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On the Existence of Saddle Points for
[1-Minimization Problems

Yuefang Lian, Jinchuan Zhou*, Jingyong Tang, Xia Liu

Abstract—The sparse optimization problem has a wide range
of applications in image processing, compressed sensing, and
machine learning, etc. It is well known that [/;-minimization
problem plays an important role in studying sparse optimization
problem from theoretical and algorithm aspects. In this paper,
we mainly study the existence theory on saddle points for ;-
minimization problem. Firstly, to overcome the nonsmoothness
of [;-norm, we translate /;-minimization problem to an opti-
mization programming with linear cost function by introducing
new variable. Secondly, based on a new augmented Lagrangian
function, the relationship on saddle points between the primal
problem and the translated problems, associated with their
duality problems, is established. It allows us to establish local
saddle points by taking into account of second-order sufficient
conditions. Finally, global saddle points is established by using
two different approaches. One is requiring that the optimal
solution is unique. This assumption can be further removed
in our another approach by using the perturbation analysis of
primal problem.

Index Terms—Saddle points, augmented Lagrangian func-
tions, /;-minimization problems, dual problem, perturbation
analysis.

I. INTRODUCTION
C ONSIDER The following [;-minimization problem
(P

]2

gi(z) <0,i=1,2,....,m,
hi(z) =0,j=1,2,...,1,
e X,

) min

s.t.

n
where [|z|; :== Y x|, s :R* >R fori=1,...,m, h;:

R™ — R for j Z:_ll, ..., [ are twice differentiable functions,
and X is a nonempty closed set in R™.

The [;-minimization problem has been attracted a lot of
attentions after introducing by Chen, Donoho and Saunders
[5] to tackle the NP-hard /y-minimization arising from signal
and imaging processing. How to seek a sparse solution
has become a common request in many scientific areas.
Hence, due to its capability for locating sparse solutions,
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l1-minimization has found numerous applications in pattern
recognition, machine learning, computer vision, etc. The re-
lation between [yp- and /- minimization, stability of solution
sets, reweighted [;-methods, dual-density-based /1-methods,
and other related theory, algorithm, and applications can be
found in [1], [2], [9], [28], [29], [30], [31] and references
therein.
The Lagrangian function of (P) is

i=1

m l
Lz, M) = ||zl + D Nagil@) + Y pihi(a),
j=1

where A € R and p € R'. The dual problem (D) is

(D) max O(\ p) = in;f(ﬁ(w,)\,u)
S

st. A>0.

The duality theory provide a theoretical foundation for devel-
oping various algorithms which are widely used in practical
applications, e.g., [8], [14], [22]. The strong duality theorem
(i.e., the zero-duality gap property between the primal and
dual problems) can be obtained under convexity assumptions.
Unfortunately, a nonzero-duality gap maybe arise for non-
convex programming as using the above Lagrangian. This
drawback has been solved by adding an augmented term
to the classical Lagrangian function, referred to augmented
Lagrangian functions. For example, in [15], the augmented
function is requiring to be convex. This assumption imposed
on augmented function was further weakened to be non-
convex, level-boundedness, or even valley-at-zero property;
see [3], [34] for more information.

In recent years, by introducing different augmented La-
grangian functions, saddle points theory has been established
for various types of optimization problems, such as nonlinear
programming [6], [16], [23], [24], [33], second-order cone
programming [12], [26], [32], semi-definite programming
[10], [13], [19], [20], [25], [27], cone programming [7], [18],
[35], semi-infinite programming [4], [11], [17]. Compared
with the above existing results, it should be pointed out
that /;-minimization belongs to non-smooth optimization
problems, due to the non-smoothness of /;-norm. Hence,
the existing results cannot be applied to [;-minimization
directly. The main aim of this research is to fill up this gap,
i.e., studying the existence theory on saddle points of [;-
minimization problem (P). Our main contributions are listed
as follows.

i) To overcome the non-smoothness caused by /1-norm,
we translate the primal problem (P) to a new problem
(P’) by introducing a new variable. The main advan-
tage of this transform (P’) is that the local saddle
points can be established by second-order sufficient
conditions.
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ii) Develop the relationship of saddle points between (P)
and (P’). Our research shows an interesting fact: the
saddle point of (P’) can ensure that of (P), while the
converse statement maybe false unless some assump-
tions are added.

iii) Establish the global saddle point by using two different
approaches. One is requiring that the optimal solution
is unique. This assumption can be removed in our
another approach by using the perturbation analysis of
primal problem.

