H-function 

introduced by C. Fox in 1961 [5],  

𝐻𝑋,𝑌
𝑈,𝑉 [𝑠 |

(𝑎𝑘 , 𝑒𝑘)1,𝑉; (𝑎𝑘 , 𝑒𝑘)𝑉+1,𝑋

(𝑏𝑘 , 𝑓𝑘)1,𝑈; (𝑏𝑘 , 𝑓𝑘)𝑈+1,𝑌
] = 𝐻𝑋,𝑌

𝑈,𝑉 [𝑠 |
(𝑎𝑘 , 𝑒𝑘)1,𝑋

(𝑏𝑘 , 𝑓𝑘)1,𝑌
]     

                 (7) 

More recently, due to its close affiliation to the Mellin 

transforms, the H-function has been recognized to play a 

pivotal role in fractional calculus and in their applications, 

some of which involving non-Gaussian stochastic processes 

and phenomena of non-standard diffusion and relaxation, see  

[11, 12, 17, 24, 26, 30]. 

According to Braksma [2], when 𝐷 > 0 so that  |𝑎𝑟𝑔 𝑦| <
1

2
𝐷𝜋, then the integral in the right side of (7) is absolutely 

convergent, where 

𝐷 = ∑ 𝑒𝑘 − ∑ 𝑒𝑘
𝑋
𝑘=𝑉+1 + ∑ 𝑓𝑘

𝑈
𝑘=1 − ∑ 𝑓𝑘

𝑌
𝑘=𝑈+1

𝑉
𝑘=1            (8) 

Here, we stress upon the main definition of Weyl fractional 

integral and present some new identities that includes Weyl 

fractional integrals to the product of multi-index Mittag-

Leffler function, I-function and also to H-function. 

II. MATHEMATICAL PRE-REQUISITES 

The following pre-requisites will help us constitute the main 

result. The H-function satisfies the following integral [22] 

∫ 𝑢𝛾−1∞

𝑧
(𝑢 − 𝑧)𝜒−1𝐻𝑋,𝑌

𝑈,𝑉 [𝑠𝑢𝜃(𝑢 − 𝑧)𝜙 |
(𝑎𝑘 , 𝑒𝑘)1,𝑋

(𝑏𝑘, 𝑓𝑘)1,𝑌
] 𝑑𝑢 =

𝑧𝛾+𝑧−1𝐻𝑋+2,𝑌+1
𝑈+1,𝑉+1 [𝑠𝑧𝜃𝜙 |

(1 − 𝜒, 𝜃), (𝑎𝑘 , 𝑒𝑘)1,𝑋, (1 − 𝛾, 𝜃)

(1 − 𝛾 − 𝜒, 𝜃 + 𝜙), (𝑏𝑘 , 𝑓𝑘)1,𝑌
]                       

 (9) 

where,  

(i)|arg 𝑠| <
1

2
𝐷𝜋, D is defined in (8), 

(ii) 𝜃, 𝜙 are positive real numbers and 𝛾, 𝜒 are complex 

numbers, 

(iii) 𝑚𝑖𝑛 [𝑅𝑒 (
1−𝛾−𝜒

𝜃+𝜙
) , 𝑚𝑖𝑛1≤𝑘≤𝑈 [𝑅𝑒 (

𝑏𝑘

𝑓𝑘
)]] 

> 𝑚𝑎𝑥 [−𝑅𝑒 (
𝜒

𝜙
) , 𝑚𝑎𝑥1≤𝑘≤𝑉 [𝑅𝑒 (

𝑎𝑘−1

𝑒𝑘
)]]. 

Lemma 1.1 From Rainville [20] we have an important result 

∑ ∑ 𝐷(𝑖, 𝑤) =∞
𝑖=0

∞
𝑤=0 ∑ ∑ 𝐷(𝑖, 𝑤 − 𝑖)𝑤

𝑖=0  ∞
𝑤=0                    (10)                                

III. MAIN RESULTS 

In this section, we established two theorems connecting the 

Weyl fractional integral to the product of multi-index Mittag-

Lefler function with I-function and with H-function. Our 

results are encased in the following: 

