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Solvability of Fractional Functional Boundary
Value Problems with p-Laplacian Operator at
Resonance

Tingting Xue*, Xing Chen, and Xiaolin Fan

Abstract—We concern with the existence of solutions of frac-
tional p-Laplacian equations with functional boundary value
conditions at resonance. Applying the extension of continuation
theorem, some new existence results on this problem are
obtained. Finally, this article also gives examples to verify the
main results. The work of this paper is to extend some current
results to a completely nonlinear situation.

Index Terms—Riemann-Liouville fractional derivative, func-
tional boundary conditions, p-Laplacian operator, resonance,
continuation theorem.

I. INTRODUCTION
RACTIONAL differential equations are studied by
many scholars because of its wide application back-
ground (see [1-5]). Ameen and Novati [5] considered the
following fractional epidemic model:

“Dgx(t)=—Bz(t)y(t),t > to,

“DFLy (t) = B (t)y (t) — vy (1) .t > to,

Dz (t) =y (t),t > to,

x (to) = N1 > 0,y (to) = N2 > 0,2 (tg) = N3 > 0,
where 0 < o < 1, 8 > 0, v > 0, “Dg, is a

Caputo fractional derivative. The specific significance of the
remaining parameters can be found in literature [6].

In recent years, there has been great interest in functional
boundary value problems (see [7-17]). For example, Zou and
Cui [12] first discussed the following fractional functional
boundary value problems (FFBVPs for short):

{ D§ u(t)=f (t,u(t), Dy u(t), Diu(t), t € [0,1],
15 u(t)| g =0, @1 [Df u (t)] =0, @y (DG Pu ()] =0,

where 2 < a < 3, D, is a Riemann-Liouville fractional
derivative, ®1,P5 : C[0,1] — R are continuous, linear
functional. In particular, the functional conditions here can
be similarly represented as the following form:

1

o} [D0+ u()} =
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@, D572 (1) /1%+u )dna (£) = 0.

It is worth mentioning that 7;, 72 are Riemann-Stieltjes
measures. Some existence results were obtained by giving
some sufficient conditions as follows:

(A1) @, (1) @ ( ) # 0;

(A2) @ (1) = ()—0@2(1)750;
(A3) @1 (1) = @2 (1) =0, D2 (¢) # 0;
(A4) @1 (1) # 0, P2 (1) P (1) = 0;
(A5) @y (1) = @2 (1) = 2 (t) = 0.

However, since the condition (A6)®, (1) = 0, ®5 (1),
®5 (1) # 0 was not considered in [12], Kosmatov and Jiang
[13] continued to research the solvability of the following
FFBVPs under the condition (A6):

{D&uw—f( u(t), DgPu(t), DiTu
u(0) = 0, B1(u) = By(u) = 0.

(t)),t € (0,1),

Note that the conditions Bj(u) = Bs(u) = 0 can be

expressed as the following concrete form:
.1 1
0 0

1
f/DMUU%M)—WzLZ
0

Where &;; (t),i = 1,2,j = 1,2,3, are Riemann-Stieltjes
measures. Obviously, the boundary conditions here are more
general than [12]. Here, Mawhin’s continuous theorem (see
[19]) is applied.

Based on the above literature, this paper will study the
following FFBVPs with p-Laplacian operator:

Dé:_gbp (D8“+u (t)) =f (t, u (t) ,Dg;2u (t),
Dy u(t), Dgu(t)), te(0,1), (1)
u (0) = D§ u(0) =0,Ty (u) =Ty (u) =0,

where 2 < o < 3,0 < 8 < 1,3 < a+p < 4,
Dg, is a Riemann-Liouville fractional derivative, f €
C([0,T) x R*R) and T;,Ty : C[0,1] — R are lin-
ear bounded functional and satisfy the resonance condition
Ty (t*71) To (t72) = Ty (t*72) To (t71). ¢y (+) is a p-
Laplacian operator, ¢, (s) = s|P %5, p > 1, ¢p (0) = 0.

The p-Laplacian operator originated from the research of
turbulent flow in porous medium. Leibenson [18] recom-
mended the p-Laplacian equation as below:

(6p (2" (1)) = f (L, (8) 2 (1))
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Later, many scholars have developed a strong interest in the
p-Laplacian operator and obtained some excellent results, as
shown in [20-21, 24-30]. Since the p-Laplacian operator is
nonlinear, the continuous theorem of Mawhin is no longer
applicable to study the p-Laplacian problems. Applying the
extended continuous theorem, Jiang [21] discussed fractional
p-Laplacian problems as follows:

DS ¢y (DG ul) =—f (t,u@) , DT u@), DS, ul)), t€(0,1),
w(0) = DZ,u(0) = 0,u(l) = /0 h(tu(t)dt,

where 0 < 8 < 1, 1 < a <2, [ h(t)t*"'dt = 1. And
inspired by [21], this paper studies a more general functional
boundary value problem (1). In summary, the results of this
paper will further expand and enrich the work of [12,13,21].