The paper are organized as follows. Section II deals
with saddle points for /;-minimization problem with linear
constraints. In Section III, we discuss the relationship of
saddle point between £ and L,. Section IV studies saddle
points of [;-minimization problem with nonlinear constraints.
Conclusion is given in Section V.

II. SADDLE POINTS WITH LINEAR CONSTRAINTS

We first study the following /1 -minimization problem with
linear constraints.

Let B € R™*" C € R™m2*" D € R™3*" be three given
matrices with mq + mg + m3 < n, and b € R™,¢c € R™2,
d € R™3 be three vectors, respectively. Consider

min{||z||; : Bz > b,Cz < ¢, Dz = d}. )]
Denoted by F the feasible region, i.e.,
F:={x € R"|Bz > b,Cx < ¢,Dx = d}.

Any polyhedron can be represented by finite linear equality
and inequality in this way.

At a reference point z*, some inequalities among Bz* > b
and Cz* < ¢ might be binding. Let us use the index sets
Aj(z*) and A; (x*), respectively, to record the binding and
non-binding constraints in the first group of the inequalities
Bx >0, ie.,

Ay (z¥) = {i: (Bz™); = b},
Ai(z*) :== {i: (Bx™); > b},

and the index sets for the second group of the inequality
Cz <eg, ie.,

Ag(z*) :=={i: (Cx™); = ¢},
Ag(z*) = {i: (Cx™*); < ¢}

By introducing a € RY"* and 8 € RY"?, (1) takes the form

min{||x||1 :
x

The following result is based on complementarity theory of
linear programming.

2

Bxr—a=0bCx+ 8 =c,
Dr=d,aa>0,6>0 '

Lemma 1. (see [28], Lemma 2.4.1). At an optimal solution
x* of the problem (1), there exists «*, 3* such that

af =0 Vie A (z¥)

of = (Bx*),—b; >0 Vie A (z*) 3)
¥ =0 Vie Ay (z¥)

B =c;—(Cz*), >0 Vie Ay (z*).

By introducing u,v,t € R, where t satisfies |z| < ¢,
the problem (2) can be written equivalently as a linear
programming

min el't
(@,tu,v,0,8)
s.t. Br—a=0b Cx+p=c, Dr=d,

r+u—1t=0, x—v+t=0, @)
(t,u,v,a,ﬂ) ZO

The Lagrangian dual problem (4) in terms of the variables
R, .., h®) is given as follows

(DP)
max bIR2 + Tht +dTh?
(h1,....h5)
s.t. h'+ 1%+ BTh3+CTh* + DTH® =0,

—ht+h?<e,
(h*, —h?,—h% h*) > 0.

Here x is the key variable of this problem, because the
remaining variables (¢, u,v,«,3) can be determined by z.
This point is illustrated by the following result.

Lemma 2. (see [28], Lemma 2.4.4).
@) If (z*,t*, u*,v*, o*, B*) is an optimal solution of
the problem (4), then

and o*, 5" is in (3).

(i)  x* is a solution to the problem (1) if and only if
(a*, |z*|, |z*| — =*, |a*| + x*, o*, B*) is a solution
to (4), where (a*, 3*) is in (3).

The existence theory of saddle points with linear con-
straints is given below by using the duality theory of linear
programming.

Theorem 1. The saddle point for li-minimization problem
with linear constraints (1) exists if and only if primal problem

(4) is feasible.

Proof: Note first that the problem (4) is linear program-
ming and the objective function is bounded from below.
Hence the optimal value of primal problem (4) is finite
whenever the feasible region is nonempty. It ensures the zero-
duality gap between LP problem (4) and dual problem. H

ITI. RELATION OF SADDLE POINTS BETWEEN £ AND Lo

In this section, let us consider the saddle point of (P) with
nonlinear constraint. Define

u(z,t):=x—t and v(x,t) :=—x —t.

The problem (P) takes the form

(P min el't
(,t)
st. gi(x) <0, 1=1,2,....m
h](‘r):07 3_1727 7l
uk(x,t)SO, k:1727 y TV
’Uk(l',t)go, k:172a )
reX.
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Note that the objective function in (P’) is linear. The
relation between optimal solutions of (P) and (P’) is given.

Lemma 3. (1)  If (z*,t%) is a solution of (P
equals to |z*|.
(il) ™ is a solution of (P) if and only if (x
a solution of (P").

