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A FractionalBoundary Value Problem with
w-Riemann-Liouville Fractional Derivative

Dehong Ji, Yitao Yang

Abstract—The fractional boundary value problem with derivatives are also discussed in the recent articles, for
Riemann-Liouville derivative with respect to a Kernel function  example in [27],4-Hilfer fractional derivative existed in a

»(t) was investigated by us. We used a technique calledjnioqro_differential equation was considered. The Katugam-
monotone iteration. The positive solutions for the fractional la fracti | derivati introd din 128

problem were found by us. Moreover, the iterative format was pola fractional derivalive was introduced In [28]. _
established. p-Caputo fractional derivative exists in the following frac-

tional initial value problem was discussed in Almeida et al.

Index Terms—Monotone iterative technique; Positive solu- [29]

tion; Riemann-Liouville derivative; A Kernel function (¢). Coroe
D 7x(t) = g(t, z(t)), t € [c,d],
a

I. INTRODUCTION

Ecause of the extensive use of fractional differential _ o . o
equation in the natural sciences, more and more scholarsn [30], the o-Riemann-Liouville fractional derivative ex-
are engaged in this aspect of research (see [1-21,32]). Nig# in the following fractional problem was considered.
let’s look at a simple but realistic example from mechanics, o _
in this model, the author used the fractional derivatives Dy "o(r) + f(7,0(7)) =0, 7€(0,1),
succe§sfully. Here we will display the behavior of certain v(0) =0, wv(1)=0,
materials under external forces. The laws of Hooke and
Newton is usually used to deal with this kind of problemwvherel < a < 2. In this article, Seemab et al obtained
in mechanics. Relationship between stregs) and strain the positive solutions for the above differential equation.
e(t) is our interesting topic. When we consider the viscoudnfortunately, the first order derivative doesn't exist in the

z(c) = ., xﬁ](c):xl [=1,2,---m-—1

c?

liquids, we usually choose the following tool f(x,v(z)) of the fractional differential equation of Seemab
P et al [30].
v(t) = EDC() @ In [31], the Caputo operator about the new functipties
here¢ is called the material constant. in a fractional boundary value problems was discussed.
v(t) = ED((1), (2) °Dl Yo(r) = f(r,0(r), 7€ led],
as you can see from t_he rel_ationship above, I—_|ooke’s_ law _is UEZ] © =0, 1=0,1, n—2; vz"” (d) = v,
a correct method for simulating the stress-strain relationship
of elastic solids. heren—1< g3 <n (n=[f]4+1), f € Cla,l)x RxR — R
Now, if we control the strain, we build a model, left) = andy®, v, € R, (k =0,1,---,n —2), y € C" *[a,b] SO
t whent € [0,T] for T > 0. Then we can have as toCDf:; Yy can exist. Moreovel,CD;”’+ ¥y is continuous
N Bt on the intervalla, b]. The authors got the unique solution in
v(t) = this article.
for an elastic solid and Sun [33] gave the solution for the Sturm-Liouville-like
problem

v(t) = & = const

/ / / _

with regard to a viscous liquid. We can reduce these equa- (@ () + a(7)f(r,v(7), v (7)) = 0, 7 € (0, 1),

tions to the following form v(0) — ' (€)

o(t

Y = eng))tk» (3) v(1) + Bv'(n)
herey, = E and;, = 7. In practical matters, whefi < The author utilized a technique called monotone iteration. In
k < 1, the equation (3) represent the viscoelastic materia/#lis article, Sun didn’t require the above equation has lower
In the references, we can find many definitions abo@fd upper solutions. The positive solutions were obtained

fractional derivatives, such as Riesz-Caputo derivative [26}nd the iterative schemes were established at the same time.
Hadamard derivative [24], Caputo derivative [22], Atangan/nfortunately, the derivative of this above equation in this

Baleanu fractional derivative [25], Riemann-Liouville derivaarticle is only of integer order.

tive [23]. Many other forms of generalizations of fractional On the other hand, most of the existing literature does not
consider the computational methods of the solution. Well,
This work is supported by the Natural Science Foundation of Tianjijere’s the problem: When the solutions exist, how can we
(N0.(19JCYBJC30700)). > d he ab its. in thi
Dehong Ji and Yitao Yang are with the College of Science, Tianjin UniverompUte them? Based on the above results, in this paper,
sity of Technology, Tianjin 300384, China ( E-mail: jdh200298@163.comjhe Riemann-Liouville derivative with respect to a Kernel

0,

0.