Theorem 3.1 Let U, V, 𝑋𝛽 , 𝑌𝛽 (𝛽 = 1, ⋯ , 𝑅) be integers 

satisfying 0 ≤ 𝑉 ≤ 𝑋𝛽 , 0 ≤ 𝑈 ≤ 𝑌𝛽 ; 𝑒𝑘, 𝑓𝑘, 𝑒𝑘𝛽 , 𝑓𝑘𝛽  be 

positive and real and 𝑎𝑘 , 𝑏𝑘, 𝑎𝑘𝛽 , 𝑏𝑘𝛽 be complex numbers. L 

is the path of integration separating the increasing and 

decreasing sequence of the poles of integration. Then for all 

values of c, 

𝑊𝑠,∞
𝑐 {𝑦𝛾−1(𝑠 − 𝑦)𝜒−1𝑒−𝑦𝑢𝐸

(
1

𝛿𝑖
),(𝜉𝑖)

(ℎ𝑦𝜁) × 𝐼𝑋𝛽,𝑌𝛽:𝑅
𝑈,𝑉 [𝑦𝜆]} 

= 𝑒−𝑠𝑢 ∑ ∑ 𝑓(𝑖)𝑤
𝑖=0

𝑢𝑤−𝑖

(𝑤−𝑖)!

∞
𝑤=0 (−1)𝜒+𝑤−𝑖−1                                                                    

1

2𝜋𝛽
∮ 𝜑(𝜆) × 𝑊𝑠,∞

𝑐 𝑓(𝑠𝜆+𝛾+𝜁𝑖−1)𝑑𝜆 ,                   (11) 

where,  𝑓(𝑖) =
ℎ𝑖

Π𝑗=1
𝑚 Γ(𝜉𝑗+

𝑖

𝛿𝑗
)

 .                    (12) 

Proof: Denoting the L.H.S by Δ 

Δ = 𝑊𝑠,∞
𝑐 {𝑦𝛾−1(𝑠 − 𝑦)𝜒−1𝑒−𝑦𝑢𝐸

(
1

𝛿𝑖
)(𝜉𝑖)

(ℎ𝑦𝜁) 

× 𝐼𝑋𝛽,𝑌𝛽:𝑅
𝑈,𝑉 [𝑦𝜆]}  

= 𝑊𝑠,∞
𝑐 {𝑒−𝑠𝑢𝑦𝛾−1(𝑠 − 𝑦)𝜒−1𝑒(𝑠−𝑦)𝑢𝐸

(
1

𝛿𝑖
),(𝜉𝑖)

(ℎ𝑦𝜁) 

× 𝐼𝑋𝛽,𝑌𝛽:𝑅
𝑈,𝑉 [𝑦𝜆]}. 

Now, replacing 𝑒(𝑠−𝑦)𝑢 with ∑
(𝑠−𝑦)𝑤𝑢𝑤

𝑤!

∞
𝑤=0  and making use 

of (4) and (5), we get 

 = 𝑊𝑠,∞
𝑐 {𝑒−𝑠𝑢 𝑦𝛾−1(𝑠 − 𝑦)𝜒−1 ∑

(𝑠 − 𝑦)𝑤𝑢𝑤

𝑤!

∞

𝑤=0

 

∑
ℎ𝑖𝑦𝜁𝑖

Πj=1
m Γ (𝜉𝑗 +

𝑖

𝛿𝑗
)

∞

𝑖=0

×
1

2𝜋𝛽
∮ 𝜑(𝜆)𝑦𝜆𝑑𝜆} 

= 𝑊𝑠,∞
𝑐 {𝑒−𝑠𝑢𝑦𝛾−1(𝑠 − 𝑦)𝜒−1 ∑ ∑

ℎ𝑖𝑦𝜁𝑖

Πj=1
m Γ (𝜉𝑗 +

𝑖

𝛿𝑗
)

∞

𝑖=0

∞

𝑤=0

 

(𝑠 − 𝑦)𝑤𝑢𝑤

𝑤!
×

1

2𝜋𝛽
∮ 𝜑(𝜆)𝑦𝜆𝑑𝜆}. 

Applying (10), the above expression becomes 
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 = 𝑊𝑠,∞
𝑐 {𝑒−𝑠𝑢𝑦𝛾−1(𝑠 − 𝑦)𝜒−1 ∑ ∑

ℎ𝑖𝑦𝜁𝑖

Πj=1
m Γ (𝜉𝑗 +

𝑖

𝛿𝑗
)

𝑤

𝑖=0

∞

𝑤=0

 

(𝑠 − 𝑦)𝑤−𝑖𝑢𝑤−𝑖

(𝑤 − 𝑖)!
×

1

2𝜋𝛽
∮ 𝜑(𝜆)𝑦𝜆𝑑𝜆}. 