II. PRELIMINARIES

Here, some relevant definitions and lemmas are shown as
follows, for more details, please see [20-23].

Definition 2.1 ([20]). Let X,Z be real Banach spaces
with norms ||-|| ., ||-|| ;, respectively. A continuous operator
M : X NdomM — Z is said to be quasi-linear if

(i) ImM := M (X NndomM) is a closed subset of Z,

(iDKerM := {z € XNdomM : Mx =0} is linearly
homeomorphic to R”, n < oo,
where domM denotes the domain of the operator M.

Definition 2.2 ([21]). Let X; = KerM and X, be the
complement space of X; in X. Then X = X; & Xs.
Let P X — X; be projector and 2 € X be
an open and bounded set with the origin 6§ € Q.
Suppose that Ny Q — Z, X € [0,1] is a
continuous and bounded operator. Denote N; by N.
Let Y, = {& € Q@ : Mz = N,z}. N, is said to be
M-quasi-compact in ) if there exists a vector subspace Z;
of Z satisfying dimZ; = dimX; and two operators ¢ and
R such that for A € [0, 1],

(a) KerQ = ImM,
(b) QN x =0, A€ (0,1) & QNz =10,

(¢) R(-,0) is the zero operator and R(-,)\)‘ZA =
I-P)l|y, .

(d) M[P+ R(-,\)] = (I = Q)Na,
where ) : Z — Zi, QZ = Z is continuous, bounded
and satisfies Q( — Q) = 0 and R : Q x [0,1] — X5 is
continuous and compact.

Lemma 2.1 ([21]). Let X and Z be two Banach spaces with
norms |||y, |||l ;, respectively, and € € X be an open and
bounded nonempty set. Suppose

M : XNdomM — Z

is a quasi-linear operator and that Ny : @ — Z, X € [0, 1]
is M-quasi-compact. In addition, if the following conditions

hold:
(C1) Mz # Nyx, Yz € 0QNdomM, X € (0,1),

(Co) deg{JQN, QN KerM, 0} #0,
then the abstract equation Mz = Nz has at least one
solution in domM N, where N = Ny, J : Im@Q — KerM
is a homeomorphism with J(6) = 6.

Definition 2.3([22]). The Riemann-Liouville fractional inte-
gral of order @ > 0 of a function y : (0,00) — R is given
by
00 = s [ =9 (o)
= — -5 s)ds
T T@) Jo e

provided the right-hand side is pointwise defined on (0, o).

Definition 2.4([22]). The Riemann-Liouville fractional
derivative of order o > 0 of a function y : (0,00) = R
is given by

1 [t o
Dy, y(t) = mdti"/o (t—s) 'y(s)ds,

provided the right-hand side is pointwise defined on (0, o0),
where n = [a] + 1.

Lemma 2.2([22]). If n—1 < a <n, u € C(0,1)NL(0,1),
then the fractional differential equation D§, u(t) = 0 has the
solution

u(t) — clta—1+62t(¥—2+. . .+cnt(¥—7l7 Ci c R7 n = [a]—’—l.

Lemma 2.3([22]). Let n — 1 < o < n, if Df u(t) €
C(0,1) N L*(0, 1), then

I8, D§ u(t) = u(t) + ert® t 4 eat® 2 oo+ ot
for some ¢; €R, i=1,2,--- ,n,n=[a] + 1.
Lemma 2.4([22]). Assume u € C[0,1], 0 < p < ¢, then
DY IS u(t) = I Pu(t).

Lemma 2.5([22]). Let o > 0,

@®ifA>-l,and A #a—14, i=1,2,--- o] + 1, then
TA+1)
DO/, t)\: A—«
0+ FA—a+1)
(i) DG t*~ = 0,i=1,2,--- ,[a] + L.

Lemma 2.6([23]). Assume a,b € R, then
@ (la| + [p)? < |a]” + o], 0 <p <1,

(i) (|af +[p)P < 207 (|af” + [B"), p > 1.

III. MAIN RESULT

For convenience, this article makes X =
{ulu, D§*u, DS u, D§, u € C[0,1]}, the norm of
which is as follows:

Jull = {Jullc, D20 1057 | D]}
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And, let Y = C[0,1] with norm ||y|ly, = ||y, where
vl = maxe(o,1] ly ()] . It is easy to see that (X, |||/ y)
and (Y, |-||y-) are two Banach spaces. In order to prove the
theorem, the hypothesis of this paper are given below.

(Ag) Functionals T; : X — R, i = 1,2, satisfy the
relations Ty (t*72) = 7, Ty (t*7!) = 72, T2 (t*72) =
k1, To (to"l) = kvo, where 71,72,k € R, 72 + 42 # 0.

(A1) Functionals T; : X — R are linear bounded with
the respective norms || T;||, ¢ = 1, 2.

