TAENG International Journal of Applied Mathematics, 51:1, [JAM 51 1 16

Boundary Value Problems for a Coupled System of
Hadamard-type Fractional Differential Equations

Suad Y. Al-Mayyahi, Mohammed S. Abdo, Saleh S. Redhwan, and Basim N. Abood,

Abstract—In this paper, we derive the equivalent fractional
integral system to the nonlinear fractional differential system
involving Hadamard fractional derivative subject to coupled
boundary conditions. The existence and uniqueness results of
solution for proposed system have been obtained. Moreover, we
give some sufficient conditions to guarantee that the solutions
to such system are Ulam-Hyers stable and Ulam-Hyers-Rassias
stable. Our investigations based on the nonlinear analysis and
fixed point theorems of Banach and Schaefer. To justify our
results, we provide pertinent illustrative examples.

Index Terms—fractional differential system; fixed point the-
orems; boundary conditions; Ulam-Hyers stability.

I. INTRODUCTION

RACTIONAL CALCULUS (FC) is one of the branches

of mathematics which is a generalization of classical
calculus that involves integrals and derivatives of arbitrary
(non-integer) order.

FC has an important role in many fields of engineering,
science, and economics, FC tools have been found to support
significantly in the development of mathematical modeling
which is more realistic to applied problems in terms of
fractional differential equations (FDEs). Recently, the many
versions of the fractional derivatives have been presented,
such as Reimann-Liouville, Caputo, Hilfer, Hadamard, and
Katugampola, etc. The most used are the Riemann-Liouville
and Caputo fractional derivatives. Here we refer to [21], [22],
[24], [26], [28], [30], [32].

Initial value problems (IVPs) and boundary value prob-
lems (BVPs) for FDEs have won large significance because
of their many applications in applied sciences and engineer-
ing. Many authors have shown great interest in this topic and
a variety of results have been obtained for FDEs involving
different types of the conditions and the fractional operators,
we refer the reader to previous studies [2], [4], [11], [15],
[23], [25], [27], [31], [35], [36], [38], [40], [41] and the
references cited therein.

Existence and uniqueness theory for FDEs involving
Hadamard-type operator have been studied by several au-
thors, see [1], [5], [10], [14], [17], [29], [33] and references
therein.

In order to investigate the different kinds of stability in
the Ulam sense for a coupled system of FDEs, we mention
the works [3], [6], [7], [8], [18].

Fractional-order BVPs have been broadly concentrated by
numerous researchers. Specifically, coupled systems of FDEs
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have pulled special attention in view of their occurrence in
the mathematical modeling of physical phenomena. For some
theoretical works on the coupled systems of FDEs, we refer
the reader to some studied works [9], [12], [13], [34], [39].
Motivated by the research going on toward this path, in
this article, we study existence, uniqueness and Ulam-Hyers
(UH), generalized Ulam-Hyers (GUH), Ulam-Hyers-Rassias
(UHR), and generalized Ulam-Hyers-Rassias (GUHR) of
solutions for a coupled systems of Hadamard FDEs

D¢u(t) = fi(t,u(t),v(t), t€[1,T], 0<a <1,
{ DYo(t) = falt,u(t),v(t)), t € [1,T], 0< B <1,

(I.1)
with the following coupled boundary conditions:
u(l) = &,0(T),
{ o(1) = 6u(T), 2

where DY is the Hadamard fractional derivative of order 6 €
{a, B}, f1, f2 :[1, T] x Rx R — R are appropriate functions,
and d7, o are real numbers with 615 # 1.

This paper mainly investigates the existence, uniqueness
and Ulam-Hyers (UH), generalized Ulam-Hyers (GUH),
Ulam-Hyers-Rassias (UHR), and generalized Ulam-Hyers-
Rassias (GUHR) of solutions of fractional coupled sys-
tem involving Hadamard fractional derivative with coupled
boundary conditions. Observe that the problems (I.1) and
(1.2), which are covered in this paper, are new and are
the first investigation of a fractional coupled system that
includes the Hadamard fractional derivative. Moreover, the
main results are obtained via fixed-point theorems of Banach
and Schaefer.

The plan of the paper is as follows. In Section II, we
give some basic definitions and known results related to
fractional calculus. Section III is devoted to the existence and
uniqueness of system (I.1)-(1.2). Moreover, Ulam-Hyers sta-
bility and Ulam-Hyers-Rassias stability have been discussed.
[lustrative examples have provided to justify our obtained
results in Section IV. At last, the paper is concluded in the
last section.

II. PRELIMINARIES

In this section, we recall some essential definitions and
lemmas which are used throughout this paper.

Definition 2.1: [26] For a continuous function u
[1,4+00) — R. The Hadamard fractional integral of order
o > 0 is defined by

() = g5 [ Gog D))

provided the right-hand side is a pointwise defined on
[1, +00).
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Definition 2.2: [22] Let n — 1 < o < n, and f(t) has an
absolutely continuous derivative up to order (n—1). Then the
Caputo-Hadamard fractional derivative of order « is defined
as

1 ! 3 n—a—1gn dS
m/l (log;) J (U)(S)?v

where 6" = (t-£)", and n = [o] + 1.