Now, making use of (1), the expression changes to 

 = 𝑒−𝑠𝑢
1

Γ(𝑐)
∫ (𝑟 − 𝑠)𝑐−1𝑟𝛾−1(𝑠 − 𝑟)𝜒−1

∞

𝑠

 

∑ ∑
ℎ𝑖𝑟𝜁𝑖

Πj=1
m Γ (𝜉𝑗 +

𝑖

𝛿𝑗
)

𝑤

𝑖=0

∞

𝑤=0

(𝑠 − 𝑟)𝑤−𝑖𝑢𝑤−𝑖

(𝑤 − 𝑖)!
 

   ×
1

2𝜋𝛽
∮ 𝜑(𝜆)𝑟𝜆𝑑𝜆𝑑𝑟 

= 𝑒−𝑠𝑢
1

Γ(𝑐)
∫ (𝑟 − 𝑠)𝑐−1𝑟𝛾+𝜁𝑖−1(𝑠 − 𝑟)𝜒+𝑤−𝑖−1

∞

𝑠

 

∑ ∑ 𝑓(𝑖)

𝑤

𝑖=0

𝑢𝑤−𝑖

(𝑤 − 𝑖)!

∞

𝑤=0

×
1

2𝜋𝛽
∮ 𝜑(𝜆)𝑟𝜆𝑑𝜆𝑑𝑟, 

where 𝑓(𝑖) is given in (12). 

Interchanging the order of integration and summation 

 = 𝑒−𝑠𝑢 ∑ ∑ 𝑓(𝑖)

𝑤

𝑖=0

𝑢𝑤−𝑖

(𝑤 − 𝑖)!

∞

𝑤=0

(−1)𝜒+𝑤−𝑖−1
1

2𝜋𝛽
∮ 𝜑(𝜆) 

× {
1

Γ(𝑐)
∫ (𝑟 − 𝑠)𝜒+𝑐+𝑤−𝑖−2𝑟𝜆+𝛾+𝜁𝑖−1

∞

𝑠

𝑑𝑟} 𝑑𝜆 

= 𝑒−𝑠𝑢 ∑ ∑ 𝑓(𝑖)

𝑤

𝑖=0

𝑢𝑤−𝑖

(𝑤 − 𝑖)!

∞

𝑤=0

(−1)𝜒+𝑤−𝑖−1
1

2𝜋𝛽
∮ 𝜑(𝜆) 

× 𝑊𝑠,∞
𝑐 𝑓(𝑠𝜆+𝛾+𝜁𝑖−1)𝑑𝜆. 

Theorem 3.2 Let   ∑ 𝑒𝑘 − ∑ 𝑒𝑘
𝑋
𝑘=𝑉+1 + ∑ 𝑓𝑘

𝑈
𝑘=1 −𝑉

𝑘=1

∑ 𝑓𝑘
𝑌
𝑘=𝑈+1 >0 and 0 ≤ 𝑉 ≤ 𝑋, 0 ≤ 𝑈 ≤ 𝑌, such that U,V,X 

and Y are non-negative integers along with equation (9) and 

its set of conditions (i)-(iii). Then, for every value of c, 

𝑊𝑠,∞
c {𝑦𝛾−1(𝑠 − 𝑦)𝜒−1𝑒−𝑦𝑢𝐸

(
1

𝛿𝑖
),(𝜉𝑖)

(ℎ𝑦𝜁) 

× 𝐻𝑋,𝑌
𝑈,𝑉 [𝑔𝑦𝜃(𝑦 − 𝑠)𝜙 |

(𝑎𝑘 , 𝑒𝑘)1,𝑋

(𝑏𝑘 , 𝑓𝑘)1,𝑌
]} 

=
(−1)𝜒−1

Γ(𝑐)
𝑠𝛾+𝜒+𝑐−2𝑒−𝑠𝑢 ∑ ∑ 𝑓(𝑖)

𝑢𝑤−𝑖

(𝑤 − 𝑖)!
(−1)𝑤−𝑖

𝑤

𝑖=0

∞

𝑤=0

 