(A2) Functional
F o) = (T = K1) (13 (64 (10)) ) -+ 2 =1,
is increasing.

(H,) There exists M, > 0, such that if
|D8‘;2u )+ |D8:1u (t)| > Mo, then F(Nu) # 0.

(Hs) There exist nonnegative functions a,b,c,d,e €
C'[0,1] such that

| f(t w00, 2)] <a (£)+b (2) [ul"™ +c () o] +d (¢) |w]
+e(t)|z|p71,t €1[0,1],u,v,w,z € R,
with
ATTUL|bl o + Lllell oo + Zlldll o + llell <
rpE+1)

— 1 2 7 _ _
Where Al = m‘i’m‘i’m, L —Inax{l’Qp 2}.

L @

(H3) There exists M; > 0, such that if |¢| > M, then
one of these is established:

QN (¢ (12t = mt*71)) >0, 3)
QN (et ) <0 @
(H,) There exists M, > 0 such that if

|D§ ()| > My, then F(Nu) # 0.

(Hs) There exist nonnegative functions a,b,c,d,e €
C'[0, 1] such that
|f(t w0, w,2) <a (£)4b (&) |uf ™ +c (8) [oP +d () [w]"
+e®)]zP te0,1],u,0,w, 2 € R,
with
b d -t
oL, [1Blloe + llellog + lldlloe + llelloo
rg+1)
[ T4l (72T () + |y2| T (o — 1))} <1
YT (@) + 73T (a = 1) ’

where My, =max {(|r1|+]|rz2|), (Jr1| T (@) +|r2| T (o — 1))},
Cy=My/Tl (a)+1, Ly=max {1,2972},

®)

x[l—i—

This paper defines the operators M : X NdomM — Y,
Ny : X — Y, and their specific forms are as follows:
Mu (t)=Dj, ¢, (D§,u(t)),
Nau@®=Xf (t,ul), D5 u @), D§u @), D§,u ), (6)
t,A€[0,1],

where
domM = {u € X |D{,6, (Du) € Y,
u(0)=Dg, u(0)=0,Ty (u) =Ty (u)=0}.

(7

Then FFBVPs (1) can be converted to the operator equation
Mu = Nu, u € domM, N = Nj. For the purpose of
proving the theorem in this paper, some relevant lemmas
are shown as follows.

Lemma 3.1. M is a quasi-linear operator, and
KerM:{ueX|u(t)=c(72t0‘_2—'ylto‘_l), CGR}, (8)
ImM ={y €Y |F(y) =0}. ©)

Proof. The condition (Ap) and Lemma 2.2 imply that
(8) holds. Clearly, dimKerM = 1 and KerM is linearly
homeomorphic to R.

If y € ImM, there exists a function u € domM with
DY ¢y (Dgyu(t)) = y(t). Lemma 2.3 and conditions
u (0) = D, u(0) = 0 show that

u(t) = I, ¢q (I&y) + ettt et % er, 00 € R

Functional boundary condition T; (u) =0, ¢ = 1,2 implies
that

Ty (u) =Ty (I(’))‘Jr(bq (I&y)) 4+ c1v2 + o1 =0,

Ty (u) =Ty (Ig+¢q (I&y)) + c1kys + coky = 0.

Obviously, (Ty — kT;) (I&r(bq (I§+y)) =0, ie. F(y)=0.
Conversely, suppose y € Y and satisfies F'(y) = 0. Let

T1<Ig+¢q (I&y)) (
i+3
then, we have w € domM and Mu(t) =

DY ¢y (Dgyu(t)) = y(t). So, y € ImM, and ImM C Y
is closed. Hence, M is a quasi-linear operator. [

u ) =I5 ¢q (Ié:_y) ’ylt‘kz—i-’ygtwl) ,

Define operators P : X — KerM and @ : ¥ — R as

follows:
pufy 2D U0
T (@) + 93T (a = 1)

a2 a—1
(72t 7ty (10)
te0,1],

and Qy(t) = ¢. Among them, F(y — ¢) = 0. Obviously, P
is a projector and Ker@) = ImM.

Lemma 3.2. Q : Y — Y; is continuous, bounded and

QU-Q)y=Qy—Qy) =0,y €Y, QY =Y, where
Y; =R.

Proof. For y € Y, the hypothetical condition (As) implies
that the function F'(y — ¢) is continuous, decreasing on c.
We take a1 = minyegjo,1)y (t), a2 = maxy¢(o,1)y (t). Then
F(y—ai1) >0, F(y—az) < 0. Therefore, there is a u-
nique constant ¢ € [ay, az], which satisfies F'(y—c) = 0. So,
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. t
Q is well defined. If y1,y2 € Y, then Qy1 = ¢1, Qya = co. ’Dg;lR(u, )\)’ _ ’/ bq (I(I;J)Jr (I —Q)Nyu (S)) ds
Since ¢, is strictly increasing, if c; —c¢1 > |ly2 — 911/, then 0
; e (o (18 Ty (16464 (I, (1-Q) Naw))
0=F (y> — ) = (T2 = KT1) (16 (64 (10 (32 — 9))) (@) T I (= T)
= (0o = KT) (165 (4 (15 (01 =1+ G2 =)~ 2= ) )) XT@)T (a—1) 7|
o 1T1] o |72l
< (TQ*le) (IO+ (¢q (I(?Jr(ylfcl)))) =F (ylfcl)zo- < [1 + o (712 (a — 1) + ’7%)
. . . . ki + ko
Ob ly, it tradictory. C ly, if — < —_— =
viously, it is contradictory. Conversely, if ca — c; X g <1" e 1)> ,