Volume 50, Issue 4: December 2020



IAENG International Journal of Applied Mathematics, 50:4, IJAM_50_4 24

function ¢(¢) existsin the following fractional problem was Lemma 2.1 Supposgy is continuous which is defined on

discussed. [0,1] and2 < 8 < 3. The following fractional problem
DS Pu(t) + g(t,o(t),v'(t) =0,  t€(0,1), (4) Dy fu(t)+g(t) =0, te(0,1), (6)
v(0) =0, '(0)=0, v(1)=0, () v(0) =0, v'(0)=0, v(1)=0, )

where2 < a < 3. Moreover, the function : [0,1]x[0,00)x  Nas & solution which is unique as following

(—o00,0) — [0, 00) is continuous and the following function 1 ,

which is increasing strictly satisfies: [0,1] — [0,1], » € v(t) :/0 G(t,s)¢'(s)g(s)ds, (®)
C?[0,1], ¢'(z) #0 z € [0,1] and (o — 1)¢'(t) < 1. We

got the positive solution which is monotone and iterative f(nere

the above differential equation. (p(1) = p(s))~*
Let’s take a look at the layout of this article. In Section A(t) _L(Qp(t) — ()1,
1, we give a descriptive introduction. Some theorems an& (%, s) = 0 (t)
definitions about>-Riemann-Liouville fractional integral and Oss=st=<l,
derivative are presented in section 2. At last, the iterative (e(1) —p(s)7"t, 0<t<s<l,
positive solution for (4), (5) is considered. (T (1))51 ©)
with T(t) = p(t) — »(0) and A(t) = TANF=T
Il. PRELIMINARIES Proof: First, we presume the fractional problems (6),

We now present some definitions, notations and results @ nas & solution(¢). Then, from Theorem 2.1, we can get
Eiema:r}n-Li?uviIIt(-:‘t)integraI and derivative with respect to a () = ¢;(p(t) — ¢(0))°P~! + Cg((p(t) — (0))8~2

ernel runctiony(t). +e (@(t) _ S0(0))ﬁf3 7 wg(t).

Definition 2.1 [29] Now suppose that — 1 < § < n. ° ] ) o )
we gave a functiong € [c,d] which is integrable and ¢z = ¢s =0 can be obtained just from the relationf)) =
¢ € C"e,d], ¢'(t) # 0 an increasing differentiable func-0; ©'(0) = 0. Thus,

tion. Here’s the definition fop-Riemann-Liouville fractional o(t) = e1(p(t) — p(0)P1 — 12 2g(t).
integral ofg 0
- Similar to [30], we have (8), (9) hold. [ ]
Ifﬁ’g(az) — L/ ©'(8)(p(x) — @(s))° 1 g(s)ds. Lemma 2.2 We can conclude that the functio@(t, s)
LB) Je described in (9) matches the following relationship.

Definition 2.2 [29] Now suppose that — 1 < 3 <n. o 1. G(t,s)>0forall t,s € (0,1); 5
is given just as definition 2.1. Assume that: [a,b] — 2  Forge (0,1), max G(t,s) < (p(1) — ()"