𝑠(𝜁−1)𝑖+𝑤 × 𝐻𝑋+2,𝑌+1
𝑈+1,𝑉+1

 

[𝑔𝑠𝜃+𝜙 |
(2 − 𝑐 − 𝜒 + 𝑖 − 𝑤, 𝜙), (𝑎𝑘 , 𝑏𝑘)1,𝑋, (1 − 𝛾 − 𝜁𝑖, 𝜙)

(2 − 𝑐 − 𝛾 − 𝜒 − (𝜁 − 1)𝑖 − 𝑤, 𝜃 + 𝜙), (𝑏𝑘 , 𝑓𝑘)1,𝑌
] 

                                                                                          (13) 

where,  𝑓(𝑖) =
ℎ𝑖

Π𝑗=1
𝑚 Γ(𝜉𝑗+

𝑖

𝛿𝑗
)

 .        (14) 

Proof: Denoting the L.H.S of equation (13) by Ω 

Ω = 𝑊𝑠,∞
c {𝑦𝛾−1(𝑠 − 𝑦)𝜒−1𝑒−𝑦𝑢𝐸

(
1

𝛿𝑖
),(𝜉𝑖)

(ℎ𝑦𝜁) 

× 𝐻𝑋,𝑌
𝑈,𝑉 [𝑔𝑦𝜃(𝑦 − 𝑠)𝜙 |

(𝑎𝑘 , 𝑒𝑘)1,𝑋

(𝑏𝑘 , 𝑓𝑘)1,𝑌
]} 

= 𝑊𝑠,∞
𝑐 {𝑒−𝑠𝑢𝑦𝛾−1(𝑠 − 𝑦)𝜒−1𝑒(𝑠−𝑦)𝑢𝐸

(
1

𝛿𝑖
),(𝜉𝑖)

(ℎ𝑦𝜁) 

× 𝐻𝑋,𝑌
𝑈,𝑉 [𝑔𝑦𝜃(𝑦 − 𝑠)𝜙 |

(𝑎𝑘 , 𝑒𝑘)1,𝑋

(𝑏𝑘 , 𝑓𝑘)1,𝑌
]}. 

Now, replacing 𝑒(𝑠−𝑦)𝑢 with ∑
(𝑠−𝑦)𝑤𝑢𝑤

𝑤!

∞
𝑤=0  and using (4) and  

(7), we get 

Ω = 𝑊𝑠,∞
𝑐 {𝑒−𝑠𝑢𝑦𝛾−1(𝑠 − 𝑦)𝜒−1 ∑

(𝑠 − 𝑦)𝑤𝑢𝑤

𝑤!

∞

𝑤=0

 

∑
ℎ𝑖𝑦𝜁𝑖

Πj=1
m Γ (𝜉𝑗 +

𝑖

𝛿𝑗
)

∞

𝑖=0

× 𝐻𝑋,𝑌
𝑈,𝑉 [𝑔𝑦𝜃(𝑦 − 𝑠)𝜙 |

(𝑎𝑘 , 𝑒𝑘)1,𝑋

(𝑏𝑘 , 𝑓𝑘)1,𝑌
]} 

= 𝑊𝑠,∞
𝑐 {𝑒−𝑠𝑢𝑦𝛾−1(𝑠 − 𝑦)𝜒−1 ∑ ∑

ℎ𝑖𝑦𝜁𝑖

Πj=1
m Γ (𝜉𝑗 +

𝑖

𝛿𝑗
)

∞

𝑖=0

∞

𝑤=0

 

(𝑠 − 𝑦)𝑤𝑢𝑤

𝑤!
× 𝐻𝑋,𝑌

𝑈,𝑉 [𝑔𝑦𝜃(𝑦 − 𝑠)𝜙 |
(𝑎𝑘, 𝑒𝑘)1,𝑋

(𝑏𝑘, 𝑓𝑘)1,𝑌
]. 