—[ly2 — 91| - then

0=F(y2—co) =F(pn —c1+ (g2 —y1) — (c2 — 1))
>F(y1—01):0.

1D R V)] = (15, (1-Q) M) |6, ().

I (8+1)

Clearly, it is also contradictory. Therefore, Therefore, R is bounded in Qx [0, 1] . For (u, \) € Qx[0,1],
t1,ts € [0, 1], t1 < 12, we get

lca — 1] < ly2 — y1ll oo -

IR (u,A) (t2) — R (u, A) (t1)]
So, @ is continuous. In addition, if Q@ C Y is <[5, (qbq (151 (I—Q)Nku)) (to)—1Ioy (gbq (151 (]—Q)NAu)) 1)
bounded, then @Q(f2) is bounded. In other words,

. . .. Tl ¢ (k1+k2)
@ is bounded. According to the definition of @, n oo P \ T(B+1)
QU-Quy=Qy—-Qy)=0,yeY and QY =Y1. 0 T+ 1) (T (@) + 93T (e — 1))
[T (@) (6572 =177) + 72| T (a=1) (857 —177)] .

Lemma 3.3. The operator R : X x[0,1] — X is as follows:
Considering

R X) (1) =15, (0 (1) (1 = Q) Naw))

154 (6 (154 1 =Q Nxu)) @)~ 16 (80 (15, 0~ Q Naw)) ()

Ty (16464 (Is (1= Q) Naw) ) L e
— = ty — )t 7. (I-Q)N d
T (@) + 3L (0~ 1) ol ACEE CICEEEED)E
a—2 a—1 t
X (T (@) 172 + 3l (a = 1)), _/ Dt —s)o (¢ (18 (1 - Q) Naw) ) ds
0
where KerM @ Xo = X. Then R : Q x [0,1] — X is @(%) 0 "
continuous and compact, where 2 C X is bounded. < “T) / [(t2—8)a71—(t1—5)‘1’1] ds + / (ta—s)*"ds
0 t1

ty —tf k k
Proof. The continuity of Ty, @, f imply that R(u,)\) is < U8 —8) o, (g)
X ; I'(a+1) rp+1)
continuous. Thus, there exist two constants ki, ks >

0
such that |f (ta u (t) :%X;QU (t) aD(()X;1“ (t), Diu (t))| < combined with the above results, we obtain
k1,|Qf] < ko for u € Q. Then, one has

) . ¢q k1+k12
|R(U, )\)' < 1_|_HT1||90(|’71|F(Q)+|72|F(CY—]-)) \R(u,)\) (tz)—R(u7)\) (tl)| < F((;(jj—l;) % [(t‘;—t‘f)
’ B - 7121—‘ (Oé) + 7221—‘ (Oé - 1) - a—2 a2 a—1 o—1
N 3 Tl (7T () (1572 — 157°) +12| T (2—1) (t57 —177))
X ’10+ (¢q (fo+ (I -Q) N*“))HX N (2T () + 12T (a — 1)) '
< [ Pl (e T (@) + o] T = 1))] _
= 72T (o) + 42T (a — 1) ] Thus, {R (u, ) |(u,\) € © x [0,1] } is equicontinuous. At
1 ky + ko the same time, we can also work out
“Ta+n™ (F(BH)) ’

| DGR (u,A) (t2) — DETR (u, X) (t)]

¢ - —s bo(1- u) ds
D52 R A= [ 69 (0 (@ 0-@mae)) as = |, e (1 =@ o)
Ty (15,6, (15, (1 - Q) Naw)) - /0 (tn =)0, (I, (T = Q) Nyw)ds
- AT@+sl (-1 1Tt (5% )
xhla e - ) F Tt DO (@) 730 (@~ 1)
< [; l(}ylo(oa(’yll)"’;?’;g} XT(a)T (o —1)|y2| (t2 — 1)
k 1+ k ’ k1 + ko (t% - t%) [Tl 12l (B2 — 1)
<o, (03 ). Sd)"(F(ﬂH))X[ 2 Tatia-1+3) ]
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and

|D3+_13(u A) (t2) =

A

—/0 ¢q( (I - Q)Nw)ds

< (t2 —t1) ¢q (IM) .