Lemma 2.3: [22] Leta > 0 and u € C™[1, 400) such that
6(") (u) exists almost everywhere on any bounded interval of
[1,+00). Then we have

Dfu(t) =

n—1
§Fy(1)
I D%u(t)] = u(t) — Y ———2(logt)*
In particular, if 0 < a < 1, then we have

I [DYu(t)] = u(t) — u(1).
Lemma 2.4: [26] For all @ > 0 and 8 > —1, we have

1 ds

! t a—1 —1
a7/ Gor ) g1

_ F(B ) a+B—1
= Tt (logt) .

Theorem 2.5: [16] (Banach fixed point theorem) Let
(U, d) be a nonempty complete metric space with N : U —
U is a contraction mapping. Then the mapping N has a fixed
point.

Theorem 2.6: [16] (Schaefer’s fixed point theorem) Let U
be a Banach space and let 7' : U — U be continuous
and compact mapping (completely continuous mapping).
Moreover, suppose

S={u€eU:u= Au, for some A\ € (0,1)}

be a bounded set. Then 7" has at least one fixed point in U.

Lemma 2.7: Let ¢,h : [1,T] — R) are continuous

functions and 0192 # 1. Then the following linear coupled
system

D{u(t) = ¢(t), t€[1,T], 0<a<l,

Div(t) =h(t), t€[L,T], 0<B<1,

( ) = d10(T)

v(1) = d2u(T),

is equivalent to the following integral system

IL1)

b

T S
ut) = [5152“15) / (105 = )°~"h ()
T S
thagis [ or ) ols >d]
T
+51%5)/1 (logg)ﬁ_lh(s)%
ey [ G )™ to(s) 112)
T S
O [51 5 ey S

T o/t ooT, . ds
i [ 0oz ) ¢’<S>J

@)
1 ! tog_ ds
) /1 (105 £)*~"h(5) (IL3)

Proof: In view of Lemma 2.3, the coupled system (IL.1)

can be expressed by the following integral system

ut) =+ s [ ol oS )
v(t)=b0+ﬁ/l (1og§)ﬁ_1h(s)%, (ILS)
u(l) = 6v(7) ]
T
S =0 bo—i—ﬁ/l (1og§)ﬁ*1h(s)% ,
v(1) = Su(T)
T
~ by =4, aﬁﬁfl (logg)‘kld)(s)%

where ag, by € R. By using the boundary conditions u(1) =
510(T), and v(1) = dou(T), we obtain

u(l) = o6w(T) =
3 1 (T Ty ds
apg = (51 b(]ﬁ‘m[ (logg) h(8)3‘| (,116)
and
v(l) = u(T) =
1 (T T, ds
bp = 02 ao+m/1 (log ;) ¢(3)51(H-7)

It follows from (I1.6) and (II1.7) that
Y
01 [5152 ) / (log E)ﬁ—lh(s)@
1

w0 T T 66, T(3 s
tas [ os Dy >d]
+51F(ﬂ) /IT(IO z)/3—1h( )%,

1 (T T, ds
+@/1 (logg) ¢(8)81-

By substituting the values of ag and by into (I.4) and (IL.5),
we conclude that the integral equations (I.2) and (II.3) are
satisfied. The converse follows by direct computation. This
completes the proof. [ |

III. MAIN RESULTS

Let us present the following space
U ={u(?):u(t) € C([1,
equipped with the norm defined by

T],R)}

Jull = sup{|u(®)], t € [1,T]}.

It is clear that (U, ||-||) is a Banach space. Then the product
space (U x V. ||(u, v)]|) is also a Banach space endowed with
the norm defined by

I, o) = ]l + ol -
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According to Lemma 2.7, we consider the operator N :
UxV — U xV defined by

o 1(“3 U)(t)
N () (1) = ( Aol U)(o) ’
where
Nl (ua v)(t)
T
- [5“5%(16)/1 SR
T
mﬁ /1 (log Z)a_l‘b(s)ﬂ
T s
+51F(15)/1 (logg)ﬁflh@d?
+ﬁ /1 (log é)’l‘lfl(s’ uls), ”(5))%’
and
N2(u7 U)(t)

6 1 (T T oy, ds
- 2 [alw)/l (105 )" ()

1 (T, ds
+F(a)/1 (logg) ¢(5>S]

L tOEB_1 s, u(s vs@
i | 1o D s u(e) ()

S

Sake for brevity, we set

"= “5i|(|;ff;|2 1} S(Of ?f) (IIL1)

W, = 1—|2|162|“5152| + 51|]é1(()§?16), (IIL.2)
Ws = [|1 6?152& S(Of ?la) (IIL3)