"), then t*
* |z*]) is

To deal with non-convex optimization problems, it natural-
ly needs to use an augmented Lagrangian function, instead of
the classical Lagrangian. Here we propose two generalized
essentially quadratic augmented Lagrangian functions for
(P) and (P/), respectively,

£1(£L', Avﬂv C)

1
=l + D byl

Jj=1

b3 o
il b(cgi(z
261:1 9

and

,Cg(.lf, t7 /\a /J/,f, 7, C)

#3 A e, €1}
. > {6 (e 0)ml, — ot}

where (A, 11,€,m,¢) € RT xR x R x R? x R4y and ¢ :
R x R — R is required to satisfy
(A1) convex and twice continuously differentiable,
(A2) ¢(0,0) = (1,1), 6(0,9) =y, Vy € R,
(A3) (bx(xvy) > Oa vy eR.
Clearly, ¢(z,y) := = + y satisfies the above assumptions. In
this special case, £; for ¢ = 1,2 reduces to the essentially
quadratic augmented Lagrangian.

The Lagrangian dual problem of (P) and (P') are pre-
sented as below

(D) I§1>3‘X Q(A n,c ) = zlgg‘( El(l‘,A,/J/,C),
and
D’ max O(\ ,C),
(D) MWO( 1€, )
where
0 = inf t .
()‘a,uvganvc) (:r,t)ler}(XlRi ‘CQ(I7 a)‘vﬂagvnac)
Note that

EQ(xat,Aa,Uﬂgan?C)
= eTt_ ||{EH1—|—£1(.’17,)\,/14,C)
n 2
4L [(¢(Cuk($7t)7§k))+ - Eﬁ}

2c
k=

+2ic 3 [(gb(cvk(x,t), 771<)>j_ - 7)13} @)

k=1

The assumption on ¢ ensures the monotonicity of ¢(x,y) in
z. Hence if

(C“k( |z]), fk) < &, ¢<Cvk(ﬂ3a |33|)J)k) < M,

then
[0 (cunta o), )] — € <0
and
[o(cunte, bl me)] 2 <.
Thus
Lo(z, |z|, A p, §m.e) < La(z, A pyc)
= Lo(z, 2], A 11,0,0,¢). (6)

Definition 1. A solution (z*,\*, ;) € X x R? xRl is a
global saddle point of Ly, if there exists some ¢ > 0 such
that for all (z, )\, p) € X x RT x R,

[’1 (33*’)\7M70) < ‘Cl (.13*, A*,M*,C) < ‘cl (Z‘,/\*,/J/*,C) 5
@)
If the above inequality holds by restricting (x,\,pu) €
X N N(z*,6) x R? x R, where N (z*,0) :=
{z e R"|||lx — z*|| < &}, then (x*,\*,p*) is said to be a
local saddle point of L.

Note that the saddle point is also dependent on the pa-
rameter c. But for simplification, we omit it in the following
analysis. It does not cause any confusion from the context.

Lemma 4. If (z*, \*, u*) is a local (global) saddle point of
L1, then x* is a local (global) optimal solution of (P) and

El(iE*J\*,M*,C) =

2" ][x-

Proof: If (x*, \*, u*) is a local saddle point of £y, by
definition there exists 4 > 0 such that for all x € z* + 0B
and A € R,

El(x*,)\,u,c) < ‘Cl(x*a)‘*vu*ac) < ﬁl(x7>‘*v/u'*>c)' (3)

If =* is infeasible, then we need to consider the following
two cases.
Case (a): 3i € {1,...,
into account of convexity of ¢, we have ¢(cg;(x
cg;(z*) + XA; > 0, and hence

2

Sa0)"
+

(ot )’
D)) -

AT
) + 2ehigi(x ))]

> [cgz
— as \; — oo.

m} such that g;(x*) > 0. Taking

Case (b): 35 € {1,2,...,

2o [ (dteatan)n). =22 =0

I} such that h;(z*) # 0. Then

and
wihi(z™) + zhj(x*) — 0o as pj — oo.
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The above two cases both yield a contradict with the finite-
ness of L£q(z*, \*, u*, ¢). Hence x* is feasible.
According to the first inequality in (8), we have

»Cl(x*aA*nU’*aC) > »Cl(x*v()vM?C) = ||1'*||1a

where the equality is due to the feasibility of «* as shown
above. It then further implies

(dleastem), ) = ()% ©

The feasibility of «* means

2
(6(equta) X)), < ()™ (10)
Putting (9) and (10) together yields
2
(Sleaian). X)) =)
Hence
Li(x™ X pw"e) = ||a*1. (11)

Let us use the second inequality in (8) to show the local
optimality of z*. For any feasible point z satisfying z €
z* + 0B, according to (11) and the second inequality in (8),
we have

2]l < L2, A%, 1%, ¢) < |1

So z* is a local optimal solution.