Thus, {D§?R (u, \) [(u,A) € 2 x [0,1] } and
{D§ R (u, ) [(u,A) €2 x [0,1]} are equicontinuous.
Finally, we will verify {D§, R (u, ) |(u,\) € 2 x [0,1]}
is equicontinuous. If (u,\) € Q x [0,1],
t1,tg € [0, 1]7 t1 < tg, then

| DEy R (u, A) (t2) — D§y R (u, A) (1))

= |¢q <I‘(15) /Ot2 (t2 — s)ﬂf1 (I —Q)Nyu(s) ds)

"y <F(15) /Otl (b1 — )71 (I — Q) Nau(s) ds) ’ .

DGy R (u, ) ()|

L (I —-Q) N,\u) ds

Since
1 t — )P (I - u(s)ds
i [ -9 @M
(k1 + k2) —
gﬁ,(u,)\)es}xm,l],
and
1 h — )Pt u(s)ds
\F(ﬂ)/ (12— "™ (I~ Q) Nyu(s)d
1
7 /. tl—s‘“I Q) Nau (s) ds
1

/Ot {(tz—s)f# (tl—s)ﬁfl} (I—Q) Nyu (s)ds

e}
+/2(t2—8)'871 (I —Q)Nyu(s)ds

ty
(k1 +k2) (5 .3
STG+) (12 -47)

and considering that ¢, is uniformly continuous in
[ (k1+k2)/F(ﬁ+1) (k1+k2 /F ﬁ—i—l)] we obtain
that {D§, R (u, ) |(u,A) € @ x [0,1] } is equicontinuous,
too. Applymg the Arzela-Ascoli theorem, we can get that
R:Q x[0,1] — X3 is compact. [J

Lemma 3.4. If Q C X is an open ancL bounded set, then
the operator N is M-quasi-compact in 2.

Proof. Clearly, InP = KerM, dimKerM = dimIm@,
QI — Q) = 0, KerQ = ImM, R(-,0) = 0, mean-
while, the condition (b) of Definition 2.2 is satisfied. For
uwe Y, = {u € Q: Mu = Nyu}, we obtain
QNyu =0 and Nyu = D0+¢p (D0+u( )). The conditions
Dgu(0) = u(0) = D§, R (u,A) (0) = R (u,\) (0) = 0
imply that

o015 o ) T

Using Ty (u) = 0, Ty (t*7) =12, T1(t*72) = 71, we
have

T (13+¢q (15 Nw))

A0 = 15 (90 (o)) = o)

x (M (@) 1272 4 3ol (o — 1) t97)
I' () I'a—1)

D§ T u(0) 0 DS 2u(0) 0
T, (u t) — =@t~ Te 2>

T (@) + 93T (a = 1)
x (I (a)t* 2+ 7l (a —1) to‘_l)

a—1 a—2

:u(t) D0+ u( ) a—1 ‘D0+ u( ) a—2
I'(a) M'a-1)
Dgy u(0) D& %u(0)

ta 2t Taoy
T (@) + 93T (o — 1)
x (I (a)t* 2 4+ 7ol (a — 1)t‘1_1)

—u(t) + 72D6;‘_:2u (0) — 1D0+ u (0) e
7T (a) + 93T (@ — 1)
Vnggzu (0) — 'leg‘_:lu (0) ja2
RO N CE
=u(t)—Pu=({I—-P)u

Thus, the condition (¢) of Definition 2.2 is fulfilled. For u €
(), one has
M[Pu+ R(U,)\)] = NAU - QN)\U = (I — Q) Nku.

That is, the condition (d) of Definition 2.2 is fulfilled.
Hence, N is M-compact in 2. [J

Lemma 3.5. Suppose (H7) and (H3) hold, then
O = {uedomM |Mu=Nyu, A€ (0,1)}
is bounded in X.

Proof. For u € domM, Lemma 2.3 implies that u(t) =
I§ D§ u(t) + ext®™ ! + eot®™? + ¢3t*~3. Using u(0) = 0,
one has ¢z = 0. That is,

u(t) = I§. D, u(t) + et + cat ™2
Thus,

Dy u(t) = I) D§ u(t) + el (@),
Dy ?u(t) = 15, Dgyu(t) + el (@) t + el (= 1),

¢ = ﬁ (D3+1u / Dg,u(s) )
e = ﬁ [D8‘+2u(t) /0 (t — 5) DG, u(s)ds
— <D8‘+1u(t) - /Ot D8‘+u(s)ds) t} .