R is a function which is integrable. Here’s the definition t€f0,1] - L@E)(Y()e-t
for Riemann-Liouville derivative with respect to a KemeP- For s € (0, 1), there exists a positive function which
function ¢ (¢) as follows can make the following relationship hold:
n min G(t,s) > w(s) max G(¢,s); (10)
o) = () B o A
a T a
1 L Jd\" 4. Forse (0,1),
T —p)\¢'w) dt 9G(t,5) _ (p(1) = p(s))"! ,
Sy #'(s)(e(x) — ()"~ g(s)ds. telon] Ot = (Y(1)P—D(5 — 1) telon] © (t). (1)
Let o, 8 > 0, then the relation Proof: The proof of the properties 1.2.3 are given in
7o @B h(z) = Jots ®h(z) [30], now we prove the property 4. From (9), we have
at Tat — Tat :
N (¢ _
holds, T3 (1) = (s
Definition 2.3 [29] Let 3 > 0. ¢ € C™[c,d], ¢'(t) > 1 5—2
0 and¢/(t) # 0, t € [c,d]. Supposeh € C™ L[, d], here’s 0G(t,s) _ T(B-1) (p(t) = ()77 (1),
the definition forp-Caputo fractional derivative of ot 0<s<t<l1,
N(t) _
n—1, [k] _ B-1
hl(e (p(1) —¢(s)”", 0<t<s<L
CDR#(w) = D2 * (o) - 3= "5 D olo) - (), T .
h=0 2< B<3, ¢(t) >0 imply that
heren =[]+ 1if &N, n=p1if g€ N. n
Theorem 2.1[29] Let h : [¢,d] — R. The following 0G(t,5) < (t)( (1) — p(s))P !
: o T Y
results are valid. 82 61
1. Supposer € C[c,d], we have® D” #1° #h(x) = h(z) _ (p() = 0(0)"2(p(1) = ¢(s)) o (1)
2. Supposer € C™~ (¢, d], just we get (D) (T((l))))é:lll“(ﬁ -1)
p) — s ’
n—1, [] < o s max o' (t)
12, ©D2 (@) = h(e) — 3 22D (@) — ()" (XD = 1) eele
‘ ‘ k=0 k' u
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1. MAIN RESULTS So, from (17) and lemma 2.2, the following relations hold.

We define the norm

1
[[o]l = { max fo(r)], max [o(r)]}. ‘(AU)(t)‘ = / G(t,5)¢'(s)g(s,v(s),v'(s))ds
7€[0,1] 7€[0,1] 01
Thus we haveF = C''[0,1] is a Banach space in the above < / G(t,5)¢'(s)|g(s,v(s),v'(s))|ds
norm case. 01
Let K C E defined by < / G(t,5)¢'(s)|g(s,b,b)|ds
0
1
K={vek: v(t)>0, 0<t<1}. (13) < m[(z)ui] G(t, s)¢'(s)|g(s,b,b)|ds
o t€lo,
Forv € K, the operatord is given by the following relation <B (1) = @(sﬁ)zﬁlfl o (5)ds
1 o (p(1) = (0))~1T(5)
(Av)(t) = / G(t, s)¢' (s)g(s,v(s),v'(s))ds.  (14) bL(B+1) (1) —¢(0)
0 ~ (1) —9(0) T(E+1)
Obviously, ifv(t) satisfies the relation = Av, then we can =b. 18
say the fractional problem (4), (5) has a solutig(). (18)
Lemma 3.1[30] Operator relatio™ : K — K described L ac(t
by (14) is a completely continuous operator. ’(Au)'(t)’ = / é ) ©'(8)g(s,v(s),v'(s))ds
Denote 4 !
IG(t,s) , ,
B wm { bL(3+1) bAT (3 — 1) } S T (s)|g(s,v(s),v'(s))|ds
= min .
1) — ¢(0)’ 1) — ¢(0)) max ¢'(t 1
p(1) = 2(0)" (p(1) = (0)) max ¢'(t) - / aGéi, %) ()| g5, b)‘ds
Theorem 3.1 Suppose that we can find a numlder 0, 3 oG(t,s)
satisfies < s T (s)|9(s,b,b)|ds
(Hy) g(t, p1, 1) < g(t, po, v2), if 1 (so(l)—sD(S))ﬁ’lorgggl ¢'(t) /
0<t<1, 0<m<m<b 0l <luml<b <5/ - o' (s)ds
(H ) max (t b b) < B: 0 (90(1) - 90(0)) P(ﬂ - 1)
2 Ogtglg s Uy = ’ < bﬁF(ﬂ— 1)
(Hs) 9(t, 0, 0)#0if 0<t<1. ~ (p(1) = (0)) max ¢'(t)
Thus there is a positive solutiart € K for equation (4),(5). ((1) = ¢(0)) 022 ¢'(t)
Moreover, thev* satisfies b BT(B—1)
0<v*<b 0<|(¥*)|<b. - 7 B (19)
Furthermore, This meansd : K, — K. Let
li = lim A"y =v"
e vo(t) = b(Y(£)P 1, 0<t<l.
lim (v,) = lim (A"vg) = (v*)
e e Then
here