By a similar argument, we can show that =* is a global
optimal solution, provided that (z*, \*, u*) is a global saddle
point of L. ]

The similar argument is applicable to Ls.

Corollary 1. If (x*,t*, \*, u*,£*,n*) is a local (global)
saddle point of Lo, then (x*,t*) is a local (global) optimal
solution of (P’), and

= |z*| and Lo(x™,t", N, u*, &%, 0", c) = [lz” 1.

Proof: Following the argument given in Lemma 4, it
is readily obtaining that (z*,¢*) is a local (global) optimal
solution of (P’). Furthermore, according to the special
structure of (P’), t* = |2*| by Lemma 3. |

We next turn attention to study the relationship of saddle
point between £1 and Lo.

Theorem 2. If (x*,t*, A\*, u*,&*,n*) is a local (global)
saddle point of Lo, then (x*,\*,u*) is a local (global)
saddle point of L4.

Proof: If (z*,t*, \*, u*,&*,n*) is local (global) saddle
point, then by Corollary 1 (z*,t*) with t* = |z*| is a local
(global) optimal solution of (P’). Hence, by Lemma 3 (ii)

*

x* is a local (global) optimal solution of (P). So
[(oteaitemr 20 - 7]
[(dlewte,),60)” ~ @)

= [(otennte ) m) . — ]
0.

This implies £ (z*, \*, p*,¢) = ||z*||1. Thus

El(x*7A7M7C) < Hx*”l = £2<x*’t*>/\*a/~”*7£*vn*a0)

< 52(95775;/\*’M*7f*a77*70)-
In particular, letting ¢t = |z| we obtain

£1(JI*,)\,M,C) < LQ(xv |$|v)‘*7ﬂ*7€*v77*7c)
S £1($,)\*7M*,C>7
where the last step is due to (6). [ |

However, the converse statement of Theorem 2 needs to
modify a little by restricting the region of (x,t).
Theorem 3. If (z*,\*) is a local (global) saddle point of
Ly, then (x*,t*, \*,&* n*) with t* .= |z*| and & =n* =0
is a restricted local (global) saddle point of Lo over I' :=

{(z,1)
EQ(I*at*a A,M,E,’I],C)

S £2($*7t*a)\*7ﬂ*,§*777*70)
< £2(x7ta)‘*7u*a€*7n*7c)a
whenever (z,t) € T and (A, p,&,n) € RT xR x R? x R

Proof: Since xz* is feasible and ¢*

(6teait™), ) —2 <0, (dlemnta®, ),6)) ~€ <0,

= |z*|, we have

2
(slevnta™,t)m0)) —ni <0,
Note that

(gb(cuk(x*,t*),O)) — (qﬁ(cvk(z*,t*),()))

+

=0.
+

Hence

Lo(z™,t", N\, &mc) < La(a™, A", 1", ¢)

= EQ(.’B*,t*7)\*,M*,0,O,C),

On the other hand, since £&* = n* =0 and (z,t) € T, (i.e.,
t > |z|), then
2
((eus(.0).60)) — (€0 =0,

2
(6(evn(a.t).ni)) — (i) =0,
This implies

Lo(z, t, \*,1%,0,0,¢) = elt+ Li(z, N, 1", ¢) — ||lz|1
> £1($*7>\*,M*,C)
= £2(x*7t*aA*aN’*707076)'
| |

The existence of saddle point between £, and Lo is not
exactly equivalent to each other. However, we can obtain the
saddle point of £, by that of £; if some added assumptions
are improved.

Theorem 4. If (x*, \*, u*) is a local saddle point of L1 and

I(z*) == {klzf = 0} =0, then (x*,t*, \*,u*, ", n*) is a
local saddle point of Lo where t* :=

. (1 ar>o, . [0 ai>o,
5k'_{ 0 a<0, and ”k'_{ 1z <.

* gk

Proof: According to the formula of £* n*, t* = |x
and the property of ¢, it is easy to see

(dleunter,),60)) . = €0
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(¢(cuk(x*7t*),n;;))j = mp)% VE=1,...,n.
Using (5), we obtain
Lo(a™, 15, X u™, 675m", )
Furthermore, using (6) yields
Lo(a™, 8", A p, €y ¢) < Lo(a™ 15, N, 1", €5,m% ¢).