For v € i, one has QN u = 0. Hypothetical condi-
tion (Hl) means that there exists top € [0,1] such that
|D§ u(to)| < Mo, |D§ulto)] < Mo. By using the
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relations

D0+ u():

t

D§tu(to) + | D u(s)ds,

t
Dy 2u(t) = DS % ulto) +/ Dy u(s)ds
to

we can get
155 |
[F2rml

< Mo+ | Dl
<20y + D8,

1
ler] < () (Mo +2||Dgyul| ),

1
‘CQ| ﬁ <3MO+ HDO+UH )

Thus,

||u||oo S AlHDnguHoo + Bl,

where A B =

1 2 7
Mot T e T @1y

(L + #) M,

T'(a) T'(a—1) 0-

The hypothetical condition (H3), combined with Mu = Nyu
and D@, u (0) = 0, means

|ép (DG (1))
t
/ (t—s)[#1 ‘f(s, u(9), Dg‘fu 6] ,Dg‘;lu ©,Dgru (s)) ) ds

o

1
<
T8
,m)/t P

p—1

+d(s) ‘D0+ u(s)‘ +e(s)

1 _ p
lall oo + lbll o NallZ™ + lell o || D8 20

©+b @ lu @ @ |Dgu

| DS (s) }p_l ds
1 —1

< -

<1 (

—q |1
+ ldlloo || D5

Hlelo D5 )

’p_l and

This, together with | ¢, (Dg, u(

))’ = |D3+
Lemma 2.6, means

\Do+u\|p71

<
< sl

+ el oo (2Mo + 1D ull )"

+ ldll oo (Mo + 1D8 s ull o)~ +llell o 1D5 5l
AP L|b|| o+ Lllell o +Llld]l oo + el
rg+1)

-2 1

maX{172p }, BQ W
ol oo+ L0l o BY ™ +Llle]l oo (2Mo)" + L|d]| , (Mo)" ™|
The inequality (2) implies that there exists Ms > 0 such
that

D5y ull o < Mo, || DG | < Mo + My i= Mg,
D8] < 2000+ M
< A1 My + By := Ms.

1

+ 1bll oo (Arl| DFull o + B1)"™

S B 2 HDSL-‘ruHZl )

where L =

llull o
Thus, one has
il - = max {Jlull ., [| D55 ul| . [ D57 | .
< max {M57 M4, ]\437 MQ} = M@.
Hence, 2; is bounded. [J

1P5ull o }

Lemma 3.6. If the hypothetical condition (H3) holds, then
N ={ueKerM|QNu=0}

is bounded in X.

Proof. For u € s, one has u(t) = ¢ (12t*72 — 31t 1),
ceR,t€[0,1] and F(Nu) = 0. The hypothetical condition
(H3) implies |¢| < M. Thus,

[Jull x
< M1|‘72ta_2 - 71ta_1HX
< max {0y (1 |+ hal) .My (] T (@) + bl T (a-1))}
= M7.

Hence, 25 is bounded. O
The main results of this paper are as follows.

Theorem 3.1 . Let f € C([0,1] x R* R). Suppose that
the hypothetical conditions (Ag)-(Az) and (Hy)-(Hs) hold.
Then FFBVPs (1) has at least a solution.

Proof. Let 2D Q;UQU{ufu€ X, ||y <max {Mg,M7}+1}
be an open and bounded set of X. Lemmas 3.5, 3.6 imply
that Mu # Nyu, u € domM NI and QNu # 0, u €
KerM N 09).

Let H(u,d) = pdu+ (1 — 0)JQNu, 6 € [0,1], u €
KerM N, where J : ImQ — KerM is a homeomorphism
with Je = c(rat®=2 — rit®= 1), p = 1 or p = —1, if (3)
or (4) hold, respectively. For u € KerM N 0f), one has
u = c(rot® 2 — rt®= 1) #£ 0. If § = 1, then H(u,1) =
pc(rat®=2 — rqt®=1) £ 0. If § = 0, by applying Lemma
3.6, then H(u,0) = QN(c(rot®=2 — rit* 1)) (rot*=2 —
rt® 1) #£ 0. For 0 < 6 < 1, u(t) = c(rot®=2 — rqt®1).
Lemma 3.6 implies |jul|y < M;||y2t*~2 —y1t*7!|| . So,
le| > M. If

H (c ('ygto‘_2 — 'ylto‘_l) , 5) = pdc ('ygto‘_2 — 'ylto‘_l)
+(1=6)QN (c (yat* 2 =mt*™)) (2t 2 —mt*") =0,
using (3), one has
1-94§
2 a—2
=—— N t
c 0 eQ ( (72
which is a contradiction. Hence, H (u,d) # 0, u € KerM N

09, § € [0, 1]. Based on the homotopy invariance of degree,
we have

- ’Vlta_l)) < 0,

deg(JQN, QNKerM, 0) = deg(H(-,0), Q@ NKerM, 0)
=deg(H(-,1),2NKerM, 0)
= deg(H(pI,Q NKerM,0)#£0.

Lemma 2.1 implies that Mu = Nu has at least a solution
in domM N €. That is, FFBVPs (1) has at least a solution
in X. O

For another result of FFBVPs (1), assume the inequality
|D0Jr u(t)] + |D0+ u(t)| > My in the condition (H;) is
replaced by ’DOJF u(t)] > My or ‘DOJF u(t)] > My",
which may lead to slight changes in the proof of Lemma
3.5. In particular, we remember that Theorem 3.1 satisfies
the relation 7% + 3 # 0.