Using (10), the above expression reduces to 

Ω = 𝑊𝑠,∞
𝑐 {𝑒−𝑠𝑢𝑦𝛾−1(𝑠 − 𝑦)𝜒−1 ∑ ∑

ℎ𝑖𝑦𝜁𝑖

Π𝑗=1
𝑚 Γ (𝜉𝑗 +

𝑖

𝛿𝑗
)

𝑤

𝑖=0

∞

𝑤=0

 

(𝑠 − 𝑦)𝑤−𝑖𝑢𝑤−𝑖

(𝑤 − 𝑖)!
× 𝐻𝑋,𝑌

𝑈,𝑉 [𝑔𝑦𝜃(𝑦 − 𝑠)𝜙 |
(𝑎𝑘 , 𝑒𝑘)1,𝑋

(𝑏𝑘 , 𝑓𝑘)1,𝑌
]} 

= 𝑒−𝑠𝑢 ∑ ∑ 𝑓(𝑖)

𝑤

𝑖=0

𝑢𝑤−𝑖

(𝑤 − 𝑖)!

∞

𝑤=0

𝑊𝑠,∞
𝑐 {𝑦𝛾+𝜁𝑖−1(𝑠 − 𝑦)𝑤+𝜒−𝑖−1 

× 𝐻𝑋,𝑌
𝑈,𝑉 [𝑔𝑦𝜃(𝑦 − 𝑠)𝜙 |

(𝑎𝑘 , 𝑒𝑘)1,𝑋

(𝑏𝑘 , 𝑓𝑘)1,𝑌
]}, 

where, 𝑓(𝑖)is given in (14). 
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Applying (1), the above expression takes the form 

Ω = 𝑒−𝑠𝑢 ∑ ∑ 𝑓(𝑖)

𝑤

𝑖=0

𝑢𝑤−𝑖

(𝑤 − 𝑖)!

∞

𝑤=0

{
1

Γ(𝑐)
∫ (𝑟 − 𝑠)𝑐−1

∞

𝑠

𝑟𝛾+𝜁𝑖−1 

(𝑠 − 𝑟)𝜒+𝑤−𝑖−1 × 𝐻𝑋,𝑌
𝑈,𝑉 [𝑔𝑟𝜃(𝑟 − 𝑠)𝜙 |

(𝑎𝑘, 𝑒𝑘)1,𝑋

(𝑏𝑘, 𝑓𝑘)1,𝑌
] 𝑑𝑟} 

= 𝑒−𝑠𝑢 ∑ ∑ 𝑓(𝑖)

𝑤

𝑖=0

𝑢𝑤−𝑖

(𝑤 − 𝑖)!

(−1)𝜒+𝑤−𝑖−1

Γ(𝑐)

∞

𝑤=0

{∫ (𝑟 − 𝑠)𝜒+𝑐+𝑤−𝑖−2
∞

𝑠

 

𝑟𝛾+𝜁𝑖−1 × 𝐻𝑋,𝑌
𝑈,𝑉 [𝑔𝑟𝜃(𝑟 − 𝑠)𝜙 |

(𝑎𝑘 , 𝑒𝑘)1,𝑋

(𝑏𝑘 , 𝑓𝑘)1,𝑌
] 𝑑𝑟}. 

Now, making use of (9) on the integral part of R.H.S, we get 

Ω = 𝑒−𝑠𝑢 ∑ ∑ 𝑓(𝑖)

𝑤

𝑖=0

𝑢𝑤−𝑖

(𝑤 − 𝑖)!

(−1)𝜒+𝑤−𝑖−1

Γ(𝑐)

∞

𝑤=0

 

𝑠𝛾+𝜒+𝑐+(𝜁−1)𝑖+𝑤−2 × 𝐻𝑋+2,𝑌+1
𝑈+1,𝑉+1

 

[𝑔𝑠𝜃+𝜙 |
(2 − 𝑐 − 𝜒 + 𝑖 − 𝑤, 𝜙), (𝑎𝑘 , 𝑒𝑘)1,𝑋, (1 − 𝛾 − 𝜁𝑖, 𝜙)

(2 − 𝑐 − 𝛾 − 𝜒 − (𝜁 − 1)𝑖 − 𝑤, 𝜃 + 𝜙), (𝑏𝑘 , 𝑓𝑘)1,𝑌
]  

=
(−1)𝜒−1

Γ(𝑐)
𝑠𝛾+𝜒+𝑐−2𝑒−𝑠𝑢 ∑ ∑ 𝑓(𝑖)

𝑢𝑤−𝑖

(𝑤 − 𝑖)!