For k € {1,...,n} be fixed and 2 > 0, as (zy, ;) near
(x%,t%) by using the convexity of &, i.e., ¢(cux(z,t),1) >
cup(z,t) + 1, we have

oo [ (dtente.0.6)) - @]
o[ (oteunte0.m) | = 027] — bl + 1
- zi[( é(cux (@, b), 1))2+ - 12]
+2i[(¢(cuk(x 0, O))H .
%[( d(cup(z, 1), ))2—1} ~ (ke — 1)
Kcuk 1) )2 - 1] ~ (ax — )

= La(2" p" A 0) = 271

(12)

Y

2¢
> 0. (13)

By symmetrical argument, if x}, < 0, for all (zy, tx) near
(x5 1),

1 2

oo (eleun(a..60)) — (&) +

1 2

oe | (Glevnta ) ) = 0)?] = fa + ta

> 0. (14)
Hence
Loz, t, A", 1", &5 n"c) = Lai(a", A", p",c) (15)

= £2(x*at*7A*7,U/*7£*an*aC)7
in which the first inequality is due to (5), (7), (13),
(14). Combining (12) and (15) together yields that

(™, t*, \*, u*, €5, n*) is a local saddle point of Lo where
t* = |z,

L 1 $Z>Oa * 0 JCZ>O,
5k'_{0 up <0, ™ ”k'_{ 1 2 <0.
This completes the proof. ]

IV. SADDLE POINTS WITH NONLINEAR CONSTRAINTS
A. Local saddle points

Assumption 1. (Second-order sufficiency conditions) For
s* = (z%,t*), denote I(z*) = {ilgi;(z*) =0},
Uz*t*) = {klup(a*,t*) =0} and V (z*,t*) =
{klvg(z*,t*) =0} .

(1) N >0, u*, £ >0, and n* > 0 such that

2t AfVgi(*)+

0 = o1 1 V(") + € =
e=& =

0 Afgi(x*), Vi=1,...,m

0 = &up(z*,t*), Ye=1,...,n

0 = niop(z*,t*), Vk=1,...,n

The Hessian matrix
V(r t)‘c(x*at*vA*,N*vg*vn*aC) = (16)
(N)TF2g(at) + (1) TV?h(a") 0
0 0
is positive definite over the following set
Vh; (z*)" d =0,
Vgi (JJ*

(i)

j=1,2,...,1,
i€ J(z%),
ie J'(z*),

<4
Qo
o o

IN

(
Vuy, (z*, t*

SVEESTE Y

4 44T

=N
IN A

8
*
~+
*
—_—

where
={ieI(z")|A] >0},
(w*):= {i € I(z")|\] =0},
1(z*, %) = {k e U (z*,t*) |& > 0},
1 (@, t7) ={k €U (a",t") | = 0},
o (2, t7) :=={k € V (z",t") [n; > O},
K (z*,t") :=={k € V (a*,t") |n;; = 0}.

Similar to the proof in [21, Theorem 2.1] except for some

technical details, we can obtain the following result.

SRR

Theorem 5. If Assumption 1 holds at s*
(x*’ t*7 )\*7 /“'L*’ 6*7

= (z*,t*), then
n*) is a local saddle point of Ls.

B. Global saddle points

According to Theorem 2 the saddle point of £, exists
whenever the saddle point of £y exists. Thus, it firstly needs
to study sufficient conditions for existence of saddle point of
Lo.

For any constant o > 0, let

ze X, |hj@)<a, j=1,...,1

gi(z) <a,i=1,...,m;
uk(x,t)gawk(a:,t)ga, k=1,...,n

S(a) =< (x,t)

Clearly, S(0) is the feasible set of problem (P’). Denote
S* as the set of the optimal solutions to problem (P’). The
perturbation function is

Br(a) = inf{e’t| (z,t) € S(a)}.
Clearly, 87(0) = val(P). Let

U(a) := {(z,t)|z € X,e"t <val(P) + a}.

Throughout the rest of this section, unless stated otherwise,
we assume that S(0) # ().

In the following analysis, we study global saddle points
under two different approaches.

1) Unique optimal solution: If the primal problem has a
unique solution, then we can obtain the following result.

Theorem 6. Suppose that the primal solution has a unique
solution x*. If X is compact and Assumption 1 holds at x*,
then (x*,t*, \*, u*, &, n*) is a global saddle point of Ls.