W= {|1|5i|(|sis|2| " 1} S(Oﬁg ?f)' (IIL.4)

Now, we prove the existence and uniqueness of solutions
of the coupled system (I.1)-(1.2). To this aim, we shall apply
the fixed point theorems by Banach and Schaefer. We first
need the following hypotheses:

Hy) fi:[1,T]x Rx R—=R (i =1,2) are continuous

functions and there exists /; > 0 (i = 1,2) such
that

2
‘fl(t7u17u2) - fl(tavl7v2)| S ll Z|ul _Ui|7

i—1
2

| fa(t, ur,uz) — fo(t,vi,v2)| <o Z |ui — vil,
=1

for all t € [1,7] and u;,v; € Ri=1,2.
(Hp) There exist real constants k;, ; > 0 (¢ = 1,2) and
ko,vo > 0 such that

| f1(t,ur, uz)l ko + k1 Jur| + ka2 [uzl,
| f2(t, ur, ug)] Yo + 71 |ur] + 2 [ual,
forall t € [1,7] and u; € R (j =1,2).

<
<

A. Existence and Uniqueness Theorems

First, we prove the uniqueness theorem based on the
Banach fixed point theorem.
Theorem 3.1: Assume that (Hy) holds. If
01 := [(Wl + W3) I+ (W2 + W4) 12] <1, (IIL.5)
then the coupled system (I.1)-(I.2) has a unique solution,
where W, (i = 1,2,3,4) are given by equations (IIL.1),
(II1.2), (I11.3), and (II1.4).
Proof: Define sup;c(; 7 fi(t,0,0) = P; < oo for all
(i=1,2), and r > 0 such that r > lf—zﬁ, where 6; < 1 and

0o := (W1 + W3) Py + (Wy + Wy) Ps.
At first, we are going to show that N'B,. C B,., where
B, ={(u,v) € U xV :|(u,v)| <r}
Let (u,v) € B,. Then for t € [1,T] we have

N (u, v) (1))

&1 1ot T,
1— 6.6, {(51521_‘(5)/1 (log;)ﬁ 1
T
<o, u(s) o ()| 5 + oy [ Q0w )

% | f(s,u(s), v(s))] %} 1

IN

T
< [ og 0 o) ()|

| ds. (I1L.6)
S

1 ¢ t a—1
+@/1 (log;) |f1(s,u(s),v(s))

For each (u,v) € B, and t € [1,T], it follows from the
hypothesis (H7) that

| f1(t,u(t), v(t))]

|fi(t,ult), v(t)) — f1(¢,0,0)| + | f1(t,0,0)]
L(u@)] + [u@)]) + P

lir+ Py.

t
t

IAINCIA

As the same arguments, we get
[fa(t u(t),v(t)] < lor + P
Hence, the inequality (III.6) becomes

|(51| |52| (ll’l” + Pl) (IOgT)a

Ml o)) < SIS 28T
BR8] 5,5 B
+(51T+P1)I(‘1(C)§_ZC)1Q)
< (WWh + LWo)r + (PLWy + PaWs),
which implies
M (u,0)|| < (WWh + LbWa)r

+(PWy 4+ P,W,).  (IIL7)
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Similarly, we get

‘51| ‘52| (lgT + PQ) (IOgT)ﬁ
1—602] TG+
|(52‘ (117" + Pl) (log T)a
‘1—5152| F(Oé+1)
B
+ (lg?“ + Pg) Ig(oﬂg_’jj)l)
(l2W4 + 11W3)7’ + (P2W4 + P1W3).

Na(u, 0)(B)] <

IN

Hence

V2 (w,0)|| - <

(oW + 1, Ws)r
+(P,Wy + PLW3).
It follows from (III.7) and (IIL.8) that
[N (u o) < [N (u, 0) ]| + [N2(u, )
< ((Wh 4+ Wa)ly + (Wa + Wa)lo] r
(W1 + W3] Py + [Wo 4+ Wy Py
O1r + 05 = 1.

(IIL.8)

N

IN

This proves that N'B,. C B,.. Next, we prove that A\ is con-
traction mapping. Indeed, for each (u1,vy), (uz,v2) € UXV
and for any ¢ € [1,T], we have

V1 (ug, va)(t) — Ni(u1,v1)(t)]

_ 101l (logT)®
- |1—5152|F(O&+1)
XUy ([lug —ur | + [Jvz — v1l])
|61
+7|1 —5152\ [\5152| + \51”
(log T)” B B
XF(6+1)12(HU2 ur]| + [Jva — 1)
(log T')"
et (e =l + o = w1 ])
|01 |02 ] } (log )
< gt o
N L1_5152| MNa+1)
XUy ([lug —ur || + [Jvz — v1l])
1] (log T)°?
———[]616 0l —=—2~
+|1—5152‘H 1 2|+‘ 1|]F(6+1)

xla (|lug — uz]| + [lvz —v1)
< (Wily + Wals) ([Juz — us || + [lvz — w1,
which implies
”Nl(u?vUQ) *Nl(ulavl)H
< (Whly + Wals)