𝑤

𝑖=0

∞

𝑤=0

 

(−1)𝑤−𝑖𝑠(𝜁−1)𝑖+𝑤 × 𝐻𝑋+2,𝑌+1
𝑈+1,𝑉+1 

[𝑔𝑠𝜃+𝜙 |
(2 − 𝑐 − 𝜒 + 𝑖 − 𝑤, 𝜙), (𝑎𝑘 , 𝑏𝑘)1,𝑋, (1 − 𝛾 − 𝜁𝑖, 𝜙)

(2 − 𝑐 − 𝛾 − 𝜒 − (𝜁 − 1)𝑖 − 𝑤, 𝜃 + 𝜙), (𝑏𝑘 , 𝑓𝑘)1,𝑌
]. 

IV. SPECIAL CASES 

In this section, we shall extend various succeeding 

corollaries. 

Corollary 4.1 Taking u = 0, h = 0 in (13), the exponential 

function and the multi-index Mittag-Leffler function reduces 

to unity. Also, substituting 𝛾 by 𝜆 + 1 and 𝜒 by 1, the result 

in (13) reduces to:  

𝑊𝑠,∞
c {𝑦𝜆 × 𝐻𝑋,𝑌

𝑈,𝑉 [𝑔𝑦𝜃(𝑦 − 𝑠)𝜙 |
(𝑎𝑘 , 𝑒𝑘)1,𝑋

(𝑏𝑘 , 𝑓𝑘)1,𝑌
]} 

=
1

Γ(𝑐)
𝑠𝜆+𝑐𝐻𝑋+2,𝑌+1

𝑈+1,𝑉+1 [𝑔𝑠𝜃+𝜙 |
(1 − 𝑐, 𝜙), (𝑎𝑘 , 𝑒𝑘)1,𝑋, (−𝜆, 𝜃)

(−𝑐 − 𝜆, 𝜃 + 𝜙), (𝑏𝑘 , 𝑓𝑘)1,𝑌
] 

(15) 

Corollary 4.2 Now on replacing  by  and  by , the 

result (15) further reduces to:  

𝑊𝑠,∞
𝑐 {𝑦𝜆 × 𝐻𝑋,𝑌

𝑈,𝑉 [𝑔𝑦−𝜃(𝑦 − 𝑠)−𝜙 |
(𝑎𝑘, 𝑒𝑘)1,𝑋

(𝑏𝑘, 𝑓𝑘)1,𝑌
]} 

=
1

Γ(𝑐)
𝑠𝜆+𝑐 × 𝐻𝑋+1,𝑌+2

𝑈+1,𝑉+1
 

[𝑔𝑠−𝜃−𝜙 |
(1 + 𝑐 + 𝜆, 𝜃 + 𝜙)(𝑎𝑘 , 𝑒𝑘)1,𝑋

(𝑐, 𝜙), (𝑏𝑘, 𝑓𝑘)1,𝑌, (1 + 𝜆, 𝜃)
]      (16)           

Corollary 4.3 Further, substituting – 𝜃 for 𝜃, (15) produces 

the following results accordingly 

for 𝜃 > 𝜙, 

𝑊𝑠,∞
𝑐 {𝑦𝜆 × 𝐻𝑋,𝑌

𝑈,𝑉 [𝑔𝑦−𝜃(𝑦 − 𝑠)𝜙 |
(𝑎𝑘 , 𝑒𝑘)1,𝑋

(𝑏𝑘 , 𝑓𝑘)1,𝑌
]} 

=
1

Γ(𝑐)
𝑠𝜆+𝑐 × 𝐻𝑋+2,𝑌+1

𝑈,𝑉+2
 

[𝑔𝑠−𝜃+𝜙 |
(1 − 𝑐, 𝜙), (1 + 𝑐 + 𝜆, 𝜃 − 𝜙), (𝑎𝑘 , 𝑒𝑘)1,𝑋

(𝑏𝑘 , 𝑓𝑘)1,𝑌, (1 + 𝜆, 𝜃)
]     (17)        

for 𝜃 = 𝜙, 

𝑊𝑠,∞
𝑐 {𝑦𝜆 × 𝐻𝑋,𝑌

𝑈,𝑉 [𝑔𝑦−𝜃(𝑦 − 𝑠)𝜙 |
(𝑎𝑘 , 𝑒𝑘)1,𝑋

(𝑏𝑘 , 𝑓𝑘)1,𝑌
]} 

=
1

Γ(𝑐)Γ(1+𝑐+𝜆)
𝑠𝜆+𝑐 × 𝐻𝑋+1,𝑌+1

𝑈,𝑉+1 [𝑔 |
(1 − 𝑐, 𝜙), (𝑎𝑘 , 𝑒𝑘)1,𝑋

(𝑏𝑘, 𝑓𝑘)1,𝑌, (1 + 𝜆, 𝜃)
]                