Proof: According to Assumption 1 and Theorem 5,
Jeg > 0,0 > 0 such that (z*,¢*, \*, u*, &, n*) is local
saddle point for all ¢ > ¢y, i.e.,

£2 (x*at*a)‘7ﬂa§7n7c)
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S £2 (.’E*,t*,)\*,//b*,f*,n*,C) (17)
S EQ ($;t7>\*>ﬂ*7f*77]*a0)7

by requiring that (x,t) belongs to the neighborhood
N((z*,t*),d). In what follows we claim that by increasing ¢
the second inequality in (17) holds even if (z,t) € X x ™.

Since by Lemma 3 (z*,t*) is a unique optimal solution
of (P’), i.e., U(0)(S(0) = z*, then

VO (£, | [SO\N (@, #),6) | = 0.

(18)
The compactness of X further ensures the existence of an
€1 > 0 such that

U\ (@), 0) | [\ (@
In fact, if (19) is invalid, i.e., Ve > 0 one has

VN (@).0) | [SOW (@, £),0) ] #0.

For €,, — 0, picking

t*),a)] — 0.
(19)

(z7,17) € [Uew)\N (", ),8) | 0[S(ew\N (2*,£).0) ]

Since (z%,t%) € U(e,) and (2%, t*) € S(ey), then eTt? <
Br(0)+e€y, and t}’ > |2}’| for k = 1,2 - - n. Noting that X is
compact, so {t“} is bounded as well. Thus, any accumulation
point of {(x™,t")} belongs to U(0)N.S(0) as €, — 0, which
yields a contraction to (18).

Pick (z,t) € (X x RT)\N ((z*,t%),6).
Case (a): (z,t) € U(er)\N ((a*,t%),6). So (z,t) ¢ S(e1)
by (19). Hence there exists the following possibilities:
Gio () > €1, or |hj,(x)] > €1, or |ug,(x,t)] > €1, or
|vg, (x,t)] > €1. These subcases are further considered
below.

Subcase (a)-1: |h;(x)| > € for some j. Denote ) :=

{1,2,...,1} and Qp, := {j € Q||h; (x) | > €1 }. Hence, Q) #
(). Note that
Il o1,
<= 20
c = 4 20)
for all j € 2 whenever ¢ enough largely. Hence,
LQ('xat7A*7lJ’*7§*an*vC)
1 l
. c
> Y @)+ SR @
= j:l
1 *2 *2 *2
S S )
=1 k=1
> = Y |l @)
JEQ/ QU
1 1
2 2
X w)?) | X r@
JEQ JEQ
l m
c 1 N
3w~ g {3t S|
j=1 i=1 =1

Nl=

v
2
7
=
+
o
g
=

[N

JEQ

2i Z)\*2+Zf*2+7lk }

Y

fcel || (21

—{ZA*2+Z W24 }

where we have used the non-negativity of (¢(cg;(z), AT))+,

(Ppcur(x), €5))+, (p(cve(z),nf))+, and the last inequality
is due to |h;(z)| > &1 for j € Q) and (20).

Subcase (a)-2: g;,(z) > €1 for some i and |h;(z)| < ¢
for all j. Then by the convexity of ¢, we have

ACQ(x;tv)‘*v/J*af*an*ﬂc)

> ilel|u;|+210([¢(cfhu( ),A;"O)];Ai‘f)
=

- ; {[8egi (@) X))+ — A2}
_fz 12y

> —;elmyuggio ) + X, g3 ()
_{iA*MZ SR }

> —Z€1|M3|+ S€ T ALe
{Z/\*2+Z R }

S oo, asc— oo, (22)

Subcase (a)-3: There exists a ko such that ug, (z,t) > €;
and |h;(z)] < € for j = Slogi(x) < e for
i = 1,...,m. Since ¢ is convex, then ¢(cug,(v),&; ) >
Cug, (T )+§k > 0. Hence

EQ(x7t7 A*7H*7£*a7]*7c)
l

C
- Z e1lp;l + 56% + &1

{ZA*”Z P } (23)

— 00, as ¢ — OQ.

Subcase (a)-4: vy, (z,t) > €; for some k. It is similar to
above case.

Summarizing the above cases, we know that there exists
ca > ¢o such that for all (z,t) € U, \N ((z*,t*),9)

£2($7ta A*aﬂ*ag*an*vc) 2 52($*7t*»)\*a/l*75*;71*70),
whenever ¢ > cs.