X (||U2 — ’U,lH + ||U2 — ’U1||) . (II1.9)
In a like manner, we get
V2 (uz, v2) — Na(ur,v1)
< (Wsly + Waly)
X (||U2 — ulH + ||112 — 1)1”) . (III.10)

From (II1.9) and (II1.10), we obtain
N (uz, v2) = N (ur,v1))
< [(Wh + Ws)ly + (Wa + Wy) o]

X ([luz = ur | + [lvz = v1]]) -

Since #; < 1, the operator N is contraction mapping. So,
we conclude that the coupled system (I.1)-(I.2) has a unique
solution due to Banach’s fixed point theorem. The proof is
completed. ]
Next, we apply Schaefer’s fixed point theorem to prove
the existence theorem.
Theorem 3.2: Assume that (Hy) holds. If

[(Wl + Wg) ki + (W2 + W4) ’}/1] <1,

and
[(Wl + Wg) ko + (WQ + W4) ’72] <1,

then the coupled system (I.1)-(I.2) has at least one solution,
where W, (i = 1,2,3,4) are given by equations (IIL.1),
(I11.2), (II1.3), and (II1.4).

Proof: At first, we shall show that N : UxV — UxV
is a completely continuous mapping. Since f; and fo are
continuous functions on [1, T, it is obvious that the operator
N is continuous. Following that, let Y C U x V be bounded.
Then there exist L1(> 0) and Ly(> 0) such that

|f1(t,u(t),v(t)| < L1 Y(t,u,v) € [1,T] x T,
and
| fa(t,u(t), v(t)] < Lz V(t,u,v) € [1,T] x Y.

Hence, for any (u,v) € T we have

|01] 02| (log T)*
<
Wi(w,0))] - < {|15152 Mat1)™
|61]
+——|6102| + |6
|1—5162|H 1 2| | 1”
(log T)#
-— ]
“TB+1) 2
< WiL; + WsLs,

which implies

N1 (u,v)|| < WiLy + WaLo. (IIL.11)
Analogously, we get
[N2(u,v)|| < W3Ly + WyLs. (I1L.12)

It follows from (III.11) and (II1.12) that
[N (u, v)|| < [(W1 + W3) Ly + (Wa + Wy) Lo] := C.

This proves that A is uniformly bounded.

Next, we show that a bounded set Y is mapped into an
equicontinuous set of U x V by N. Let 1,12 € [1,T] such
that ¢; < to. Then for any (u,v) € T, we have

V1 (u(te), v(tz)) — Ni(u(tr),v(t1)]

<]{ﬂ[hm%fw1uu&w@w®nf
+F@)[hmgir¥wﬁ@ww»mwn“

< Ll{(la) ltl {(10 Byt tl)a—l]dss
ﬁf)lﬁ“ quf}

< %(logtg—logtl)a
+ﬁ (logt2)® — (logt1)” . (IIL13)
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In a similar manner, we can easily get
WV (u(tz), v(t2)) — Na(u(ty), v(t1)]
2L, v
I'(3+1)
T
L(B+1)
Since the function log(t) is uniformly continuous on [1, 71,
the right-hand sides of the inequalities (III.13) and (IIL.14)
tend to zero as to — t1. Therefore, the operator A (u,v) is
equicontinuous. By collecting the above steps along with the
Arzela-Ascoli theorem, we deduce that N : U XV = U xV

is completely continuous mapping.
In the end, we shall verify that the set

Q={(u,v) €U x V:(u,v) =IN(u,v),0 <A< 1}

is bounded. Indeed, let (u,v) € € such that (u,v) =
AN (u,v). Then for any ¢ € [1,T], we have

u(t) = M1 (u,v)(¢), and v(t) = ANa(u, v)(t).

Hence

(logts —logty

(logts)? — (logty)?.  (IIL14)

(Ol < INa(a,0)(0)
= 1-?aégp“hrénlﬁTU°gz3ﬁ_l
a6 2 s [ tog Tyt
U5, ()| ] + 81 s

T
T 4_ ds
< [0 el ) )]
1 s s
1 t t ds
- 1 “ya—1 iy
e [ Goe D) o). 0(e)| S
From the assumption (Hs), we obtain
lu(t)] Wi (ko + k1 [u| + k2 [v])
+Wa(vo + 71 |ul + 2 v])
Wiko + Waryo + (Wiki + Wam) |uf
+(Wika + Waye) |v],
By the same approach, we have
lv(t)] Wi (ko + k1 [u| + k2 [v])
+Walvo + 71 |ul + 2 [v])
Wsko + Waryo + (Wski + Wam) |uf
+(Waka + Wyye) |v],