          (18) 

for 𝜃 < 𝜙, 

𝑊𝑠,∞
𝑐 {𝑦𝜆 × 𝐻𝑋,𝑌

𝑈,𝑉 [𝑔𝑦−𝜃(𝑦 − 𝑠)𝜙 |
(𝑎𝑘 , 𝑒𝑘)1,𝑋

(𝑏𝑘 , 𝑓𝑘)1,𝑌
]} 

=
1

Γ(𝑐)
𝑠𝜆+𝑐 × 𝐻𝑋+1,𝑌+2

𝑈+1,𝑉+1
 

[𝑔𝑠−𝜃+𝜙 |
(1 − 𝑐, 𝜙), (𝑎𝑘 , 𝑒𝑘)1,𝑋

(−𝑐 − 𝜆, 𝜙 − 𝜃). (𝑏𝑘, 𝑓𝑘)1,𝑌, (1 + 𝜆, 𝜃)
]          (19) 

Corollary 4.4 Lastly, substituting – 𝜙 for 𝜙, (15) produces the 

following results accordingly 

for 𝜃 > 𝜙, 

𝑊𝑠,∞
𝑐 {𝑦𝜆 × 𝐻𝑋,𝑌

𝑈,𝑉 [𝑔𝑦𝜃(𝑦 − 𝑠)−𝜙 |
(𝑎𝑘 , 𝑒𝑘)1,𝑋

(𝑏𝑘 , 𝑓𝑘)1,𝑌
]}  

=
1

Γ(𝑐)
𝑠𝜆+𝑐 × 𝐻𝑋+1,𝑌+2

𝑈+2,𝑉
 

[𝑔𝑠𝜃−𝜙 |
(𝑎𝑘 , 𝑒𝑘)1,𝑋, (−𝜆, 𝜃)

(𝑐, 𝜙), (−𝑐 − 𝜆, 𝜃 − 𝜙), (𝑏𝑘 , 𝑓𝑘)1,𝑌
]                       (20) 

for 𝜃 = 𝜙, 

𝑊𝑠,∞
𝑐 {𝑦𝜆 × 𝐻𝑋,𝑌

𝑈,𝑉 [𝑔𝑦𝜃(𝑦 − 𝑠)−𝜙 |
(𝑎𝑘 , 𝑒𝑘)1,𝑋

(𝑏𝑘 , 𝑓𝑘)1,𝑌
]} 

=
1

Γ(𝑐)Γ(1+𝑐+𝜆)
𝑠𝜆+𝑐 × 𝐻𝑋+1,𝑌+1

𝑈+1,𝑉 [𝑔 |
(𝑎𝑘 , 𝑒𝑘)1,𝑋,(−𝜆, 𝜃)

(𝑐, 𝜙), (𝑏𝑘, 𝑓𝑘)1,𝑌,
]

                                                                             (21) 
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for 𝜃 < 𝜙, 

𝑊𝑠,∞
𝑐 {𝑦𝜆 × 𝐻𝑋,𝑌

𝑈,𝑉 [𝑔𝑦𝜃(𝑦 − 𝑠)−𝜙 |
(𝑎𝑘 , 𝑒𝑘)1,𝑋

(𝑏𝑘 , 𝑓𝑘)1,𝑌
]}  

=
1

Γ(𝑐)
𝑠𝜆+𝑐 × 𝐻𝑋+2,𝑌+1

𝑈+1,𝑉+1
 

[𝑔𝑠𝜃−𝜙 |
(1 + 𝑐 + 𝜆, 𝜙 − 𝜃), (𝑎𝑘 , 𝑒𝑘)1,𝑋, (−𝜆, 𝜃)

(𝑐, 𝜙). (𝑏𝑘 , 𝑓𝑘)1,𝑌
]           (22) 
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