Case (b): (z,t) € [X x RY]\ [Ue, UN ((x*,t*),0)]. Since
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t* > |z*| and Tt > eTt* + ¢y, then

£2(.’17,t, )\*7,“*75*’77*’0) (24)
1 1
* * C
> et + e+ Y uihy (@) + 5 ) hi(@)
j=1 j=1
{ZW+Zk+m}
* 1 *
> 2l e — %Z/@
S S e
Pick
{ Zgl)‘?"‘z:ﬂ( ;2"‘7775 )+ ZJ 1#; }
c3 > max < Cop, 2
1
It then follows from (24) that
EQ(I7 t’ A*’/"L*7£*’n*7c) 2 eT:r*

‘CQ(x*at*7A*a,U'*vg*an*vc)v

whenever ¢ > cs3. Hence the second inequality of (17) holds
whenever (z,t) € X x R} as cis larger than c; +-c3. W

Combining Theorem 2 and Theorem 6 together yields the
following result.

Corollary 2. Under the assumption of Theorem 6,
(x*, X*, u*) is a global saddle point of Li(x,\, i, c).

2) Multiple optimal solutions: To remove the restriction
on the uniqueness of optimal solutions, we resort to pertur-
bation analysis of the primal problem. Firstly, the following
lemmas are needed.

Lemma 5. If ¢, /' 400, then for € > 0 there exists w. > 0
such that

{('r’t”ﬁ? (13,757>\*,M*a§*777*70w) < Ual(P)} - 5(6)7
whenever w > we.

Proof: We prove it by contradiction. Suppose that there
exist g > 0, N C {1,2,...,n}, (a¥,t¥) with w € N such

that
‘62 (xw7tw>)‘*a,u*7£*an*7cw) §val(P), (25)
(x¥,t%) ¢ S (o).

Hence,
val(P) (26)

%

£2 (xwatw7)‘*a,u*7§*vn*acw)

+2;§;{(¢<cwgi<w,xzf>) —Az‘Q}

Jrgci{((b(cwuk(a:“,tw), Z)) —( Z)Q}
k=1

*2% {(qs(cka(z“,t“),m’;)) (nk)z}

Recall that Q = {1,2,...,1}. It follows from (25) that there
exists Ny C N satisfies one of the following cases.

Case 1: Q, := {j € Q||h; ()| > eo} # 0 for k € Ny. As
w € Ny sufficiently large,

p 1
Mgfoa VJEQ

e

Cw

This together with (21) and (26) implies that

—Eoz |31+ *%60 2]

j=1
—% {Z A2+

Taking limit as w € Ny yields val(P) =

val(P) >

v

D&+ 77722)} ~
=1

+o00. This is a

-contradiction. Thus,

hj (29)] < ey, Vi€Q={1,2,...,1}. (@27

Case 2: g;, (z,,) > €y for some iy and w € Ny. It follows
from (22), (26), and (27) that

val(P) > ﬁz( AT ET T )

v

—Zeo\u]| + —60 + Aj, €0

—i {ZA:MZ@;MW)}.

i=1 k=1

Taking limits also yielders val(P) = +oo. A contradiction
is obtained.

Case 3: there exists ko such that uy, (x,) > ¢y for w € Np.
By taking limits and using (23), (26), and (27), we obtain
val(P) = +oo. This is a contradiction.

Case 4: there exists kg such that vy, (z,) > € for w € Np.

The analysis is similar to the above cases. [ |

Lemma 6. If ¢, /' 400, then for € > 0 there exists w. > 0
such that

whenever w > we.

Proof: Let I' :=
Lemma 5 ensures

{(.’E,t)|£2 (‘Tath*,/i*ag*vn*acw) S UGZ(P)} g S(Q)V
(28)

(Z§=1 || + 1) and o := ¢/(3T).

and

whenever c¢,, sufficiently large. Pick («,t) such that

€
w242 }§27 (29)

‘C2 (x7 t? )\*7 /’1’*7 5*’ 77*7 Cw) S val(P)
Therefore

Tt £2 (x7t7)‘*7ﬂ*a§*7n*7CW)

l l
* CUJ
it - Y R
j=1 j=1

€
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¢ (cwgi(z

o (beamn) )
{(oenn.), @1}
{

A

g\H M\H
NGRRUNGE

k=
1 n
IZ ¢ (cvg(z, 1), )) _(771:)2}
w1 +
l
< wal(P)+ |1} |h2 Z)\*Q
j=1
Z i
“ k= “ k=1

. €
< val(P)—FozZ\,uﬂ-i—i

< wal(P) +e,

where the last third inequality is by (28) and (29). [ |
The following result is applicable to the multiple optimal
solution case.