Theorem 3.2. Let f € C([0,1] x R* R). Suppose that
v # 0 and the conditions (Ag)-(Az) and (H3)-(Hs) hold.
Then FFBVPs (1) has at least a solution.
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Proof. For v € €, @Nu = 0. This hypothetical con-
dition (H,) implies that there exists t; € [0,1] such that
|D8‘+_1u (t1)] < M. By Lemma 3.4, R(u, \) = (I — P)u.
So, u(t) = Pu(t) + (I — P)u(t) = Pu(t) + R(u, A). Then

| D5 P (t1)] < Mg + | R(u, M)
According to the definition of P, one has

Yo D& 2w (0) =1 D (0) 1
= - < (Mo R(u, )l x)-

1 (@) +73T(a—1) |~ T (a)
Therefore,
lullx < [I1Pullx + [[R(u, Allx

max {([r1]+|r2]), (|r1|T (a)+|rz| T (e —1))}
NI (a)
< (Mo + | R(u, Nllx) + 1R, Nl
< Cy + Cal[R(u, Nlx.
where Cy = M'oM, /7T (), Co=My /1T (a)+1, M=

max {(|ri[+[ra]) , ([r1| T (@) +[r2| T (a=1))}.
Considering

<

[Tl (1] T (@) +|ra| T (a—1))]
YT (@) + 93T (a — 1)

15 (¢4 (15, 1-@) Nyu) )|

1Tl (I T (@) +|72| T (—1))]
1T (@) + 93T (a = 1)

1 ot )
N Naul|2F,
(Feg) Il
and then using the hypothetical condition (H5) and Lemma
2.6, one has

[R(u, Ml x

IN

1+

|

IN

1+

lully < Ci+Ca [1 +

()

— —2 p—1
% (llall o + 180 lellZ + el || D35 22

[Tillo (71| T () + |72 T (a — 1))}
I (@) + 93T (e — 1)

—1 qp—1 _1\¢1!
Hldll D55 ullZ" + llelloo 18l )

[Tl (Ir1|T () + |r2| T (o — 1))}
il (@) + 3T (e — 1)

<Ci+ 0, {1—5-

(o)

1
X [Hanoo‘f‘(”bHOO“F”CHOO-FHdHOO—FHeHOO) HuHi—ITF
[ T1llo (Ira] T () + |72| T (@ — 1))]
YT () + 93T (o — 1)

< Cr+C2L, [1+

(ravm)

1
% (a2 + (10l o+l Nl +llell ) ™ ]

The inequality (5) implies that ; is bounded. The rest of
the proof, similar to Theorem 3.1, which is ignored here.

Remark 3.1. When the inequality |D§} u(t)| > My
of (Hy) is replaced by |D§>u(t)| > M,", the proof of
the existence of the solution of FFBVPs (1) is similar to
Theorem 3.2. It is not explained in detail here.

The above conclusions are discussed under resonance
conditions. For non-resonance conditions, we give the

following conclusion.

Theorem 3.3. Let f € C([0,1] x RYLR). If Ty, Ty :
C[0,1] — R are continuous linear functionals satisfying
the condition T; (to‘*l) Ty (ta’2) #T (ta’2) T, (to‘*l),
then FFBVPs (1) has a unique solution if and only if the
following operator A : C'[0,1] — C]0, 1] has a unique fixed
point, where

(Au)(?)

= I8, &g (I, £ (8, u(t), D5 *u(t), DGy ult), Dgult)))
Dl -1 D2 —2
—t¢ —t¢
+ D + D ’
Tl (tafl) Tl (toz72)
T2 (tafl) Tg (ta72)

=Ty (£ To (t*72) = Ty (¢*72) T2 (t*71) #0,

D-

D, =
|—Tﬂf&%(l&f@,u<t>,Da“ﬁu(t),Ds;lu(t),Dsuua))))

—To(I§ b (15, (¢, u(t), DG u(t), D§T ' ult), Dg, u(t))))
Ty (t*72)
Ty (t*72)

)

Tl (toz—l)
T2 (ta_l)

—Ty (I8} ¢q (15, f (£, u(t), Dy >u(t), DGy ult), D u(t))))
—To(I§} &g (15, f(t,u(t), D >u(t), Dy ult), D, u(t))))
Proof. If u is a solution to Au = u, we have
D3, ¢p (Dgu (1) = f(t,ult), DG *ult), D; " u(t), Dgyu(t))-
By Lemma 2.3, we get

¢p (D5yu(t))
— 1P, f(t,u(t), D3 2u(t), DS ult), Dy, u(t)) + cot? .

Dy =

It follows from Dg, u(0) = 0 that co = 0. So, we obtain

¢y (D§ (b)) = Iy, f(t,ult), DS ult), Dgtu(t), Dy ult)).