<

<

<

one can obtain

ful| < Wik + Wayo + (Wiky + Waryr) [[u|
+(Wika + Wara) 0],
and
vl < Wsko + Wayo + (Wsky + Waryr) |Jul|

+(Wskz + Waryz) [Jv]| -
By a combination of the above norms, we can obtain
(Wl + Wg) ko + (W2 + W4) Yo
+ (W + Wa)k1 + (Wa + Wa)y] [Jull
+ (W + Wa)kz + (W2 + Wa)va] o],

<

[[ull + o]

which implies

(W1 + Wg) ko + (WQ + W4) Yo
Wo ’

lu+ ol <

where

Wo min{l — (W1 + Wg)kl + (W2 + W4)’}/1

;1 — (Wl + Wg)kg + (W2 + W4)’)/2} .

Hence, the set €2 is bounded. As a consequence of Theorem
(2.6), we conclude that N has at least one fixed point. This
confirms exists at least one solution of the coupled system
(I.1)-(I.2). The proof is completed. |

B. Ulam-Hyers Stability

In this part, we mainly investigate the Ulam-Hyers (UH)
stability and generalized Ulam-Hyers (GUH) stability of the
coupled system (I.1)-(1.2).

Definition 3.3: Coupled system (I.1)-(I.2) is UH stable if
there exists a real number A\ = (Af,,Af,) > 0 with the
following property:

For some € = (€1, €2) > 0, and each (u,v) € U x V, if

D) — f1(t, (1), 5(0)] < a1, (IIL15)

(DY) = falt, (1), 50)| < ez, IIL16)
then there exists (u,v) € U xV satisfying the coupled system
(I.1) with the following coupled boundary conditions:

{ u(l) =u(l), o(T)=2o(T),

v(1) =o(1), u(T)=u(T), (IIL.17)
such that

[(w,v) (t) = (u,v) ()] < Ae, t€[1,T].

Definition 3.4: Coupled system (I.1)-(1.2) is GUH stable if
there exists ¢ = max (¢, , ¢y,) € C(RT,RT) with p(0) =
0 such that for some ¢ = max (e1,€e3) > 0 and for each
solution (u, ) € U x V satisfying the inequalities (II.15)and
(II1.16) there exists a solution (u,v) € U x V of the coupled
system (I.1)-(II1.17) with

(@, v) (t) = (u,v)()] < @(e), te[l,T].

Remark 3.5: A function (@,v) € U x V be the solution
of the inequalities (III.15)-(III.16) if and only if there exists
a function (hy, hs) € U X V (where hy depends on solution
u and ho depends on solution v) such that

(1) |hi(t)] < €1 and |ha(t)] < e for all t € [1,T].

(i) Forall ¢t € [1,T]

{ Dru() = (e, u(h), o(t)) + mfe),
Do(t) = fo(t, u(t),v(t)) + ha(t).
Lemma 3.6: Let (u,v) € U x V is the solution of the

inequalities (IIL.15)-(II1.16). Then (u,v) € U x V is the
solution of the following integral inequalities:

~ 1

u(t) — Zﬁ — %

i [ o8 D) A (0). )
(log T)? (log T)" }61

525,
= [(1_5152 +51> TB+1)  2T(atD

2
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and
1) = 2= 5 [ Qo8 1) ooy i(0).5:) S
< ( 5201 (logT)? (logT>"‘)
= \I-66T@+]) Ta+))™
where
51 1 T T,
Z3 =1 60, [5152“@/1 (log;)ﬂ "h(s)—
o7 d
shrgis [ 0w )00
1 T T 5 ds
+51F(ﬁ)/1 (log;) 1h(s)?
and
b 1 T T ds
SR lalf(m/l (o8 SRS

T (T T, ds
Jrr(a)/l (logg) ¢(5)?

Proof: In view of Remark 3.5, we get

) =

and

By the inequalities (II1.18), (III.19) and using Lemma 2.7,

we obtain
) = Zs = s [ (108 )" s, (5). )%
5765 (log T)? (log T)*
= [(1_5152 ”1) e+ D TtV

01
1—0109

1

(8)

r 7 ds 1
log —)#~1 —
X/l(ogs) hl(s)s

Zy + [5152F

[ tor ()L + b s
T
x/l (logg)ﬁflhl(s)%qu

S

x/l (10g§)“—1f1(3,ﬂ(s),5(5 )?