Theorem 7. Assume that S (o) N U (o) is bounded
for ag > 0 and that there exists (N\*,u*,&*,n™) such
that (x*,t*, X*, u*, €*,n*) is a local saddle point of Lo
for each (z*,t*) € S*. Then, for each (z,t) € S*,
(Z,t, \*, u*, &, n*) is a global saddle point of Lo.

Proof: By assumption, there exists a neighborhood
N((x*,t*),0%) of (x*,t*) such that

Lo (‘T*at*aAmuvgvnac)

< £2 (-r*;t*v)‘*7/j'*a€*777*7c)
S £2 (xat7)\*7ﬂ*a§*7n*ac>' (30)
According to Corollary 1,
£2 (-T*at*7)‘*7/’é*a§*7n*ac) = ||l'*||17 (31)

from which and x* is feasible, it follows

Lo (@t A & me) < fla”|
= £2 (x*at*a)\*>u*7€*7n*ac)'
It remains to show that the second inequality of (30) holds
true even if = does not belongs to N(x*,4*) by increasing
c.

If there exist ¢,, * 400 and (z
such that

© 19) € X/N(z*, 6%) xR

LQ (‘rwatwvA*7.u*a€*7n*;Cw)
< ‘CQ ('/E*7t*a)‘*7/f['*a§*7n*7cw)
= [z, (32)

which further implies that (2*,¢“) belongs to the following
set

{(I,t”ﬁg (xw’twv A8, ck) < Hx*Hl} :
Given any ¢ € (0, ap], it follows from Lemma 5 and Lemma
6 that

(x¥,t¥) € S(e) NU(e).

Since S(e) N U(e) C S(aw) N U(ayg), then {(z¥,t*)} is
bounded. Hence its any accumulate point, say (Z, ), satisfies

(z,t) € S(e) NU(e).

Since € > 0 is arbitrary, (z,%) € S(0)NU(0) =
et =eTt.

S*, ie.,

According to assumption (Z,t, \*, p*,&*,n*) is also a
local saddle point. By a similar argument as above, it is
readily verified that

Lo (T, 8N, 05,85 0" ¢) = eTt=e"t"
= ‘C? (x*at*a)‘*7/’('*7§*777*70)a

which further implies that for any (z,f) € (X x R%}) N

N((z,1),9)

Lo (x*, " N w5 " ¢) < Lo (x,t, N5, 1%, €5, n%,¢).
(X x R?) N N((z,1),4). Hence
Lo (27,87, X% 1", 85,17, ¢) < Lo (2,87, X5 1", 85,1", ¢w)

contradicting (32). [ |

Note that (z%,t%) €

Corollary 3. Under the assumption of Theorem 7, for each

(z,t) € S*, (T, \*, u*) is a global saddle point of L.
Proof: The desired result follows by combining Theo-
rem 2 and Theorem 7 together. ]
Example 1.
min [z
s.t. .’£1+Z2*1:0

3+ a3 > 1.

The optimal solutions are x*' = (1,0) and z*? =
By introducing variables, we have

0,1).

min el't

s.t. 1 +29—1=0
|
T —1 <0, k=1,2

—zp —t, <0, k=1,2.
For a given o > 0,

|z1 + 22 — 1] < o
x%—i—x%zl—a; ,
$k7tk§a,ka7tk§a,k:1,2

S(a) =< (z,t)

U(a) := {(x,t)|eTt <l+a}.

It is easy to see that S(a) NU(w) is bounded. The KKT
conditions are

o = () () () - ()
o = (1)-(&)-Gi)
1 2 2
0 = MNg(a*)
0 = &ug(z*t*), YE=1,2
0 = nrop(a*,t*), Vk=1,2.

A common Lagrangian multiplier is (\*, u*,£*,n*) =
1,0, (1,1), (0, 0)) at x*° for i = 1,2. Moreover, the second-
order sufficiency conditions holds at (z*% t*")(i = 1,2).
Hence, the assumptions given in Theorem 7 are satisfied.
Therefore, (x** t*% \*, u*, &%, n*) is a global saddle point
for Li(i =1,2).

(f
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V. CONCLUSIONS

In this paper, we mainly deal with the existence theory on
saddle points of /;-minimization problems. The local saddle
points are established by using the second-order sufficient
conditions, while the global saddle points are established by
two different approaches depending on whether the solution
is unique. Saddle point theory plays an important role in the
theoretical analysis for many primal-dual type algorithms.
Hence, there are several interesting topics for further re-
search, such as developing augmented Lagrangian multiplier
methods for /;-minimization problems, or studying the exact
penalty representation of £; for i = 1, 2.
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