vo(t) = b(0 ()7~ = b(p(t) = (0))°~", 0<t<1. pi() = b((T(E)P) = b(B—1)(T(£)P 2/ (t), 0 < t < 1.

Proof: Set
2<B<3, ¢:[0,1] = [0,1] and (8 — 1)¢'(t) < 1 imply
Ky = {ve K| ol <b}. that
Then we are going to explaid : K, — K. )
Let v € K, just we have 0<w(t) <b, 0<|y(t) <0
0 <o(t) < max [o(t)] < [lo] <b, (15) : — .
0<t<1 We definer, = Avy, thusvy € K, we write
< |'(t)] < "] < <b.
0<[/(8)] < max [v'(5)] < o <b. (16)

Upi1 = Avp, = A"y, (n=0,1,2,---). (20)
We can get the following relationship just from conditions

(Hl) and(Hg). o )
We can conclude that, € AK, C Ky, n=0,1,2,--- just

< / < < 7
0 <g(t,u(t),v'(t)) <g(t,bb) < Orggglg(t, b,b) a7) from A: K, — Kp.

< B. There aists a sequentially compact sgt, }. , precisely
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becauseA is acompletely continuous operator, therefore,

"(5)g(s,v0(s), v (s))ds

g(s,b,b)

< / G(t, 5)¢/(5)

(1) = ¢(s))° 71/ (s)ds

—1¢(1) — ¢(0)
(Y (1))’ BCEDE

@)
@1 =) ()
BCU5) o s)g(s, (), () ds

vo(s))

ds

IG(t, s)
ot
OG(t, s)
ot

©'(5)|g(s,vo(s), ds

©'(s)

9(s,0,b)

—o(s)7"

((T(t)) )
B)(p(1) -

Then wehave
n(t) < vo(t),
Thus,
va(t) = Avi(t) < Avp(t) = 11 (t),
o (t)] = [(An)' (1)] < [(Aro)' (1))

We can find

Vn+1 S Vn,

just by mathematical induction. Thus, there existsc K,
satisfiesy,, — v*. If we choosen — oo in (20), we have
Av* = v* becaused is a continuous operator.
Supposegy(t, 0, 0) #0, 0 <t < 1, then (4),(5) has no
zero solution. Therefore, (4),(5) has a solutigh which is

positive on|0, 1]. [ |
Denote
B, — mm{ bL(B+1) biBT(B — 1) }
P(1) = 9(0)" (p(1) = ¢(0)) max (1) J*

Corollary 3.1 Except for(H,), (Hs) hold, we can find

numbershy, b, ---, b, Which satisfy0 < by < by < --- < by,
moreover,
(HQ) maX g(t bmabm) <B,, m=12--n
specially,
lim max g(t,0,by,) =0, m=1,2---n.
1= +o0 0<t<1

Thus there are 2n positive solutiof), € K, m =1,2,---,n
for equation (4),(5). Moreover, the’, satisfy0 < v}, <

bm, 0 < |(v
where

Ving (1) = b (Y ()77 = bin((t) — 0(0))7 1,
Proof: The iterative schemes in Corollary 3.1 are

)| < by and lim v, = lim A"y, = v}

mo
n— o0 n— o0

0<t< 1.

Umy = AUmgs Umy = AUy, = A2I/m0,

— — n — —
an+1_Aan_AVmo7 m—172,"-,7’l/—1,27~--
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