L og Byamtp, ()%
e [ 1os D (o)

02
1— 0162

i
ds 1

X\/l (logg)ﬁ_lhg(s)?-i-@

x /1T(10g g)a*%(s)%] n ﬁ

[ ttog 2P o), 56

L e B )38

Zy +

L(a)

ds

S

(IIL.18)

(IIL.19)

and

ds
s

() — Zy — — tozﬁf1 s,u(s),v(s
0) = 2~ g5 | (o D ol (0). 1)

5251 (IOg T)ﬁ (log T)a
< .
- K1—5152+1) “
|

r(B+1) T(a+1)
Theorem 3.7: Under the assumptions of Theorem 3.1. If

(1 =Co)(1 —=Cg) —CoCs #0,

then the coupled system (I.1)-(1.2) will be UH and GUH stg—
ble in U x V, where C, := 1 15745, and Cy 1= I {2575
Proof: Let (u,v) € U x V be the solution of the

following coupled system

DY(t) = fult

u(t), o(t)) + ha (1),
Dyo(t) = f2(§ u )
)

201) = 6,5(T). (I1.20)
(1) = dou(T),

and the function (u,v) € U x V is a unique solution of the

coupled system (I.1)-(I.2). Therefore, by using Lemma 2.7

we have

ds

u(t) = Z, + .

1 t t a—1
r<a>/1<10g5> fi(s, u(s), v(s))

and
@
5

= L toéﬁf1 s,u(s),v(s
o) = 2o+ 7 [ Q0w 1) s, us) 0(9)

From the boundary conditions (III.17), we get Z; = Z,, and
Z3 = Z,. Hence

1 ¢ tiat ds
) = Zs+ g [ on 5 i) v

S

and

= L3 L toéﬁf1 susvsﬁ
olt) = Zs-+ 57 [ Q0w D) alssu(s) o)

S

In view of Lemma 3.6, we have

() — 7o — ﬁ /1 (log é)’klfl(s,ﬂ(s),i(s))%

Aeq, (II1.21)

IN

L tofﬂ*1 sﬂsﬁes@
i [ s 8 a6, )

(I11.22)

5255
A @ = (1—6152 +51)
(log T)~
MNa+1)

(log T)”
I(B+1)

+ (02 +1)

R
B | (1255 +1)

(log T)”
rB+1)

(logT)“}
Fla+1)]"
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Thus by the assumption (H;) and the inequalities (II1.21),
(II1.22), we get

[u(t) —u(t)|
() — 7o — ﬁ /1 (log é)a71f1(3,1L(5),v(5))@

S

< i)~z gy [ G0 (o070 T
1 ¢ tiwe
+m/ (logf)
<1 (55 g)) louoheloDles
< A€1+F / log
<t ((s) - >|+|v<> o)) ds,

which implies

(1—-Co)llu—ul, <Aer +Collv =y - (1I1.23)
Similarly, we obtain
(1—-Cg)||v—vlly, <Bex+Csllu—ull . (111.24)

The inequalities (II1.23) and (II1.24) can be written as

Ca) [|u — UHU —Co |l — U”V < Aeq,

(1-
{ (1-Ca) [ —vlly —Cs @ — ully < Bep. T2

Now, we will represent the relations in (IIL.25) as matrices

as follows
<<1—ca> )(g—uU)
—Cg [0 —vlly
AEl
< ()

After simple calculations of the above inequality, we can

write
(ng—unU) < (9 &
F-oly ) = | & otw
.Ael
862
— CoCg # 0. This leads to
- 1-Cu)A
fa—uly < LS
CuaBB

NG

—c,
(1—-Cp)

where A = (1 —Cy)(1 —Cp)

and

||f17— U”v <

From the above inequalities, we get
o = ully + v = vy
(1-Ch)A CgA
<
< ( A + A

CaB  (1-Cp)B
+( A + A )62-

For € = max{e;, e2} and

 (1-C)A  CsA
A= A A
C.B  (1-Cy)B
A A

we obtain
1(u,0) —
This proves that the coupled system (I.1)-(I.2) is UH stable.
Moreover, the inequality (II1.26) can be written as
(@, 0) = (u, 0) |y < (),

where ¢(e) = Ae with ¢(0) = 0. This shows that the coupled
system (I.1)-(1.2) is GUH stable. [ |

(u, )|y < Ae. (I11.26)

C. Ulam-Hyers-Rassias Stability

Here, we discuss the two types of stability results namely,
Ulam-Hyers-Rassias (UHR) stability, and generalized Ulam-
Hyers-Rassias (GUHR) stability of the coupled system (I.1)-
1.2).

Definition 3.8: Coupled system (I.1)-(1.2) is UHR stable
with respect to o € C([1,T],R") with ¢ = max(oy,09) if
there exists a A, = max (Ay,, As,) > 0 such that for each
€ = max (€1, €2) > 0, and for each solution (u,v) € UxV of
the inequalities

|DS(t) — f(t,0(t),0(t)] < eror(t), te[1,T],
(11.27)

DYo(t) — folt, (t), 0(t))| < e209(t), t€[1,T],
(T11.28)

there exists (u,v) € U x V satisfying the coupled system
(L1) with
(@, 0) (t) = (u, v)(t)] < Agea(t),

Definition 3.9: Coupled system (I.1)-(1.2) is UHR stable
with respect to o € C([1,T],R") with ¢ = max(oy,02) if
there exists a A, = max (As,, As,) > 0 such that for each

€ [1,T].

solution (u,v) € U x V of the inequalities
[ Dy u(t) — fu(t,u(t),v(t))| < ou(t), te€[1,T],
To(t) = fo(t,0(t),5(1)| < 02(t), ¢ € [1,T],

there exists (u,v) € U x V satisfying the coupled system
(I.1) with

|(w, 0) () —

Remark 3.10: A function (u,?) € U x V be the solution
of the inequalities (II1.27)-(II1.28) if and only if there exists
a function (hq, he),0 = max(o1,02) € U x V (where hq
depends on solution u and hy depends on solution v) such
that

(l) ‘hl(t” S 610’1(15) and |h2(t)| S 6202@) for all

(u, ) ()| < Apo(t), te[1,T].