Then

Dy u(t) = g (15, f(t,ult), Dy >u(t), DYy u(t), D u(t)).

By Lemma 2.3, one has
u (t)

= Ig+¢q(f(’)8+f(t, u(t), D(()x-;zu(t)v Dg;lu(t), Dg+u(t)))
—+ Clta_l —+ Czta_z =+ Cgta_?).

It follows from «(0) = 0 that ¢3 = 0. Thus,
u(t)

= I8, ¢y (I, £ (t, u(t), D u(t), Dy tult), Deyu(t))
+ Cltail + Cgtaiz.

From T (u) = Ta(u) = 0, we have

Ty (IS, ¢TI, f) + 1t 4+ eat®™2) = 0,
To (IS, ¢o(If, f) + c1t® ! 4+ eat®™2) = 0.
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Considering the Ty, T are continuous linear functionals, we
get

{T1(13+¢q(15+f)) +aTi(t7h) +eTi(t*7?) =0,

To (1§ 6g(I55 1)) + e T2 (t*71) + 2T (t°72) = 0.
Then,

{ T (1) + 2Ty (t°72) = —T1(I§, 0 (15, f)),

a1 To(t" ™) + e To(t°7%) = —To (I, (15, £))-

According to Cramer’s Rule, we obtain
D, Do

1 = D’C2:

R
Thus, u is a solution to FFBVPs (1). If u is a solution of
FFBVPs (1), then (Au)(t) = u(t). Therefore, FFBVPs (1)
has one unique solution if and only if the operator equation
Au = u has a unique solution. [J

An example is given below to verify the rationality of
Theorem 3.2.

Example 3.1.
1 5
Dy (D ) =
f(tu ), D3 u®), Diyu ), Disu ) te(0,1),
u(0) = D, (0) = 0,
3
Ti(u) = Dg u(l) —|—D0+u( ) =0,

3 1
T (u) :3D02+u(1)—|—2/ Dg u(t)dt =0,
0

Consider the following FFBVPs:

Y

1 1 2
T + T sin( \u(t)|) + sin ( ‘D(%Jru (t)D

+< ‘Doau(t)‘)—l-sin( ‘DOngu(t)‘)}.

FFBVPs (11) is at resonance with

t3 23
KeeM ={dc| ——~ - =), ceR},
{ (F(;’) F(S)) }
3 1
: (t

Dg u(t) =c,Dg,u(t) =c(t—2),
1 T
T (#) =3 = YT %0
3/
(1) ==
k=2]Ty] =2.

Obviously, these assumptions (Ag)-(A;) satisfy. Take

lallae = bl = llclloe = lldllo = llell = 55 and ¢ = 3,
then

_ max {(|nl+[rl), (T (@)+elT (e—1))}

Co = +1
NI (a)
_ max{Qﬁ, 87?}
= §7r
16
=41
57+

C21nax{1 2% } < (lbll.
r@B+1)*
IT1 o (|72] T (@) +]y2| T (= 1))
g [” V2T (@) + 3T (a— 1)
:8( f+1) (1+%) »
81m ’

-1
+llelloe + oo + llello)?

and
1t 0,2)

_36 36\/>+36\/>+36 +36\/|?

1 oty L, 1 1
=36 " 36 |“| |”| *36 36

Clearly, condition (Hs) holds. If ‘D0+u )‘ > My = 4,
then

f (t7 u’ v’ w? Z)

:% (1+sin\/\u|+sin\/m+ \/\w|+sin\/E)>()

and
F(Nu)= (Ts — kT)) (13+ (¢>q (I&Nu)))
— 3D§+ ( (gbq (I&Nu))) (1)
+ 2/01 Do%+ (Ioa (¢q (I )
~2[05. (5 (o0 (1230)) ) )
ok (1 o (5.99)) )]

:/01¢q(lg+Nu) ds—2/0 (=96, (I, Nu)ds

+2/0 /O (t—5) b (15+Nu) dsdt

— /1 26, (I, Nu) ds 0.

0

-1 L
w2

)) (e

This implies condition (Hy) holds. Similarly, choose M; >

0, such that for

w(t)=c (Ft;s) 2€;)> (0)| =1l > My' > My,
2 2

F(Nu)=(T2—kT)) (]0+( (O+f (t, u(t)), c(t—2),c,0)))750.

provided |¢| > M;. So, condition (Hj) holds. Hence,
FFBVPs (11) satisfies all conditions of Theorem 3.2. That
is, there is at least one solution to FFBVPs (11).

IV. CONCLUSION

This paper studies the solvability of fractional p-Laplacian
equations with functional boundary value conditions at non-
resonance and resonance respectively. By applying the
existence theorems and the extension of continuation
theorems, three results on this problem are obtained (see
Theorem 3.1, 3.2, 3.3). Finally, the article uses examples
to verify the rationality of the results. Our article aims to
further extend the results of [12,13] to non-linear cases, and
to some extent, to generalize and enrich the existing results.
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