€ [1,T].
(i) Forall ¢t €[1,T]
{ Deu(t) = fi(t,u(t), v(t)) + ha(?),
Dio(t) = fa(t, u(t),v(t)) + ha(t).

Theorem 3.11: Under the assumptions of Theorem 3.1. In
addition, the following condition is satisfied:
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(H3) There exist o : [1,7] — RT be a nondecreasing
continuous function and A\, > 0 such that

I'o(t) < \so(t), where € {a, 8}.

Then, the coupled system (I.1)-(I.2) is UHR stable
and GUHR stable in U x V.

Proof: Let € = max(e1,€2) > 0 and (u,v) € U x V be
any solution of the coupled system (II1.20). Taking (u,v) €
U x V as any solution of the coupled system (I.1)-(IIL.17).
Therefore, by using Lemma 2.7 we have

Lt taa ds

u(t) = Zs+ s [ Qo8 D) il ute).o(6) T
and

1 t tis_q ds

v(t):Zg—Fm/l (105 £)°~" (s, u(s), v(s))

In view of Remark 3.10, we get same equations (II.18) and
(IIL.19). It follows from integration of inequalities (II1.27)
and (II1.28) with help of Remark (3.10) that

B 1 t oo o~ \nds
wwarwm%>wwww

S

526, 8105
(1 “o5 0T g5, 1) @rn )
= A*e1 ), 01(2), (I11.29)
and
1 ¢ t ds
() — Zs — —— [ (log =)?1 u(s),v(s))—
0) = 2~ g5 | (o D"l 0). 75
0201 0o
< 1 t
= <1 B S W > €227;02(¢)
= 8*62/\0202(t), (111.30)
where 525 55
* 192 102
= 1
A =1"605 "T1 55 Y
and B — 9201 52 41
T 1—=10618y  1—6109 '
Assumption (H;) and inequalities (II1.29), (I11.30) give
[u(t) — u(t)]
1 t t ds
= |at)— Zz — —— | (log=)*"1 =
) = Zs g5 [ (108 D) As.u(s). ()
1 t t ds
< |at) = Zz — —— [ (log =)>~ ! u(s),v(s))—
< i) = Za— gy [ om0, ) S
1 t t
1 “ya—1
+I‘(a) /1 (log s)
x |f1(s,u(s),v(s)) — fi(s,u(s),v(s))|ds
1 ¢ t
< * )\J t - 1 “ya—1
= Ael 101()+F(Oé) l(og )
xly ([u(s) —u(s)| + [v(s) —v(s)|) ds,
which implies
(1 =Ca) llu—ully < A%e1Aq01(t) +Cao [[v =2y -
(I11.31)
Similarly, we obtain
(1=Cp) v —vlly < B e2Ag,02(t) + Cg |[u — ull -
(I11.32)

After simple calculations of the inequalities (III.31) and

(II1.32), we can write
(nng) < (5
[0 —wvlly, B £ L)
« A*El)\aldl(t)
8*62/\0202(t)
where A = (1 —Co)(1 —Cg) — CoCp # 0. Tt follows that
(1 =Cqn)A* s,
A YA

fi—uly < L=C o g0
CaB* s,
+T620'2(t)
and
~ CsA* Ay,
|72y < ==an()
1—Cp)B*\s,
—‘r%EQO’Q(t).

For e = max (€1, €2) and o(t) = max(o1, 02) with the above
inequalities, we get

[o = ully + 110 = vlly

S(@—@MAW+%A&2

A A
CaB* A5y (1—-Cg)B* Ao,
+ A + A ) eo(t).
For
B (1—=Ca)A* Ay,  CgA*A,,
Ao = A + A
_‘_CQB*/\U1 (1—-Cg)B* Ao,
A A ’
we obtain

(@, 0) — (u,v)]| gy < As€o(l). (1I1.33)

This proves that the coupled system (I.1)-(I.2) is UHR stable.
Moreover, the inequality (II1.33) can be written as
1(@,0) = (u, V)| < @(€)a(t).

where ¢(e) = Aye with ©(0) = 0. This shows that the
coupled system (I.1)-(I.2) is GUHR stable. [ |

IV. EXAMPLES

Here, we present two pertinent examples to illustrating the
effectiveness of the acquired results.

Example 4.1: Let a = 3 = 3, 61 = £, 6 = 1,
1 |u(t)]
t = 1
1, |
+E sin“(v(t)) + st
and
foltouw) = ——sin2ru(t))
2(tu,v) = g sin(2mu
lu(t)| 1
b
8(1+|v(t)]) 2

Consider the coupled system

{ Diu(t) = fi(t,u,v), tele,

Y (IV.1)
Dio(t) = fot,u,v), te][l¢],
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with the coupled boundary conditions

u(1) = gu(e),

P Iv.2)
v(1) = Fu(e).

For ¢t € [1,¢] and u, u*,v,v* € RT we have

|f1(t,u,u)ff1(t,v,v )|§§|u—v|+§|u — v,
and

|f2(tau7U*)_f2(taU7U*)| <z |u_U|+ |u —v |
Hence the assumption (H;) holds with [y = I = %.
Also we have sup;c(i o f1(2,0,0) = 1+ % =P <

and supc( o f2(£,0,0) = 3 = P, < oo. Now, we
shall check that condition (IIL.5) holds. Indeed by some
simple calculations we ﬁnd that W, = 3 f’ Wy = R f’
W3 = 7 and Wy = . So, with the given data, we

see that 8, = 4053; < l. Therefore, by Theorem 3.1, we
conclude that the coupled system (IV.1)-(IV.2) has a unique
solution on [1, e]. Moreover, for any (@,v) € U x V of the

inequalities

- 1 ju(t)]
Dl U(t) - (2(t + 2)2 1+ |ﬂ(t)| +1
1 5 - !
1 S (@) + t2+1>l
< e, t€[156l7

and

DE5(0) - (g sinceea()

O !
Sarpen " 2)’
< €,, te[le,

then there exists a unique solution (u,v) € U x V coupled
system (IV.1)-(IV.2) such that

1@, 0) = (w, )|y < A€,

where A\ = 8.6447 > 0 with C, = Cg = A=(1-

4f’

Ca)(1—Cg) —CaCp = 0.71791 # 0,
A = 3.1971,
and
B := 3.009.

Since all the assumptions in Theorem 3.7 are satisfied,
the coupled system (IV.1)-(IV.2) is UH and GUH stable.
Moreover, let o(t) = 1/logt, t € [1,€] and u € {«, 8}. Then

o :[l,e] = [0,+00) is continuous nondecreasing function
such that
1 1 1 ¢ 1 1d
o) = I (log)? = o [ (log %) (logs)? =
I'(3) /1 S
1 ¢ t 1ds
< log -)"3 %2
< /1 (log )™= —
2 1
= ——(logt)®
77 (og?)
= A0(t),

This proves o satisfies condition (Hs) with A\, i Thus,
Theorem (3.11) shows that the coupled system (IV.1 ) aIv.2)
is RUH and GRUH stable.

ﬂ

Example 4.2: Let aa = = % 0 = i, 0y = %,
1 u(t)]
t,u(t t = -
1 Ju(®)] 1
+— + ,
301+ v(t)]  Vt+8
and
1
Fa(tul®),v(t)) = {esinu(t)
L ) 1
501+ [v(®)])  5vE2+15
Consider the coupled system
3 _
Dlgu(t) - fl(tau(t)vv(t»? te l17€l7 (IV3)
Dfl}(t) = fQ(t,’U,(t),U(t)), te llael7
with the coupled boundary conditions
u(1) = ju(e),
Iv.d)
o(1) = tue).
For ¢t € [1,¢] and u,v € R*, we have
1
and 1
< — .
Clearly, the assumption (H2) holds with ko k;1 = 125,
k2 = 35,7 = 35, M1 = 1, and 72 = 250 By some s1mple
computations we find that W; = ﬁ(g), Wy = 11F( )
3
Wy = 11r( 7 and Wy = 111{%%). Hence
[(Wl + Wg) ki + <W2 + W4) ’yl] ~0.09 <1,
[(Wl + Wg) ko + (W2 + W4) ’)/2] ~ 0.08 < 1,
Also

Wo ~ min{1.07,0.9} # 0.

The conditions of Theorem 3.2 are satisfied. Hence there
exists at least one solution of the coupled system (IV.3)-(IV.4)
n [1,e].

V. CONCLUSION

This paper mainly investigated some existence and unique-
ness results of boundary value problems for a coupled
system of FDEs with coupled boundary conditions involving
Hadamard fractional derivatives. Moreover, the Ulam-Hyers,
generalized Ulam-Hyers, Ulam-Hyers-Rassias, and general-
ized Ulam-Hyers-Rassias stability results of the considered
system are discussed. Our analysis based on the reduction
of FDEs to integral equations and applying some fixed point
theorems which are quite effective. We trust the reported
results here will have a positive impact on the development
of further applications in engineering and applied sciences.
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